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P H E i? A C E, 



The stereotype plates of my Treatise on Algebra having be- 
come so much worn in the printing of more than 60,000 copies 
that it had become necessary to cast them, aside, I decided to 
improve the opportunity to make a thorough revision of the 
work. I therefore solicited criticisms from several college pro- 
fessors who had had much experience in the use of this book, 
and in reply have received mimerous suggestions. The book 
has been almost entirely rewritten, nearly every page of it 
having been given to the printer in manuscript. The general 
plan of the original work has not been materially altered, bnt 
the changes of arrangement and of execution are numerous. In 
the former editions, in place of abstruse demoaatrations, I some- 
times employed numerical illustrations, or deductions from par- 
ticular examples. In the present edition such methods Lave 
been discarded, and I have aimed to demonstrate with concise- 
ness and elegance every principle which is propounded. 

This book therefore aims to exhibit in logical order all those 
principles of Algebra which are most important as a prepara- 
tion for the subsequent branches of a college course of mathe-. 
maties. I have retained, with but shght alteration, a feature 
which was made prominent in the former editions, that of stating 
each problem twice: first as a restricted numerical problem, 
and then in a more general form, aiming thereby to lead the 
student to cultivate the faculty of generalization. At the same 
time I have very much increased the number of examples in- 
corporated with each chapter of the book, and at the close have 
given a large collection of examples, to which the teacher may 
resort whenever occasion may require. 

The proofs of the work have all been examined by Pro£ 
H. A. l^ewton, to whom I am indebted for numerous and im- 
portant suggestions. 
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A L G E B K A. 



CHAPTER I. 
DEFINITIONS AND NOTATION. 

1. Quantity is any thing that can be increased or diminished, 
and that can be measured. 

A line, a surface, a solid, a weight, etc., are quantities ; but 
the operations of the mind, such as memory, imagination, judg- 
ment, etc., are not quantities. 

A quantity is measured by finding how many times it con- 
tains some other quantity of the same kind taken as a stand- 
ard. The assumed standard is called the unit of measure, 

2. MaJhemaMcs is the science of quantity, or the science which 
treats of the properties and relations of quantities. It employs 
a variety of symbols to express the values and relations of 
quantities, and the operations to be performed upon these quan- 
tities, or upon the numbers -which represent these quantities. 

3. Mathematics is divided into jjwre and mixed. Pure math- 
ematics comprehends all inquiries into the relations of magni- 
tude in the abstract, and without reference to material bodies. 
It embraces numerous subdivisions, such as Arithmetic, Al- 
gebra, Geometry, etc. 

In the mixed mathematics, these abstract principles arc ap- 
plied to various questions which occur in nature. Thus, in Sur- 
veying, the abstract principles of Geometry are applied to the 
measurement of land; in Navigation, the same principles are 
applied to the determination of a ship's place at sea ; in Optics, 
they are employed to investigate the properties of light ; and 
in Astronomy, to determine the distances of the heavenly 
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10 ALGEBRA. 

4. AI<febTa is tbat branch of mathematics in which quantities 
are represented by letters, and their relations to each other, as 
well as the operations to be performed upon them, are^indi- 
cated by signs or symbols. The ohject of algebraic notation 
is to abridge and generalize the reasoning employed in the so- 
lution of all questions relating to numbers. Algebra may there- 
fore be called a species of Universal Arithmetic. 



5. The symbols employed in Algebra may be divided into 
Ihres classes : 

1st. Symbols which denote quantities. 

2d. Symbols which indicate operations to be performed upon 
quantities. 

3d. Symbols which indicate the relations subsisting between 
different quantities, with respect to their magnitudes, etc. 

Symbols which denote Quantities. 

6. In order to generalize our reasoning respecting numbers, 
we represent them by letters, as a, I, c, or x, y, z, etc., and these 
may represent any numbers whatever. The quantities thus 
represented may be either known quantities — ^that is, quantities 
whose values are given ; or unhnown quantities — that is, quan- 
tities whose values are to be determined. 

Known quantities are generally represented by the first let- 
ters of the alphabet, asd, J, (;,(?, etc, and unknown quantities by 
the last letters of the alphabet, as x, y, z, u, etc. This, how- 
ever, is not a necessary rule, and is not always observed. 

7. Sometimes several quantities are represented by a single 
letter, repeated with different accents, as a', a", a"', a"", ete,, 
which are read a prime, a second, a third, etc. ; or by a letter 
repeated with different subscript figures, as «„ a^, a^, a^, etc., 
which may be read a one sub, ,a two sub, a three sub, etc. 
All these symbols represent different quantities, but the ac- 
cents or numerals are employed to indicate some important re- 
lation between the quantities represented. 
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DEFINITIONS AND NOTATION. 11 

8. Sometimes quantities are represented by the initial letters 
of their names. Thus s may represent sum ; d, difference or di- 
ameter ; r, radius or raUo; c, circumference; h, hdght, etc. All 
these letters may be used with accents. Thus, in a problem 
relating to two circles, d may represent the diameter of one cir- 
cle, and d' the diameter of the other; c the circumference of 
one, and </ the circumference of the other.'etc. 

Symbols which indicate Opei-ations. 

9. The sign of addition is an erect cross, + , called plus, and 
when placed between two quantities it indicates that the second 
is to be added to the first Thus, 5+3 indicates that we must 
add 3 to the number 5, in which case the result is 8. "We also 
make use of the same sign to connect several numbers togeth- 
er. Thus, 7+6+9 indicates that to the number 7 we must 
add 5 and also 9, which make 21. So, also, 8+5+13 + 11+1 
+3+10 is equal to 51. 

The expression a+& indicates the sum of two numbers, which 
we represent by a and h. In the same manner, m-\-n-{-x+y 
indicates the sum of the numbers represented by these four let- 
ters. If we knew, therefore, the numbers represented by the 
letters, we could easily find by arithmetic the value of such es- 



10. The sign of subtraction is a short horizontal line, — , called 
minus. When placed between two quantities, it indicates that 
the second is to be subtracted from the first. Thus, 8—5 indi- 
cates that the number 5 is to be taken from the number 8, 
which leaves a remainder of 3. In like manner, 12— 7 is equal 
to 5, etc. 

Sometimes we may have several numbers to subtract from a 
single one. Thus, 16— 5— 4 indicates that 5 ia to be subtracted 
from 16, and this remainder is to be further diminished by 4, 
leaving 7 for the result. In the same manner, 50—1—5 — 3— 
9—7 is equal to 25. 

The expression a—l indicates that the number designated by 
a is to be diminished by the number designated by h. 
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12 ALGEBRA. 

11. The doulle sign ± is sometimes written before a quan- 
tity to indicate that in certain cases it is to be added, and in 
others it is to be subtracted. Thus, 6 ± c is read h plus or 
minus c, and denotes either the sum or the difference of these 
two q 



12. The sign of multiplication is an inclined cross, x. When 
placed between two quantities, it indicates that the first is to 
he multiplied by the second. Thus, 3x5 indicates that 3 is 
to be multiplied by 5, making 15. In lilie manner, a x & indi- 
cates that a is to'be multiplied by h ; and ax^Xc indicates 
tie continued product of the numbers desiguated by a, b, and 
c, and so on for any number of quantities. 

Multiplication is also frequently indicated by placing a point 
between the successive letters. Thus, a.h.c.d signifies the 
same thing as a x 6 X c x (?. 

Generally, however, when numbers are represented by let- 
ters, their multiplication is indicated by writing them in suc- 
cession without any intervening sign. Thus, ahc signifies 
the same as axhxc, or a.h.c. 

The notation a.l or ctb is seldom employed except when 
the numbers are designated by letters. If, for example, we 
attempt to represent in this manner the product of the num- 
bers 5 and 6, 5.6 might be confounded with 5-]%-; and 56 
would be read ffiy-six, instead o? five times sia>> 

The multiplication of numbers may, however, he denoted 
by placing a point between them in eases where no ambiguity 
can arise from the use of this symbol. Thus, 1.2.3.4.5 is 
sometimes used to represent the continued product of the 
numbers 1, 2, 3, 4, 5. 

13. "When two or more quantities are multiplied together, 
each of them is called a. factor. Thus, in the expression 7x5, 
7 is a factor, and so is 5. In the product ahc there are three 
fectors, a, h, c. 

"When a quantity is represented by a letter, it is called a 
ft'to-aZ factor. When it is represented hy a figure or figures, it 
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DEFINITIONS AND NOTATION. IS 

is called a nuTnerical factor. Thus, in the expression 5ab, 5 
is a numerical factor, while a and b are literal factors. 

14. The sign of division is a short horizontal line with a 
point above and one below, -^. When placed between two 
quantities, it indicates that the first is to be. divided bj the 
second. 

Thus, 24-;-6 indicates that 24 is to be divided by 6, making 
4. So, also, a-i-b indicates that a is to be divided by b. 

Generally, however, the division of two numbers is indi-, 
cated by writing the divisor under the dividend, and drawing 
a line between tliem. Thus, 24^-6 and a~b are usually writ- 



15. The products formed by the successive multiplication 
of the same number by itself, are called the potvers of that 
number. 

Thus, 2x2=4, the second power or square of 2. 
2x2x2=8, the third power or cube of 2. 

2 X 2 X 2 X 2 = 1 6, the fourth power of 2, etc. 
So, also, 3 X 3 — 9, the second power of 3. 

3 X 3 X 3 = 27, the third power of 3, etc. 
Also, axfl=«a, the second power of «. 

aiiaxa^aaa, the third power of a, etc. 
In general, any power of a quantity is designated by the 
number of equal factors which form the product 

16. The sign of involution is a number written above a quan- 
tity, at the right hand, to indicate bow many times the quan- 
tity is to be taken as a factor. 

A root of a quantity is a factor which, multiplied by itself 
a certain number of times, will produce the given quantity. 

The figure which indicates how many times the root or fac- 
tor is taken, is called the exponent of the power. 

Thus, instead of aa, we write a', where 2 is the exponent of 
the power ; instead of aaa, we write a^, where 3 is the expo- 
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nent of tKe power; instead of aaacui, we write a^, where 5 is 
the exponent of the power, etc. 

When no exponent is written over a quantity, the exponent 

1 is always understood. Thus, a} and a signify the same thing, 

Expouenta may be attached to figures as well as letters. 

Thus the product of 3 by 3 may be written Q^, which equals 9, 

3x3x3 " 3^ " 27. 

3x3x3x3x3 " 3^ " 243. 

17. The sign of evolution, or the radical sign, is the charac- 
ter y~. When placed over a quantity, it indicates that a root 
of that quantity is to be extracted. The name or index of the 
required root is the number written above the radical sign. 
Thus, 

V9, or simply V9, denotes the square root of 9, which is 3. 

VOi denotes the cube root of 64, which is 4. 

VTQ denotes the fourth root of 16, which is 2. 
So, also, 

Ya, or simply ya, denotes the square root of a. 

l/S denotes the fourth root of a. 

ya denotes the nth root of «, where n may represent any 
number whatever. 

When no index is written over the sign, the index 2 is un- 
derstood. Thus, instead of Vd), we usually write Va^. 

SymhoU which indicate Relation. 

18. The sign of equality consists of two short horizontal 
lines, — . When written between two quantities, it indicates 
that they are equal to each other. 

Thus, 7 + 6 = 13 denotes that the sum of 7 and 6 is equal to 
13. 

In like manner, a=h-^e denotes that a is equal to the sum 
of h and c ; and a+h=c—d denotes that the sum of the num- 
bers designated by a and h, is equal to the difference of the 
numbers designated by c and d. 
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DEFINITIONS AKD NOTATION. 15 

19. The svjn of inequality is the angle > or <. When 
placed between two quantities, it indicates that they are un- 
equal, the opening of the angle being turned toward the greater 
numlier. When the opening is toward the left, it is read great- 
er than ; when the opening is toward the right, it is read less 
than. Thus, 5>3 denotes that 5 is greater than 8 ; and 6<11 
denotes that 6 is less than 11. So, also, ffl>& denotes that a is 
greater than b; and x-Cy-^-z denotes that x is less than the 
sum of y and z. 

20. A parenthesis, ( ), or a vinculum, , is employed to 

conaect several quantities, all of which are to be subjected to 
the same operation. 

Thus the expression ((i+6+c)Xa;, or a+i+cxa:, indicates 
that the sum of a, h, and c is to be multiplied by x. Bat 
a-\-h+cxx denotes that c only is to be multiplied by x. 

"When the parenthesis is used, the sign of multiplication 
is generally omitted. Thus, (a + 5-j-c)xx is the same as 

21. The sign of ratio consists of two points like the colon : 
placed between the quantities compared. Thus the ratio of a 
to b is written a : i. 

22. The sign of proportion consists of a combination of the 
sign of ratio and the sign ■ of equality, thus, : = : ; or a com- 
bination of eight points, thus, : : : : . 

Thus, if a, h, c, rf, are four quantities which are proportional 
to each other, wo say « is to ^ as c is to d; and this is express- 
ed by "writing them thus : 

a:h^c:d, 
or a:h::c:d. 

23. The sign of variation is the character co. When written 
between two quantities, it denotes that both increase or diminish 
together, and in the same ratio. Thus the expression sootv de- 
notes that s varies in the same ratio as the product of t and v. 
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16 ALaEBBA. 

24. Three dots .■. are sometimes employed to denote (here- 
fore, or consequently. 

A few other symbols are employed in Algebra, in addition to 
those liere enumerated, which will be explained as they occur. 

Combination of Algebraic Quantities. 

25. Every number written in algebraic language — that is, 
by aid of algebraic 'symbols — is called an algebraic quantity, or 
an algebraic expression. 

Thus, Sa^ is the algebraic expression for three times the 
sqnare of the nnmber a. 

7a?b' is tbe algebraic expression for seven times the third 
power of ffl, multiplied by the fourth power of b. 

26. An algebraic quantity, not composed of parts which are 
separated from each other by the sign of addition or subtrac- 
tion, is called a monomial, or a quantity of one tet'm, or simply 
a term. 

Thus, So, 5&C, and 7xy\RTe monomials. 

Positive terms are those which are preceded by the sign plus, 
and negative terms are those which are preceded by the sign 
minus. When the first term of an algebraic quantity is posi- 
tive, the sign is generally omitted. Thus a-\-h—c is tho same 
as -\-a-\-h-\-c. The sign of a negative term should never be 
omitted. 

37. The coeffident of a quantity is the number or letter pre- 
fixed to it, showing how often the quantity is to be taken. 

Thus, instead of writing a-\-a+a+a-i-a, which represents 
5 a's added together, we write 5a, where 5 is the coef&cicnt of 
a. In Q{x-\-y), 6 is the coeflicient of x+y. When no coeffi- 
cient is expressed, 1 is always to be understood. Thus, la and 
a denote the same thing. 

The coefficient may be a letter as well as a figure. In the ex- 
pression nx, n may be considered as the coefficient of a, be- 
cause ic is to be taken as many times as there are units in n. 
If n stands for 5, then nx is 5 times x. When the coefficient 
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DEFINITIONS AND NOTATION. IV 

is a number, it may be called a numeiical coefficient; and when 
it is a letter, a literal coefficient. 

In 7ax, 7 may be regarded as the coefficient of ax, or 7a may 
be regarded as the coefficient of x. 

28. The coefficient of a positive term shows how many times 
the quantity is taken positively, and the coefficient of a nega- 
tive term shows how many times the quantity is taken nega- 
tively. Thus, +4x=+iK+ic+3;+a;; 

—ix=^ —x—x—x—x. 

29. Similar terms are terms composed of the same letters, 
affected with the same exponents. The signs and coefficients 
may differ, and the terms still be similar. 

Thus, Sa6 and lah are similar terms. 
Also, 5a'c and —Za^c are similar terms. 

30. Dissimilar terms are those which have dillerent letters or 
exponente. 

Thus, OE^ and axz are dissimilar terms. 
Also, 3ai* and 4a^6 are dissimilar terms. 

31. A polynomial is an algebraic expression consisting of 
more than one term; as, a+h ; or a+2,b—5c+x. 

A polynomial consisting of two terms only is usually called 
a binomial; and one consisting of three terms only is called a 
trinomial. Thus, 8a+6h is a binomial; and 5a-—3hc+ciy is a 
trinomial. 

32. The degree of a term is the number of its literal factors. 
Thus, Sa is a terni of the first degree. 

5ab " second " 

Qa^f^ " sixth " 

In general, the degree of a term is found by taking the sum 
of the exponents of all the letters contained in the term. 

Thus the degree of the term 5a¥c(F is 1+2 + 1+3, or 7; 
that is, this term is of the seventh degree. 
B 
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18 ALGEBRA. 

33. A polynomial is said to be homogeneous when all its 
terms are of the same degree. 

Thus, 3a^—4a&+6^ is of the second degree, and homogeneous. 

Za^+Sa^c-ic^d " third " " 

But 5a^—iah+c is not homogeneous. 

34. The reciprocal of a quantity is the quotient arising from 
dividing a unit hy that quantity. 

Thus the reciprocal of 2 is ^ ; the reciprocal of a is |- 

35. A function of a quantity is any expre^on 
that quantity. Thus, 

ax^+h is a function of a?. 
ccy^+cp+d is a function of y. 
ax^—by^ k a function of a; and y. 



1 Algebraic Notation, 

36. In the following examples the pupil is simply required 
to express given relations in algebraic language. 

JEa:. 1. Give the algebraic expression for the following state- 
ment: The second power of a, increased by twice the product 
of a and h, diminished by c, and increased by d, is equal to 
fifteen times x. Ans. a^-{-2.aI}—c+d=16x. 

Ex. 2. The quotient of three divided by the sura of x and 
four, is equal to twice 6 diminished by eight. 

Ex. 3. One third of the difference between six times x and 
four, is equal to the quotient of five divided by the sum of cl 
and b. 

Mc. 4. Three quarters of x increased by five, is equal to 
three sevenths of h diminished by seventeen. 

Ex. 5. One ninth of the sum of six times x and five, added 
to one third of the sum of twice x and four, is equal to the 
product of cr, h, and c. 

Ex. 6, The quotient arising from dividing the sum of a and 
h by the product of c and d^ is greater than four times the sum 
of m, n, X, and y. 
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DEFINITI0H8 AND NOTATION. 19 

37. In the following examples tlie pupil is required to trans- 
late the aJgetraic symbols into common language. 

_£b.l. -?-4-"=-T7,- 

Ans. The quotient arising from dividing the snm of a and 
X by b, increased by the quotient of x divided by c, is equal to 
the quotient of m divided by the sum of a and h. 

Mc.2. 7a^+{h-c)xid+e)=x+y. 

How should the preceding example he read when the first 
parenthesis is omitted? 

a + T 



-Efc. 5. 2av'6'— ac=5{n+m+ 
„ . -M+ZVi , , 1 



C(mi,;pu1ation of Numerical Yalws. 

38. The numerical value of an algebraic expression is the re- 
sult obtained when we assign particular values to all the let- 
ters, and perform the operations indicated. 

Suppose the expression is 2ffl^J. , 

If we make a=2 and S— 3, the value of this expression will 
be 2x2x2x3=24 

If we make a=A and &=8, the value of the same expression 
will bo 2x4x4x3=96. 

The numerical value of a polynomial is not affected by 
changing the order of the terms, provided we preserve their re- 



The expressions a^+2ah+h^, «^+&^+2«i, and b^+2ah+a', 
have all the same numerical value. 

Find the numerical values of the following expressions, in 
which a=6, 6=5, c=4, m=8, and n—2. 

Hx.1. a^+8ab-c'. Ans. 36 + 90-16 = 110. 

Mci. o?x{a+h)-2abc, A7JS. 156. 
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Met. 
Mx.5. 


3-v/o 


2fc 




1/2I.C+C" 


c+d: 


iiSt. 6. 


+2i>-l/E+6+2c. 



Ex.r (3V^+2a)V2a+6+2c. 
.„ ^36 15 , 12 30 

ct 6 m—n m+n 
„ „ <,WoV+8aScm+2 



a&cm+l 
rind the numerical Tallies of the following 
■which (1=3, &=5, c=:2, m=4, n=6, and ic=9. 

fi;.ll. 6a!-7Vi 
i&. 12. 2x'+ V2i'i+7. 
Se. 13. VlO+B-VlO+n. 

A. IB. ci'-4<i»+7o"-6ii. 

&. 16. V5Vm+5VS+ Vm+ Vic. 

-&^ I «cm!i 43:^— 7o^+l 
n+2n 2a+nJ 



^m 24. 

^T2S. 175. 



il7. 



Ex. 18. 1 



-n+b 
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GHAPTEE II. 

ADDITIOIS. 

89. Addition, in Algebra, is the connecting of quantities to- 
gether by rneans of their proper signs, and incori^orating such 
ii5 can be united into one sum. 

When the Quantities are similar and have Hie same Signs. 

40. The sum of 8a, 4a, and 5a, is obviously 12a. That is, 

Sa+ia-+&a=12a. 
So, also, —3a, —4a, and —5a, make —12a; for the minus 
sign before each of the terms shows that they are to he sub- 
tracted, not from each other, but from some quantity which is 
not here expressed ; and if 3a, 4a, and 5a are to be subtracted 
successively from the same quantity, it is the same as subtract 
ing at once 12a. Hence we deduce the following 

EULE. 

Add the coeffidmis of the sevei'ol giianiities togeOier, and io their 

sum annex the common letter or letters, prefixing Uie common sign. 

EXAMPLES. 

3a — 3ai 2?'+3a; a— 2x^ 2a-f ■</ 

5a -?.ah bb+lx 4a-3x2 6it+2y= 

la — ah h+ix Za—bx' da+Sij" 

a -7 ah ib+B^ 7a- x" 4a + fi?/ 

16a -17ah 

The pupil must continually bear in mind the remark of Art. 
26, that, when no sign is prefixed to a quantity, plus is always 
to be understood. 

When the Quantities are similar, hut have different Signs. 

41, The expression 7a — 4a denotes that 4a is to be sub- 
tracted from 7a, and tlie result is obviously 3a. That is, 

7a— 4a =^ 3a. 
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The expression &a—2a-{Sa—a denotes that we are to sub- 
tract 2a from 5a, add 3m to the remainder, and then subtract a 
from the last sum, the result of which operation is 5a. That is, 
5ffl— 2a + 3« — «™ 5a. 
It is generally most convenient to take the sum of the posi- 
tive quantities, which in the preceding case is Sa; then take 
the sum of the negative quantities, which in this case is 3a ; 
and we have 8a— Ba, or 5a, the same result as before. Hence 
we deduce the following 

EULE. 

Add all ike positive coefficients together, and also all Oiose that 

are negative ; svMract the least of tJiese results frorn, ihe greater ; 

to ike difference annex €ie common Utter or letters, and -prefix the 

sign of the greater sum. 

EXAMPLES. 
-3a Qx+5ay 2ay~ 7 -~2a^x -Qa' + ^b 

+ 7a, ^8x+2ay ~ ay-^ 8 a^x 2o?~Zh 

+ 8a a:— 6ay 2ay~ 9 — Sa^x — 5a^— 8/i 

— a 2x-\- ay 8ay— 11 la^x ia^—2l) 

Tll^ 6x+2ay 

When some of the Quantities are dissimilar. 

42. Dissimilar terms can not be nnited into one term by ad- 
dition. 

Thus 2a and Zi neither make 6a nor 5b. Their sum can 
therefore only be indicated by connecting them by their proper 
signs, thus, 2a+3b. 

In adding together polynomials which contain several groups 
of similar quantities, it is most convenient to write them in 
such a manner that each group of similar quantities may occu- 
py a column by itself. Hence we deduce the following 

EULH. 

Write tks guantiiies to he added so that die similar terms may 
he arranged in the same column. 

Add up each column separately, and conned tJie several results 
hy their pr^rper signs. 
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EXAMPLES. 

1. Add 2a+Qb+ir, a-\-2b+Uc, Sa-h-i-2c, and —a+4b^Qc 

Ans. 6a+8S+5c. 

2. Add 2xi/—'J,x-+y^, Sx'^+xy+ii/^, x^~xy+3i/^, and 4a^ 
— 2y^—Sxy. Ans. 6ofi—a.y+6y\ 

3. Add 5a^x'^ — 2xt/, Sax — ixt/, 7xy—4.ax, a/'3.'^-{-5xi/, and 
2a£C—Sxy. Ans. Qa'x' + Zxy+ax. 

4 Add 2a^—Sac+Sb—cd, A.a^—ac-\-2cd—h, Sa^+2ac-4& 
■\-^d, and a^— 2(ic+5cd— 26. j1«s. lOd'*— 4ac— 4&+9cii 

5. Add 7m4-3)i— 14c, 3<i-l-97i~llm, 5x— 4m+8)i, and 
lln — 2b—ra. Ans. 3a-26 — 9m+8lJ^ — Da:. 

6. Add 2ffl^x+3aa;3+a;2, 2aa;— 3a^— 4a^, — 2a^+3(x''3;— 5<k>?, 
and 3a^— 2a^a:4-2a(C^. -iw. 3a^ic— 5iC^+2(KC. 

7. Add 2a^&^-3aic+5m^, 2mV+3«^5^-2aa^ 4a3;-3m^ 
— 4i:^6^, and ax-\-%a^lP—A,7r^y. Ans. 4a^b\ 

8. Add' 7ab^~12ax'', 18ab^->rax, Sax^~Sab\ and -12a&^ 

9. Add 4a^+2ax+l, Sax~2x^+5, Sx^—Qax+i, and 5x^ 

+ 0^-1. 

10. Add 2a''x'^~8a^^~a^—ax^+2ax, ia'^a^-Sa^x+'ia^x^ 
+2ax'+Sax, and 3a^a:?*~aa:;^— «V+4ffl^ic+ffx. 

11. Add 14a'a-7a^J^ + 3a^, Sa^S^c^ + Sa^J^ + 2a^ 2a^ZjV 
—5a!'x—a^, and 4a^&^— 9a^a;— 4a*. 

12. Add ax*~-bx^+cx?—7, ^bx^+Scx'—ix+l, 3aaf—4hx' 
-2c3;='+8, and 2ax^+3lx^-2ca?+S. 

43. It mast be observed tbat the term addition is used in a 
more general sense in Algebra than in Aritbmetie. In Arith- 
metic, where all quantities are regarded as positive, addition 
implies aitgmeniation. The sum of two quantities -will there- 
fore be nnmerieally greater than either quantity. Thus the 
sum of 7 and 5 is 12, -which is numerically greater than either 
5 or 7. 

But in Algebra, the quantities to be added may be either 
positive or negative; and by the sum of two quantities we un- 
derstand their aggregate, taken with reference to their signs. 
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Thus the sum of +7 and —5 is +2, which is numerically less 
than either 7 or 5. So, also, the sum of +([ and —h is a—h. 
In this case the algebraic sum is numerically the diffefrem.ce of 
the two quantities. 

This is one instance among many in which the same terms 
are used in a much more general sense in the higher mathe- 
matics than they are in Arithmetic. 

44. When dissimilar terms have a common literal part, we 
may regard the other factors as the coefficient of the common 
letter or letters. The sum of the terms will then be expressed 
by iaclosing the sum of tiie coeffioienta in a parenthesis, and 
prefixing it to the common letter or letters. 

Thus the sum of ax^, bx^, and 'cx^ may be written 
{a+h+c)xK 

ESAHPLES. 

1. Add ax, 2bx, and 3mx. Ans. {a+2h+8m)x. 

2. Add Saxy^, 2bxy% and —Baxy^. A^is. {2h~2a)xyK 

3. Add 2ax+By, bax—y, and x—'ky. Ans. (^a-\-l)x—iy. 

4. Add 2tX+^xy, ax+bxy, and hx-\-Smxy. 

5. Add mx+ny, Sffir— 2y, and 4bx+ay. 

6. Add 4mVS+3, 2a'\/x—l, and ii/x+y. 

7. Add Zax^+^hx^l, ibx''—ax-\-3, and mx'—iix-}-5. 

8. Add 2a3^+Shx^-7, Stux!' -n:^ +2, and 4a^-aa^+l- 

9. Add amx'+hnx^+cx, b7nx^—anx^+ax, and CTUX^—Tix" 
+ 3bx. 

10. Add {a-b)Vx and {a+b-c)V^. 
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SUBTKACTIOM". 



CHAPTER in. 

SUBTRACTION. 



45. Subtraction 18 the operation of ficding the difference be- 
tween two quantities or sets of quantities. The quantity to be 
subtracted is called the subtrahend; the quantity from which 
it is to be subtracted is called the mintiend; the quantity 
which is left after the subtraction is called the remainder. 
Let it be required to subtract 8—3 from 15, 
Now 8—3 is equal to 5; and 5 subtracted from 15 leaves 
10. The result, then, must be 10. But, to perform the opera- 
tion on the numbers as they were given, we first subtract 8 
from 15, and obtain 7. This result is too small by 3, because 
the number 8 is larger by 3 than the number which was re- 
quired to be subtracted. Therefore, in order to correct this re- 
sult, the 3 must be added, and the operation may be expressed 

^^^^' 15-8+3^10. 

Again, let it be required to subtract c—d from a—i. It is 
plain that, if the part c were alone to be subtracted, the re- 
mainder would be a—h—c 

But, since the quantity actually proposed to be subtracted is 
less than chj d,too much has been taken away by d, and there- 
fore the true remainder will be greater than a—h—c by d, and 
may hence be expressed thus, 

a—h—c+d, 

where the signs of the last two ternis are both contrary to what 
they were given in the subtrahend. Hence we perceive that 
a quantity is subtracted by simply changing ita sign. In prac- 
tice it is most convenient to write the quantities so that simi- 
lar terms may be found in the same column. 
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46. Hence we deauce the following 

EULB. 

WHte the subtrahend under the minuend, arranging similar 
ter>n.s in tlie same column. 

Conceive ike signs of all the terms of the subtrahend to be 
changed from + to —, or from — to +, and then ^ 



Prom 15ax^ Sabx^ iahf^ —dahx" —12a%c 

Subtract 7ax^ llahafi —Sahj? —Sabafl 3a%c 

Eemainder 8ax^ —Qaba^ lah^ 6aba? —Wa^bc 

6. r. 8. 

From 3a^+4:b-2x bx^^Sax^+U o?+2ab+h^ 

Subtract , a^+7h-Sx Ix'^Qax^- 2 tf^^2c<5+^^ 

Eemainder ''ia'^-~Zb+%x —'i-j?+5ax^-Jt-Vi 4ab 

9. From Sa-[-5b—2c subtract 2a— 6. Ans. a+&h—2c. 

10. From 5abc~~2h—& subtract Soic— 26+1. 

Ans.2abc-7. 

11. From Aa''~7a+Sx subtract a'^+Sa—2x. 

Ans. Sa'—lOa+^x. 

12. From a— 6+2m— ic subtract Sx+m—ib+a. 

13. From 2x^—x^y+6xy^ subtract a^—2xy^+y\ 
li. From 7n+n subtract m—n. 

15. From m+n+x suljtract —m—n—x. 

16j From 5a'—3a—7 subtract —2a^— 4^+10. 

17. From m*+Sm^—-im^—2m+l subtract m'''—2m^ + m^ 
-3m+5. 

18. From a:''-5a^+10a;^— 3 subtract 3:^+5x^—10x^+3. 
la. From Sa'^+axc+2x^—lia^x subtract x^ — 15ra^x + 2a^ 

— 4c(x. 
20. From Gahx—4:mn+5ax subtract Smn+Qax—Sahx. 

Subtraction may be proved, as in Arithmetic, by adding the 
remainder to the subtrahend. The sum should be equal to 
the minuend. 



(by Google 



SUBTRACTION. 27 

47. It will be perceived that the term subtraction is used in 
a more general sense in Algebra than in Arithmetic. In Arith- 
metic, where all <^uantitie9 are regarded as positive, a number 
is always diminished by subtraction. But in Algebra the dif- 
ference between two quantities may be numerically greater 
than either. Thus the difference between + a and —b is 
a+b. 

The distinction between positive and negative quantities 
may be illustrated by the scale of a thermometer. The de- 
grees above zero are considered positive, and those below zero 
negative. Jrom five degrees above zero to five degrees below 
zero, the numbers stand thus, 

+5, +4:, +3, +2, +1, 0, -1, -2, -3, -4, ~5. 

The difference between a temperature five 
zero and one which is five degrees be?ow zero, is ten 
which is numerically the sum. of the two quantities. Ten is 
said to be the algebraic difference between +5 and —5. 

, 48. When dissimilar terms have a common literal part, the 
difference of the terms may be expressed, as in Art, 44, by in- 
closing the difference of the coefficients in a parenthesis, and 
prefixing it to the common letter or letters. 

Thus the difference between aa? and bx^ may be written 
{a —bye'. 

ESAMPLES. 

1. From aafy^ subtract —Sx^y^. Ans. {a+S)x^z/'^. 

2. Prom IcKC+Zy subtract bbx—y. Ans. {2a~5byc+4y. 

3. From rax^ny subtract Zax—2y. 

Ans. {m-Za)x-\-{a-\-l)y. 

4. From 4m.V^+3 subtract 2aVx— 1. 

5. From 2aa^+3&x^— 7 subtract Smit^— m3^+2. 

6. From amn^+bna^-^cx subtract hmx^^aivt^-^ax, 

7. From m+am+hm subtract am+hm+cm. 

8. From l + 3aa:?+5aV-i-7aV subtract x^-Sqx^— 5aV. 
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49. Use of tJie Parenthesis.^If we wiali to indicate that one 
polynomial is to be subtracted from another, we may inclose it 
in a parenthesis, and prefix the sign minus. Thus the expres- 
sion , . 

indicates that the polynomial m—n+x is to be svhiraded iwm 
the polynomial a—b. Performing the operation indicated, we 
lia^e a^h-m+n-x. 

The expression a— S + (m— Ji-fa;) 
indicates that the polynomial m~n+x is to be added to the 
polynomial a~b, and the result is 

a—b+m—n+x. 

Hence we see that a parenthesis preceded by the phi^ aign 
may be removed without changing the signs of the inclosed 
terms ; and, conversely, any number of terms, with their prop- 
er signs, may be inclosed in a parenthesis, and the plus sign 
written before the whole. 

But if the parenthesis is preceded by the minus sign, the 
signs of all the inclosed terms must be changed when the pa- 
renthesis is removed ; and, conversely, any number of terms 
may be inclosed in a parenthesis, and preceded by the minus 
sign, provided the signs of all the inclosed terms are changed. 

50. According to the preceding principle, polynomials may 
be written in a variety of forms. 

Thus, a—h—c+d 

is equivalent to a—{b + c—d), 

or to a~b~{c—d), 

or to a+d-'{b+c). 

These expressions are all equivalent, the first form being the 
simplest. 

EXAMPLES. 

Eedace the following expressions to their, simplest forms. 
Am. a^~5a%-!r4^~h^. 
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2. a+b+c-{a~h)'-{h-c). Ans.h+2c. 

5. 4:a^-b~{2a~8b+l)+8a. Ans. ia^+a+9,h-l. 
4. a+2h~{Sm--2a+Sx^). 

6. a+h-{2a-Sb)-{5a+7b)~{-18a+2b). 

8. 7ax3-10a%=+lla^iC— 5a*-(9ffic^+12aV-6a^-9a'). 

51. Hence we see tbat when an expression is inclosed in a 
parenthesis, the essential sign of a term depends not merely 
upon the sign which immediately precedes it, but also upon 
the sign preceding the parenthesis. 

Thus m+(+?i) is equivalent to m + n, 
and m+{—n) " in^n 

But m — (+?i)' " m—ii, 

and m— {— n) " m+n 

The sign immediately precedmg n is c illed the sign of ihe 
quantity ; the sign preceding the parenthesis may be called the 
sign of the operation; while the sign resulting from the opera- 
tion is called the essential sign of the term. We perceive that 
when the sign of the quantity is the same as the sign of opera- 
tion, the essential sign of the. term is positive; but when the 
sign' of the quantity is different from the sign of operation, the 
essential sign of the term is negative. 

53. Use of Negative Quantities. — The introduction of nega- 
tive quantities into Algebra enables us , not only to compare 
the magnitude, but also to indicate the relatvyn or quality of the 
objects' about which we are reasoning. This peculiarity will 
be understood from a few examples: 

ls(. Gain and Loss in Trade. — Suppose a merchant to gain 
in one year a certain sum, and in the following year to lose a 
certain sum ; we are required to determine what change has 
taken place in bis capital. This may be indicated algebraical- 
ly by regarding the gains as positive quantities, and the losses 
as negative quantities. Thus, suppose a merchant, with a cap- 
ital of 10,000 dollars, loses 3000 dollar.s, afterward gains 1000 
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dollarSj and then loses again 4000 dollars, the whole may be 
expressed algebraically thus, 

10, 000 - SOOO + 1000-4000, 

which reduces to +4000, The + sign of the result indicates 
that he has now 4000 dollars remaining in his possession. 
Suppose he further gains 500 dollars, and then loses 7000 dol- 
lars. The whole may now be expressed thus, 

10,000-3000+1000-4000+500-7000, 

which reduces to —2500. The — sign of the result indicates 
that bis losses exceed, the Bam of all Lis gains and the property 
originally in his possession ; that is, he owes 2500 dollars more 
than he can pay. 

63. 2d. Motion in Contrary Directions.— Qn-p^ose a ship to 
sail alternately northward and southward, and we are required 
to determine the last position of the ship. This may be indi- 
cated algebraically, if we agree to consider motion in one direc- 
tion as a positive quantity, and motion in the qppodle direction 
as a negative quantity. 

Suppose a ship, setting out from the equator, sails north- 
ward 50 miles, then southward 80 miles, then northward 10 
miles, then southward again 20 miles, and we wish to determ- 
ine the last position of the ship. If we call the northerly mo- 
tion + , tho whole may be expressed algebraically thus, 

50-30+10-20, 

which reduces to +10. Tho positive sign of the result indi- 
cates that the ship was nortli of the equator by 10 miles. 

Suppose the same ship sails again 40 miles north, then 70 
miles south, the whole may he expressed thus, 

50-30 + 10-20+40-70, 

which reduces to —20. The negative sign of the result indi- 
cates that the ship was now souiJi of the equator by 20 miles. 
We have here regarded the northerly motion as +, and the 
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sontherly motion as — ; but we might with equal propriety 
have regarded the northerly motion as — , and the southerly 
motion as +. It is, however, indispensahle that we adhere to 
the same system throughout, and retain the proper sign of the 
result, since this sign shows whether the ship was at any time 
aorth or south of the equator. 

In the same manner, if we regard westerly motion as +, we 
must regard easterly motion as — , and vice versa; and, gen- 
erally, when quantities which are estimated in different direc- 
tions enter into the same algebraic expression, those whieh are 
measured in one direction being treated as +, those which are 
measured in the opposite direction must be regarded as — . 

54. The same principle is applicable to a great variety of 
examples in Geography, Astronomy, etc. Thus, north latitude 
is generally indicated by the sign +, and south latitude by the 
sign — . "West longitude is indicated by the sign +, and east 
longitude by the sign- — , 

Degrees of a thermometer above zero are indicated by the 
sign +, while degrees below zero are indicated by the sign — . 

A variation of the magnetic needle to the west is indicated 
by the sign +, while a variation to the east is indicated by the 
sign -. 

The date of an event since the birth of Christ is indicated 
by the sign + ; the date of an event before the birth of Christ, 
by the sign — ; and the same distinction is observed in a great 
variety of cases which occur in the application of the rhathe- 
matics to practical problems. In all such cases the positive 
and negative signs enable us not merely to compare the mag- 
nitude, but also to indicate the relation of the quantities con- 
sidered. 
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ilULTIPLICATIOW. 

55. Multiplication is the operation of repeating one quantitj' 
as many tinjes as there are units in another. 

The quantity to be multiphed is called the multiplicand; 
and that by which it is to be multiplied is called the muUiplier. 

56. When several quantities are to be multiplied together, 
the result will be the same in whatever order the multiplica- 
tion is performed. 

In order to demonstrate this principle, let unity bo repeated 
five times upon a horizontal line, and let there be formed four 
such parallel lines, thus, 



Then it is plain that the number of units in the table is 
equal to the five units of the horizontal line repeated as many 
times as there are units in a vertical column ; that is, to the 
product of 5 by 4r. But this sum is also equal to the four units 
of a vertical line repeated as many times as there are units in 
a horizontal line ; that is, to the product of 4 by 5. Therefore 
the product of 5 by i is equal to the product of 4 by 6. For 
the same reason, 2x3x4 is equal to 2 x 4 x 3, or 4 x 3 x 2, or 
3 X 4 X 2, the product in each case being 24. So, also, if a, h, 
and c represent any three numbers, we shall have ale equal to 
hca or caK 



When hoth the factors are inonomials. 

57. Suppose it is required to multiply 5a by 4i. The prod- 
uct may be indicated thus, 5ax4&. 
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But since the order of the factors may be changed ■without 
affecting the value of the product, the factors of the same kind 
may be written together thus, 

4x5a&; 
or, simplifying the expression, we have 

20ab. 
Hence we see that the coefficient of the •product is equal to tJie 
product of the coefficients of Hie jnuUiplicand and muUiplier. 

58. The Law of Ih^onenis. — We have seen, in Art 16, that 
when the same letter appears several times as a factor in a 
product, this is briefly expressed by means of an exponent.^^ 
Thus, aaa is written o?, the number 3 showing that a enters 
three times as a factor. Hence, if the same letters are found in 
two monomials which are to be multiplied together, the ex- 
pression for the product may be abbreviated by adding the 
exponents of the same letter. Thus, if we are to multiply a^ 
by a^, we find o? equivalent to ao,a, and a^ to aa. Therefore 
the product will be aaaaa, which may be written a*, a result 
which is obtained by adding together 3 and 2, the exponents 
of the common letter a. Hence we see that the exponent of 
any Utter in the product is equal to the stmi of the exponents of 
this letter in the multiplicand and multiplier. 

59. Hence, for the multiplication of monomials, we have the 
following 

EULE. 
Multiply together the coefficients of tJie two terms for tlie coeffi- 
cient of the product. 

Write after this all the letters in the two monomials, giving to 
each letter an ea^onent equal to the sum of its esponents in the two 
factors. 

EXAMPLES. 

1. 2. 3. 4. 

Multiply 7abc ba^h^c ^UTua^y 6a^b^d* 

by 5mn Sab^c iam^xy^ 8a%c^ 

Product '66abcmn 15a^iV 36a*m'a:'^ 48M*iV 
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5. Multiply 9o?x by 7ahj. 

6. Multiply 12aWc' by lla^JV. 

7. Multiply a™ by ct". Ans. a'*+^. 

8. Multiply 8a™ by 9a". 

9. Multiply o™ by a™. J-jis. a^™. 

10. Multiply Qa"^ by 12a™. 

11. Multiply aH by a&™. ^)m. a™+i6™+i. 

12. Multiply Ba^a;" by ba'-'x. Ans. SOa^x°+\ 
18. Multiply Sa^x" by ia'"^:^''. .4ns. 12a^™x*". 

14. What is the continued product of5a,i7n?x, and 9o?m^xJ 

Ans. 180a?7nfia?. 

15. What is the continued product of Va'^S, aS", and i.ac'f 

16. What is the continued product oi%a™x, 5ah% and 7abx? 

17. What is the continued product of a, ah, abc, abed, and 
abcdx? 

18. What is the continued product of a^, aW, a^bc, and 
a?¥c^x f 

CASE n. 
When one or both of Hie factors are polynomials. 
60. Eepresent the sum of the positive terms of any polyno- 
mial by a, and the sum of the negative terms by b. Then 
a—b will represent any polynomial whatever. In like man- 
ner, c—d wiU represent any other polynomial whatever. It its 
required to find the product of a—b by c—d. 

In the lirst place, let us multiply a—b by c. This implies 

that the difference of the units in a and b is to be repeated c 

times. If +a be repeated as many times as there are units in 

c, the result will be +ac. Also, if —b be repeated aa many 

times as there are units in c, the result will be -be, for —b 

taken twice is — 2&, taken three times is —Zb, etc.; and if it be 

repeated c times, the result will be — c& or —be The entire 

operation may be exhibited thus : 

a-h 

c 

ac— be. 

Nest let UB multiply a—b by c—d. When we multiply 
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MULTIPLICATION. OO 

a—h by c, we obtain ac—lc. But a—h was only to be taken 

c—d times; therefore, in this first operation, we have repeated 

it d times more than was required. Hence, to have the true 

product, we must svhtraci d times a—b from ac—ic. But d 

times a—b is equal to ad— id, which, subtracted from ac—bc, 

sivcs , 7,11 

° ae—bc—aa+ba. 

If the pupil does not perceive the force of this reasoning, it 
will be best to repeat the argument with numbers, thus : Let it 
be proposed to multiply 8—5 by 6—2; that is, the quantity 
8—5 is to be repeated as many times as there are units in 
6-2. If we multiply 8-5 hy 6, we obtain 48-30; that is, 
we have repeated 8—5 six times. But it was only required to 
repeat the multiplicand /om)' times, or 6—2. We must there- 
fore diminish this product by twice 8 — 5, which is 16—10; 
and this subtraction is performed by changing the signs of the 
subtrahend. Hence we have 

48-30-16+10, 

which is equal to 12. This result is obviously correct; for 
8—5 is equal to 3, and 6—2 is equal to 4; that is, it was re- 
quired to multiply 3 by 4, the result of which is 12, as found 
abova 
We have thus obtained the following results : 

+ax{+h)=+ab, 

+ ax{—b)=—ab, 

—ax{+b)=—ab, 

~ax(— &)=4-«^ 
from which we perceive that when the two factors have like 
signi, the p7odu(,t ?s posifite, and when the two factors have un- 
like iigns, thep7oditCt is neijaiive 

61 Hence, for the multiplication of polynomials, we have 
the following general 

PULE 
Multiply each tetm of thp mulUphrand by each term of the muh 
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iiplief, and add together all the partial products, ohserving that 
U/ce signs reguire + in the product, and unli/ce signs — . 



ESAMPLES. 



MoJtiply 

by 


2o+3i 
4o-5S 


a+h 


Partial 
product 
Eesnll 


(8i!>+12e.6 





It is immaterial in what order the terms of a polynomial 
are arranged, or in what order the letters of a term are ar- 
ranged. It iSj however, generally most convenient to arrange 
the letters of a term alphabetically, and to arrange the terms 
of a polynomial in the order of the powers of some common 
letter, 

3. Multiply a^—ah-\-W by a+l. Ans. a^-^Jfi. 

4. Multiply a^—^ah-^V^ by a~h. 

5. Multiply 3a^-2a+5 by ct— 4. 

6. Multiply a^—ab-\-W by a^+tfi+R Ans. a''-\-a%'^-\-h\ 

7. Multiply 2a^—Sab+i by a'+^fth—S. 

8. Multiply a^+a%+alfl+¥ by a— 6. 

9. Multiply a+mb by a+nb. 

10. Multiply Ba+2hx-Sx' by ^a-.2hx+Sa?. 

11. Multiply together a,— 5, x-i-2, and x+S. 

12. Multiply together x—3, x—i, x+5, and x—Q. 

13. Multiply together a^+aJ+6*, a^—ab+b^, and a^—lA 

14. Multiply together a+x, h+x, and c+x. 

15. Multiply (i*+a'5+a=62+«5=+5* by a-h. 

16. Multiply a^-Sa^+7a-\2 by a^+Sa+2. 

17. Multiply x^+2x^+Sx^+2x+l by a;=-23;+l. 

18. Multiply lia^x—Qa'bx+x^ hy 14o;=x+6afe— a;*. 

19. Multiply a^—x^+xi/^ by x^—xy'—y^. 

20. Multiply 3a;^+8a:y-5 hy 4K^-7a«/+9. 

62. Degree of a Product. — Since, in the multiplication of two 
monomials, every factor of both quantities appears in the prod- 
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MULTIPLICATION. 37 

uct, it is obvious that the degree of the product -will be equal 
to the sum of the degrees of the multipliei' and multiplicand. 
Hence, also, if two polynomials are homogeneous, their product 
will be homogeneous. 

Thus, in the first example of the preceding article, each 
term of the multiplicand is of the first degree, and also each 
term of the multiplier; hence each term of the product is of 
the second degree. For a similar reason, in the second exam- 
ple, each term of the product is of the third degree ; and in 
the sixth example, each term of the product is of the fourth 
degree. This principle will assist us in guarding against er- 
rors in the multiplication of polynomials, so far as concerns 
the exponents. 

63. Nwmher of Terms in a Product. — When the product aris- 
ing from the multiplication of two polynomials does not admit 
of any reduction of similar terms, the whole number of terms 
in the product is equal to the product of the numbers of the 
terms in the two polynomials. Thus, if we have five terms in 
the multiplicand, and four terms in the multiplier, the whole 
number of terms in the product will be 5x4, or 20. In gen- 
eral, if there be m terms in the multiplicand, and n terms in 
the multiplier, the whole number of terms in the product will 



64. Least Number of Terms in a Product. — If the product of 
two polynomials contains similar terms, the number of terms 
in the product, when reduced, may be much less than inn; 
but it is important to observe that among the different terms 
of the product there are always two which can not be combined 
with any others. These are, 

1st. The term arising from the multiplication of the two 
terms affected with the highest exponent of the same letter. 

2d. The term arising from the multiplication of the two 
terms affected with the hwest exponent of the same letter. ' 

Jor it is evident, from the rule of exponents, that these two 
partial products must involve the letter in question, the one 
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with a higher, aocl the other with a lower exponent than any 
of the other partial products, and therefore can not be similar 
to any of them. Hence ffie product of two polynomials can never 
contain less than two terms. 

65. For many purposes it is suificient merely to indicate the 
multiplication of two polynomials, without actually perform- 
ing the multiplication. This is effected by inclosing the poly- 
nomials in parentheses, and writing them in succession, with 
or without the sign x . When the indicated multiplication 
has been actually performed, the expression is said to be ex- 



EXAMPLES. 

1. Expand {a+b){c4-d). Ans. ac+bc+ad+bd. 

% Expand 9a— 7(6— c). 
8. Expand and reduce 

14(12-a-&-c)+13(4+ffl-c)-15{7-a-c). 

4. Expand and reduce 

28(a-6+c)+24(a+6-^c)-13(i-fl-c). 

5. Expand and reduce 

24((-65~9{a+5)+25ffl-19(5-c)-17{a+&-c). 

6. Expand and reduce 

53(ffl_J+c)-27Ca+6-c)~26(a-J-c). 

66. The three following theorems have very important ap- 
plications. 

The square ofihe sum of two nuTnhers is equal to the square of 
the first, plus twice the product of the first by the second, plus the 
square of the second. 

Thus, if we multiply a+b 
by a+i 

a^+ ah 

ai+b^ 



we obtain the product a^+2ab+b''. 

Hence, if we wish to obtain the square of a binomial, we 
can, according to this theorem, write out at once the temis 
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of the result, without the necessity of performing an actual 

multiplication. 

EXAMPLES. 

1. {Ba+hf= 6. {oa^+laby^ 

% (3«+S&f- 7. (5a^+8a%)^= 

3. (Sa+Sif = 8. (2a+i7= 

4. (5a^+26f= 9. (1+^)'= 
6. (5a3+&)^= 10. (3+^)^= 

67. TM square of ike differ&ice of two numbers is eqval to the 
square nf ibf first, minus twice the product of the first ly the sec- 
ond, phis the square of ike second. 

Thus, if we multiply a—b 
by «-i 

»"- oi 
- ab+l' 
we obtain the product «^~2a6+il 

EXAMPLES, 

1. (2ii-36)'= 6. {7a'-nd,f=: 

2. (50-46)"= 7. (7aV-nalf= 
8. (6o'-i)'= 8. (2<«>-6)> = 

4. {ea'-Sai)'= 9. (2-i)»= 

6. («-!»)'= 10. (i-if= 



J of the sign ±. 
Since {a+hy=a^+2ab+P, 

and (a— 6f^a^— 2aS+i^ 

we may write both formulas in the following abbreviated form, 

{a±:hf-a^±2ah+b^ ; 
which indicates that, if we use the + sign of b in the root, we 
must use the + sign of 2ah in the square ; hut if we use the 
— sign of b in the root, we must use tie — sign of 2ah in the 
square. By this notation we are enabled to express two dis- 
tinct theorems by one formula. 
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69, The product of ike sum and difference of two numbers is 
■qual to the difference of th^r squares. 
Thus, if we multiply a+b 
a-h 
a?+ah 
-ah-b^ 



by 



we obtain the product a' -~b\ 

EXAMPLES. 

1. (3a+2&) (Sa-26)^ 

2. {7ah+x) {1ab~x)= 
8. (8a+7&c)(8a-7fe)= 
4. l6a^+6l^){5a'—6¥)= 
6. {4a?+Smx) (ia^—Smx)^ 

6. {Sa?b+a^) (3a^6-aS)= 

7. (m+l) {m-l)= 

The pupil should be drilled upon examples like tlie pre- 
ceding until he can produce tbe results mentally with as great 
facility as he could read them if exhibited upon paper, and 
without committing, the common mistake of making the square 
of a+b equal to a^-fZi^, or the square of a~b equal to c^—l^. 

The utility of these theorems will be the more apparent 
when they are applied to very complicated expressions. Fre- 
quent examples of their application will be seen hereafter. 
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CHAPTEK V. 

DIVISION. 

70. Division is the converse of imiltiplication. In mnltipli- 
cation we determine the product arising from two given fac- 
tors. In division we have the product and one of the factors 
given, and we are required to determine the other factor. 

The dividend is the product of the divisor and quotient, the 
divisor ia the given factor, and the (luoiisni ia tho factor re- 
quired to be found. 

Whm. ike divisor and dividend are hoik monomials. 

71. Since the product of the numbers denoted by a and h ia 
denoted by ab, the quotient of ai divided by a isb; that ia, 
ab-i-a—h. Similarly, we have abc-i-a=hc, abc-i-c=ab, dbc-i-ab 
=c, etc. The division ia more commonly denoted thus: 

abc ahc_ aha _ 

a,~ ' b ~ ' c ' 

abc abc , abc 

-&="■ ■^=''' m^"- 

So, also, 12m7i divided by 3™ gives 4.n; for 8m multiplied 
by in makes 12mn. 

72. Hule of Exponents in Division. — Suppose we have a^ to 
be divided by a\ We must find a quantity which, multiplied 
by a'^, will produce a^. We perceive that a^ is such a quanti- 
ty ; for, according to Art. 58, in order to multiply a^ hy a^, we 
add the -exponents 2 and 3, making 5; that is, the exponent 3 
of the quotient is found by subtracting 2, the exponent of the 
divisor, from 5, the exponent of the dividend. 

Hence, in order to divide one power of any quantity by an- 
other power of the same qiiantity, subtract the exponent of the 
divisor from the exporient of ike dividend. 
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42 ALGEBRA. 

73. Proper Sign of &e Quotient — Tbe proper sign to be pre- 
fixed to a quotient may be deduced from the principles al- 
ready established for multiplication. The product of the di- 
visor and quotient must be equal to the dividend. Hence, 



becanss 


+a 


X(+S)= 


--+cib,) 




(+ab- 


-(+«)= 


+a. 




-a 


x(+4)= 


= -04, ( 


therefore 


rt 


-(+*)= 


-a. 




+a 


x(-S)= 


= -,16, 1 




]-ab- 


-(-») = 


+«. 






x(-6)= 


= +«6,) 




i+ab- 


-(-»)= 


—a. ■ 


Henc 


,if 


the dwidrnd and divisor have like signs, ibe 


quotient 


will be poiitt 


we; lut 


f they have unlike 


signs, th 


quotient will be 


n&jative. 

















74. Hence, for dividing one monomial by another, -we have 
the following 

RULE. 

1. Divide the coefficient of the dividend by the coefficient of the 
divisor, for a new coefficient. 

2. To (his result annex all the letters of the dividend, giving to 
each an exponent equal io (Ae excess of its &cponent in the dividend 
above thai in die divisor. 

3. Jf the dividend and divisor have hke signs, prefix the plus 
sign io tJie quotient; but if they have unlike sigiib, prefix the 
minu--, sign. 

EXAMPLES. 

1. Divide 20ax^ by 4x. Ans. oax^ 

2. Divide 26a^x^ by —5ay^. Ans. —Qah-jj^. 

3. Divide —72ab'x'^ by 12h^x. Ans. —Gah^x. 

4. Divide ~77a%^c^ by — llaiV. Am. Ta'li'c^ 

5. Divide iSaWcH hy -12a&% 

6. Divide -150a^b^cd^^hj SOa%'d^. 

7. Divide —250a'b^x^ by —Sabx^. 

8. Divide 272a%*i^x^ by -ITa^J^cc*. 

9. Divide -42a^5^c by 21«6=c. 
10. Divide ~300a=fi*x by -50Jk. 
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DIVISION. 43 

75. Value of the Symbol a",— The rule given in Art. 72 eon- 
ductB us in some eases to an expression of the form aP. Let 
it be required to divide a^ by a*. According to the rule, the 
quotient will be a^~% or a". Now every number is contained 
in itself once ; hence the value of the quotient must be unity ; 
that is, a!*—!. 

To demonstrate this principle generally, let a represent any 
quantity, and m the exponent of any power whatever. Then, 
by the rule of division, 

But the quotient obtained by dividing any quantity by it- 
self is unity; that is, ^"=1, 
or any quantity having a dpkerfor its exponent is egual to unity. 

76. Signification of Negative Ea^on&nis. — The rule given in 
Art. 72 conducts ua in some cases to negative exponents. 
Thus, let it be required to divide a^ by tt". We are directed 
to subtract the exponent of the divisor from the esponent of 
the dividend. We thus obtain 



But a^ divided by a^ may be written -^ ; and, since the 

value of a fraction is not altered by dividing both numerator 
and denominator by the same quantity, this expression is 

equivalent to -^. 

Hence a"'* is equivalent to -5. 

So, also, if a^ is to be divided by a^, this may be written 



In the same manner, wo find 



that is, any quantity having a negative exponent is eqwH to the 
reciprocal of that quantity wiili an equal positive eosponent. 
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44 ALGEBRA. 

77. Hence any factor may be transferred from the numera- 
tor to the denominator of a fraction, or from the denominator 
to the numerator, by cfianging (he sign of its exponent. 

Thus, y may be -written ah-^, 



that is, the denominator of a fraction may be entirely re- 
moved, and an integral firm be given to any fractional fx- 
pression. 

This use of negative exponents must be understood simply 
as a convenient notation, and not as a method of actually de- 
stroying the denominator of a fraction. 

78. To divide a Polynomial hy a Monomial. — We have seen, 
Art. 60, that when a single term is multiplied into a polyno- 
mial, the former enters into every term of the latter. 

Thus, {a+b)m=am+bm ; 

therefore {am+hm')~-m=a+b. 

Hence, to divide a polynomial by a monomial, we have the 
following 

ETJLE. 

Divide each iei-m, of die dividend hy the divisor, and, connect the 
quotisnts hy their ^proper signs. 



1. Divide Z3?^Qx^-\-Zax—l^x by Zx. Am. a;^+23:+a- 

2. Divide Zahc-^l^alx—Qa^b by 3q&. Am. c+4a;— * 

3. Divide 40a=i3+60a^6^-17aS by -a&. 

4. Divide 15a^hc—\(iacci?+bax?d'^ by — 5a^. 

5. Divide 2(kc^-Z?>af'-15a?-\-15x^ by -5x\ 

6. Divide %a'^3^y° —Viia^x^if +lba^x^y'^ by Za^tc'y^. 

7. Divide a^+'^^af+^+x^+^—x"-^ by x''. 

8. Divide 12aY-16(tV+20aY-28aY by -iay. 
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79, To divide one 2'olynomial by another. 
Let it be required to divide 

2ah+a^+i>^ by a+b. 

The object of this operation is to find a third polynomial 
which, multiplied by tho second, will reproduce the first. 

It is evident that the dividend is composed of all the partial 
products arising from the nmltiplication of each term of the 
divisor by each term of the quotient, tliese products being 
added together and reduced. Hence, if we can discover a 
term of the dividend which is derived without reduction from 
the multiplication of a term of tho divisor by a term of the 
quotient, then dividing this term by the corresponding term 
of the divisor, we shall be sure to obtairi a term of the quo- 
tient. 

But, &om Art. 64, it appears that the term a% which con- 
tains the highest exponent of the letter a, is derived without re- 
duction from the multiplication of the two terms of the divisor 
and q^uotient which are affected with the highest exponent of 
the same letter. Dividing the term d^ by the term a of the 
divisor, we obtain a, which we are sure must be one term of 
the quotient sought. Multiplying each term of the divisor by 
a, and subtracting this product from the proposed dividend, 
the remainder may be regarded as the product of the divisor 
by the remaining terms of the quotient "We shall then ob- 
tain another term of the quotient by dividing that term of the 
remainder which is affected with the highest exponent of a by 
the term a of the divisor, and so on. 

Thus we perceive that at each step we are obliged to search 
for that term of the dividend -which is affected with the high- 
est exponent of one of the letters, and divide it by that term of 
the divisor which is affected with the highest exponent of the 
same letter. We may avoid the necessity of searching for this 
term by arranging the terms of the divisor and dividend in 
the order of the poivers of one of the letters. 

The operation will then proceed as follows: 
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The arranged dividend is a^+2a&+5^ I a-^h, the divisor. 
ffl^+ ah j a+6, the quotient. 
ab+b% the first remainder. 
ab+!P 

0, remainder. 
For convenience of multiplication, the divisor is written on 
the right of the dividend, and the quotient under the divisor. 

80. Hence, to divide one polynomial by another, we have 
the following 

1. Arrange hoUi polynomials in (he order of the powers of the 
same letter, 

2. Divide the first term of (he dividend by Hie first term of ilie 
divisor, for' the first term of the quotient. 

S. Multiply (he whole divisor by this term, and subtract the 
product from the dividend. 

4. Divide the first term of the remainder by the first term of the 
divisor, for ike second term of the guotient. 

5. Multiply the whole divisor by this term, and subtract Sie 
product from the last remainder. 

6. Continue the same operation until a, remainder is found equal 
to eero, or one whose first term is not divisible by the first term of 
the divisor. 

When a remainder is found equal to zero, the division is 
said to he exact When a remainder is found whose first 
term is not divisible by the first term of the divisor, the exact 
division is impossible. In such a case, the last remainder must 
be placed over the divisor in the form of a fractiog, and an- 
nexed to the quotient. 

EXAMPLES. 

1. Divide 2a,^b+b^+2ab'^+a^ by a^+h'^+ab. Ans. a+b. 

2. Divide a!^— aHSa^— 3aa^ by x—a. Ans. 3?—%ax-\-a^. 
S. Divide a^+ic'^+SaV by a^— oc+a:^. 

Ans. a" +a?x+a:x? +x'^. 
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4. Divide a^—16a^a^+&ia? by a^—4aic+4x\ 

5. Divide a^+Sa^—ia^+x^—^ax^ by a^—Hax+xK 

Ans. a'^-~2ax+x^. 

6. Divide S^xr'+y^ fay 2x+y. 

1. Divide x^+x^t/^+xy^—x'y—a^^—y^ by x^—y\ 

8. Divide a^+x^+Sx—ix^—S by a;^— 2x— 3. 

9. Divide a?-¥ by aH2ffl26+2a&^+&^- 

10. Divide a^'^+l— 2a;= by a;^+l— 2!c. 

11. Divide af+y^+x^y'^ by cc^+^+a^, 

12. Divide 123^-192 by 3x-6. 

-dm. 4a:3+8a:H16a:+32. 

13. Divide 6a;*-6/ by 2a?-iy\ 

14 Divide a«+3a^6*— 3a*6«— 6^ by d'-Sa'b+Sab'-bK 

Ans. a^+Sa^b+SaV+bK 

15. Divide a^— 6ir*+9a;^— 4 by a;'^— 1. 

16. Divide a*+«'J-8a^6^4-19aS'-15?'' by a^+Sab-6bK 

17. Divide xr''+i^+Sxy—l by a:+j/— 1. 

18. Divide «.^J=+2aJc^— ctV— i^c^ by a&+«c— 6c. 

19. Divide d^^b^ by a-6. 

20. Divide a^-b" by a-i. 

81. Hitlierto we have supposed tbe terras of the quotient to 
be obtained by dividing that term of the dividend which is 
affected with the highest exponent of a certain letter. But, 
from Art. 64, it appears that the term of the dividend affected 
with the lowest exponent of any letter is derived without re- 
duction from the multiplication of a term of the divisor by a 
term of the quotient. Hence we may obtain a term of the 
quotient by dividing the term of the dividend affected with 
the hwest ea^onent of any letter by the term of the divisor 
containing the lowest exponent of the same letter; and we 
may even operate upon tbe highest and lowest exponents of a 
certain letter alternately in the same example. 

82. «"— 6" is alvKiys divisible by a—i. From the examples 
of Art. 80 we perceive that a^—b^ is divisible by a—b; and 
a*~b* ia divisible by a~b. We shall find the same to hold 
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true, whatever may be the value of tho exponents of the two 
letters ; that is, the difference of the same powers of any two quan- 
tities is always divisible by the difference of the quantities. 
Thus, let ua divide a^—b^ by a—h: 
a^—}^ I a—b, divisor. 
a^—a^b I a*, partial quotient. 
a*h-W. 
The first term of the quotient is «^, and the first remainder 
is a^h^b^, which may be written 

Now if, after a division has been partially performed, the 
remainder is divisible by the divisor, it is obvious that the 
dividend is completely divisible by the divisor. But we have 
already found that' a*— 6* is divisible by a—h ; therefore a^—V" 
is also divisible by a~b ; and, in the same manner, it may be 
proved that a"— i* is divisible by a—b, and so on, 

83. To exhibit thia reasoning in a more general form, let ?i 
represent any positive whole number whatever, and let us at- 
tempt to divide a"— &" by a—b. The operation will be as 

follows : 

ct"— 6" a—b, divisor. 

k"~^"~^ I a"-i, quotient. 

The first remainder is Zw"-'— 5", 

Dividing a" by a, we have, by tho rule of exponents, c"-^ 
for the quotient. Multiplying a—h hj this quantity, and sub- 
tracting the product from the dividend, we have for the first 
remainder &a"~'— i", which may be written 
J(a«-i_5n-'). 

Now, if this remainder ia divisible by a—h, it is obvious 
that the dividend is divisible by a—h; that is, if the difference 
of the same powers of two quantities is divisible by (he difference of 
the guantities, then will the difference of the powers of the next 
higher degree he divisible by that difference. 

Therefore, since a*— &* is divisible by a—h, a^—b^ must be 
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itmsible by a—b; also a^—b^, and so on for any positive 
value of 71. 

The quotients obtained by dividing tho difference of the 
same powers of two quantities by the difference of the quan- 
tities follow a simple law. Thus, 

etc. etc. etc. 

The exponents of a decrease by unity, while those of b in- 
crease by unity. 

84, It may also be proved that the difference of like even pow- 
ers of any itoo quantities is always divisible by t/ie sum of the 
quantities. 



Thus, (, 



{a+b)=.a-h. 
(a*-h*)^{a+b)=a''-a^h+ah^^b\ 
{a«-b^)^la+b)=a'-^a*b+a'h'-a!>P+ab*-¥ 
etc. etc. etc 

Also, the sum of like odd powers of any two quantities i 
divisible by the sum of the quantities. 



Thus, {a^+¥) 
{a'+lfi) 



la+b)=a,*—a^b+a%'^—ab^-\-b\ 



{a''+h'')-^{a+b)=za'^^a^b+a^b''~aW+a'h^—ah^-^b% 
etc. etc - etc. 

The exponents of a and b foIloT;^ the same law as in Art. 83, 
but the signs of the terms are alternately plus and minus. 

85. When exact division, is impossibh. — One polynomial can 
not be divided by another polynomial containing a letkr- which 
is not found in the dividend; for it is impossible that one 
quantity multiplied by another which contains a certain letter 
should give a product not containing that letter, 
D 



(by Google 



A monomial is never divisible by a polynomial, because 
every polynomial multiplied by anotber quantity gives a prod- 
uct containing at hast two terms not susceptible of reduction. 

Yet a binomial may be divided by a polynomial containing 
any number of terms. 

Thus, a^— 6* is divisible by c^^+a^i+ai^4■i^ and gives for 
a quotient a—h. 

To resolve a Polynomial into Factors. 

86. When a polynomial is capable of being resolved into 
factors, the factors can generally be discovered by inspection, 
or from, the law of formation. 

If all the terms of a polynomial have a common factor, that 
factor is a factor of the polynomial ; and the other factor may 
be found by dividing the polynomial by the common factor. 

ESAMPLES. 

1. Eesolve Sa?h'^-]-^aIP+Zah'^c into factors. 

Ans. Zah%a-\-b+c). 

2. Eesolve 5a^h^—10aW~~6a^b^~5a^b^ into factors. 

Ans. 5a^b\a''-2ai-b^-l). 

3. Eesolve 6a*5V~12c!6^c%a;— 18a6%'y into factors. 

Ans. 6ab^c%a~2mx—2y). 

4. Eesolve 7a^l^—7a^b'^—7a^b^G into factors. 

5. Eesolve 8a^6c+12a&^c— 16«6c^ into factora 

6. Eesolve 10abhmx—6ab^cy+6aly^c into factors. 

87. When two terms of a trinomial are -perfect scares, and 
the third term is twice the product of their square roots, the 
trinomial will be the square of the sura or diiference of these 
roots, Arts. 66 and 67, and may be resolved into factors ac- 
cordingly, 

EXAMPLES. 

1. Eesolve cs^— 2a5+6' into factors. Ans. {a—b)(a—b). 

2. Eesolve a?+iab+ih^ into factors, 
Ans. {a + 2b) (a + 2b). 

-Qab+%'^ into factors. 
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Resolve 9m^— 24ciJ+16?)^ into factors. 
Resolve 25a*—&0a^b^+3G¥ into factoi-s. 
Resolve imV—imn + 1 into factors. 
Resolve 4.da*¥—168aW+l-iia%^ into factors. 
Resolve v?+2n^+n into three factors. 
Resolve 16a'S*— 24a^J?jja;+9m^^ into factors, 
10. Resolve mW+Sm^n^+mV into three factors. 

88. If a binomial consists of two squares connected by the 
minus sign, it must be equal to the product of the sum and 
difference of the square roots of the two terms, Art 69, and 
may be resolved into factors, accordingly. 

EXAMPLES. 

1. Resolve ia^-W into factors. Ans. (2a+-3J) (2a-35). 

2. Resolve 9a^J^— 16aV into factors. 

3. Resolve a^x—9ax^ into three factors. 

4. Resolve a^—b^ into three factors. 

5. Resolve a^—b^ into its factors. 

6. Resolve a^—h^ into four factors. 

7. Resolve 1 — -^ into two factors. 

8. Resolve 4 — -jV i^^^ *'^° factors. 

89. If the two terms of a binomial are both powers of the 
same degree, it may generally be resolved into factors accord- 
ing to the principles of Arts. 82-84 

EXAMPLES. 

1. Resolve a^—h^ into its factors. Ans.{a^+ah+b^)(a—i). 

2. Resolve a'-l-b^ into its factors. 

3. Resolve a^—b^ into four factors. 

4. Resolve a?—Sb^ into its factors. 

5. Resolve 80;^— 1 into its factors. 

6. Resolve 8a^— 85^ into three factors. 

7. Resolve l-|-27&^ into its factors. 

8. Resolve 8a^+276^ into its factors. 

9. Resolve a"— J^^ into five factors. 
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CHAPTER VI. 

GREATEST C03OI0B" DIViaOE,— LEAST COMMON MULTIPLE. 

90. A commoji divisor of two quantities is a quantity which 
will divide them both without a remainder. Thus loh is a 
common divisor of Qo?lfix and 10a?b^y. 

91. A prime faclor is one that can not be resolved into any 
other factors. It is, therefore, diyisihle only by itself and uni- 
ty. Thus the quantity 2a'— 2fl& is the product of the three 
prime factors 2, a, and a—h. 

93. The greatest common divisor of two quantities is the 
greatest quantity which will divide each of them without a 
remainder. It is the continued product of all the prime fac- 
tors which are common to both. The term greatest here refers 
to the degree of a quantity, or of its leading term, and not to its 
arithmetical value. 

93. When both quantities can be resolved into prime fac- 
tors by methods already explained, the greatest common di- 
visor may be found by the following 

EULE. 
Besolve both quantities into iheir prime factors. The continued 
product of all those factors which are common to both, will he the 
greatest common divisor required 

EXAMPLES. 
1. Find the greatest common divisor of ia^hx and 6a&V. 
Resolving into factors, we have 

4a^Jx=2« x2axhxx. 
eaIih^=2axShxhxxxxxx. 
The common factors are 2a, b, and ;c. Hence the greatest 
common divisor is 2abx. 
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2. !Find the greatest conunon divisor of 4am^4-46m^ and 
Zan+3hn. 

Eesolviag into factors, we have 

4am^+4&m^=2mx2m(a+Zi). 

dan+Sbn=$n{a+b). 
Hence a-\-b is the greatest common divisor. 

3. Find the greatest common divisor of x''—y^ and a?—y^. 

a-^-y''={x-y){x-\-y). 
Hence x—y is the greatest common divisor. 

4. Find the greatest common divisor of 35a^hm^ and 
42 am^a)^. 

5. Find the greatest common divisor of Sa^x—Qahx+SHh: 
and Ao?y—'y}hj. 

6. Find the greatest common divisor of ^mx^—Qmx + in 
. and 97ix^~n. 

7. Find the greatest common divisor of 12a^—3Gab+27b^ 
and 8a^-18&^ 

94. When the given quantities can not be resolved into 
prime factors by inspection, the greatest common divisor may 
be found by applying the following principle : 

The greatest common divisor of two quantities is the same with 
the greatest commcrn. divisor of the least qmmlity, and their remain- 
der after division. 

To prove this principle, let the greatest of the two quanti- 
ties he represented by A, and the least by B. Divide A by 
B; let the entire part of the quotient be represented by Q, 
and the remainder by B. Then, since the dividend must be 
equal to the product of the divisor by the quotient, plus the 
remainder, we shall have A=QB-\-IL 

Now every number which will divide B will divide QB; 
and every number which will divide R and QB will divide 
E+QB, or A. That is, every number which is a common 
divisor of B and fi is a common divisor of A and B. 

Again : every number which will divide A and B will di- 
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vide A and QB; it will also divide A—QB, or B. That is, 
every number whicli is a common divisor of A and B is also 
a common divisor of B and S. Hence the greatest common 
divisor of A and B must be the same as the greatest common 
divisor of B and B. 

96. To find, then, the greatest common divisor of two quanti- 
ties, we divide tlie greater by the less; and the remainder, 
which IB necessarily less than either of the' given quantities, 
is, by the last article, divisible by the greatest common divisor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be foand, whicli is divisible by the great- 
est common divisor ; and by continuing this process with each 
remainder and the preceding divisor, quantities smaller and 
smaller arc found, which are all divisible by the greatest com- 
mon divisor, until at length the greatest common divisor must 
be obtained. Hence we have the following 

EULE. 

Divide (he greater quantity hy the less, and the preceding divisor 
by t!te last remainder, till nothing remaiTis ; the last divisor will be 
the greatest common divisor. 

When the remainders decrease to unity, the given quanti- 
ties have 910 common divisor greater than unity, and are said 
to be incommensurahle, or prime to each other. 

EXAMPLES. 

1. What is the greatest common divisor of 372 and 246 ? 

872 I 246 

246 I 1 

246 1 126, the first remainder. 

■m\~T~ 

126 1 120, the second remainder. 

120 llT 
120 I 6, the third remainder. 
120 1^0" 
Here we have continued the operation of division until we 
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obtain for a remainder; the last divisor (6) is the greatest 
common divisor. Thus, 246 and 372, being each divided by 6, 
give the quotients 41 and 62, and these numbers are prime 
with respect to each other; that is, have no common divisor 
greater than unity. 

2. What is the greatest common divisor of 33(5 and 720 ? 

Ans. 48. 

3. What is the greatest common divisor of 918 and 622 ? 

Ans. 18. 

96. In applying this rvie to polynomials some modification 
may become necessary. Ifc may happen. tLat the first term of 
the arranged dividend is not divisible by the first term of the 
divisor. This may arise from the presence of a factor in the 
divisor which is not found in the dividend, and may therefore 
be suppressed. For, since the greatest common divisor of two 
quantities is only the product of their common factors, it can 
not be affected by a factor of the one quantity which is not 
found in the other. 

We may therefore suppress in the first polynomial all the 
factors common to each of its terms. We do the same with 
the second polynomial ; and if any factor suppressed is com- 
mon to the two polynomials, we reserve it as one factor of the 
common divisor sought. 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is not 
divisible "by the first term of the arranged divisor, we Tnay mul- 
tiply the dividend hy any monomial fcictor which ivUl render its 
first term divisible hy the first term of the divisor. 

This multiplication will not affect the greatest common di- 
visor, because we introduce into the dividend a factor which 
belongs only to a part of the terms of the divisor; for, by sup- 
position, every factor common to all the terms has been sup- 



97. The preceding principles are embodied in the following 
general 
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RULE. 

1. Arrange the tioo polynomials according to ike powers of some 
letter; suppress all the monomial factors of each ; and if any fac- 
tor suppressed is common to the two polynomials, reserve it as one 
factor of the common divisor sought. 

2. Multiply 0ie first polynomial by stick a monomial factor as 
will render its first term divisible Iry the first term of ilie second- 
polynomial; then divide this result by the second polynomial, and 
continue the division till the first term of the remainder is of a 
lower degree than the first term of the divisor. 

S. Fafce (he second polynomial as a dividend, and &ie final re- 
mainder in the first operation as a divisor, and proceed as. before, 
and so on till a remainder is found that will divide /he preceding 
divisor. This remainder, multiplied hy the common factors, if any, 
reserved at the beginning, wUl give the greatest common divisor. 

BSAMPLES. 

1. Find the greatest common divisor of ^+4x'^+5x+2 and 

x^+5x^+4x \x—l "' 

— a;^4- x+2 

- a?-5x-4: 

Suppressing the factor 6 in this remainder, we have K+l 
for the nest divisor. 

x^+5x-i-i \ x+l 
x^+ X |a;+4 

4a;+4 

4a;+4 

Here the division is exact; hence, by the rule, x-\-\ is the 
greatest common divisor sought. 

2. Find the greatest common divisor of Qx^—7ax^—^^a^x 
and 6a?+2aa;— 8a^ 

Suppressing the factor 2 in the second polynomial, we pro- 
ceed thus : 
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6a:^+2aic'- 8a^ | 2x—Ba 

- 9d'x~12a^ 
Suppressing the factor — 3a^, 

Bx^+ ax—ia^ I Sx+4a 
3aJ^+4ai(! | x—a 

— Sax— 4a^ 
—Sax~ia^ 
Hence Sx+'ia ia the greatest eommon divisor. 
3. Find the greatest common divisor of ia^—2a?~3a+l 
and Sa^~2a—1. 

We first multiply the greater polynomial by 3, to render 
its first term divisible by the first term of the other polyno- 
mial. 

12a^-6a^~9a+3 I 3a^-2g- l 
12a3-8a^-4ffl Ua, +2 
2a,^—5a+3 



-lla+11 

Here we multiply the first remainder by 3, to render the 
first term divisible by the first term of the divisor. As the 
two partial quotients ia and 2 have no connection, they are 
i by a comma. 

; the fector —11 from the second remainder, we 
proceed as follows : 

3a' -Set- 1 I ffi-l 
ga"~3a 1 8a+l 
a-1 
ffl-1 
Hence a— 1 is the greatest common divisor. 
4. Find the greatest common divisor of a'—3ah-\-2h^ and 
a«_a6-26*. Am. a-2b. 
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5. Knd the greatest common divisor of a^—a^b+Sah^ —Sl^ 
and a^^5c!h+ib\ Ans. a^h. 

6. Eind the greatest common divisor of Sa;^— 13a;3+233;~21 
and Qx^-\-x^—4Ax+2A-. Ans. 3x— 7. 

7. Find the greatest common divisor of 

x'-7x=+83;^+283^-48 and ■^-Bx^+l2x-~li. 

Ans. x—2. 

98. To find the greatest common divisor of tliree quantities. — 
Find the greatest common divisor of the first and second, and 
then the greatest common divisor of this result and the third 
quantity. The last will be the greatest common divisor re- 
quired. 

EXAMPLES. 

1. Find the greatest common divisor of Zahii^, 6£%^, and 
12m^x. Ans. 3m^. 

2. Find the greatest common divisor of 4a:^— 21x^4- 15a;+20, 
a^~6x+8, and a?—x—12. Ans. cc— 4. 

S. Find the greatest common divisor of 6a;' -{-x^—x, 
4c3_6a;^-4a;+3, and 2ar'+3?+a:— 1. Ans. 2x-l. 

4. Findthcgreatestcommondivisorof4x*+9a^-f 2ai^— 2a:— 4, 
Sx^+Sic^— a:+2, and 3?-Yx^—x-\-2. Ans. x+% 

LEAST COMMON MULTIPLE, 

99. One quantity is a muMpk of another when it can be di- 
vided by it without a remainder. Thus bah is a multiple of 5, 
also of a and of h. When one quantity is a multiple of an- 
other, the former must be equal to the product of the latter by 
some entire factor. Thus, if a is a multiple of h, then a—mb, 
where m is an entire number. 

100. A common muliipJe of two or more quantities is one 
which can be divided by each separately without a remainder. 
Thus 20a^&' is a common multiple of 4q& and baP-V^. 

101. The hast common multiple of two or more quantities is 
the least quantity that can be divided hy each without a re- 
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Diaiiiiler. Thus 12a^ is tlie least common multiple of 3a^ and 



102. It is obvious tbat tlie least eommon multiple of two or 
more quantities must contain all ike factors of each of tlie quan- 
tities, and no other factors. Hence, when the given quantities 
can be resolved into prime factors, the least common multiple 
may be found by the following 

RULE. 

Resolve each of the quantities into its prime factors ; take each 
factor the greaieet numher of tiroes it enters any of the quantities ; 
■mvXtiphj iogeih^ thefactcrrs thus obtained, and the product wiU he 
the least common multiple required. 

ESAJirLES. 

1. Find the least common multiple of 9a^ and \2xi/. 
Eesolving into factors, we have 

Qx^=ZxZxxy, and 12cn/^=3x2x2a:^. 
The factor 3 enters twice in the first quantity, also the fac- 
tor 2 enters twice in the second ; x twice in the first, and y 
twice in the second. Hence the least common multiple is 
2 X 2 X 3 X Zxxyy, or oQx^y'^. 

2. Find the least common multiple of 4a^S*, 6tt^6, and Ida^x^. 
We have AaW=1x2aahb, 

6a^J^2x3nft&, 
\W^='i X baaajx. 
Hence the least common multiple is 

2 X 2 X 3 X baaahlxx, or ^Oa^h^x^. 

3. Find the least common multiple of a^x—lahx-^-li^x and 
a^y-Vy. 

Here we have a^— 2a&ic+6%;=(ra— &)(«— 6)a;, 
a^y~l!>y={a-\-h){a-b)y. 
Hence the least common multiple is 

{a — b){a—'l)){a+l>)xy, or a^xy—olj^xy—a^xy+b^xy. 
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4. Find the least common multiple of M^h\ lOaW, and 2ahx. 

Ans. WaWx. 
6. Find tte least common multiple of 3a6^, 4aa?', 55^, and 
6a^cc^. Ans. BOa'^J^a;^. 

6. Find the least common multiple of x^~^X'\-1 and s?—\, 

Ans. {x+l)(K-l)(a;-2), or a:^-2x^-a:+2. 

7. Find the least common multiple of a?x-^'b^x and Sa^— 56'*. 

Ans. bx{a+h){a—h){a^—al->rh% 
or 5a*a:;— 5o.^&c+5a6^a;— 6J*a;. 

103. When the quantities can not be resolved into factors 
by any of the preceding methods, the least common multiple 
may be found by applying the following principles : 

If two polynomials have no common divisor, their product 
must be their least common multiple ; but if they have a com- 
mon divisor, their product must contain the second power of this 
common divisor. Their least common multiple will therefore 
be obtained by dividing their product by their greatest com- 
mon divisor. Hence, to find the least common multiple of two 
quantities, we have the following 

RULE 

Divide the product of the two I'oly^iomMls iy ihmr gieotfit com- 
mon divisor; or divide one of {he pdlynommh In/ ike g)eulesl com 
mon divisor, and multiply the other hy the quotient. 

EXAMPLES 

1. Find the least common multiple of Qif — x—l and 
23:=+ 3a:- 2. 

The greatest common divisor of the given quantities is 2x— 
1. Hence the least common multiple is 

2. Find the least common multiple of a^—1 and af'+x~2. 

Ans. {x'-l){x+2). 

3. Find the least common multiple of x^—9a?+2dx—15 
and a;^— 8ai+7. Ans. {x^—9x^-\-2dx~15)(x~1). 



(by Google 



LEAST COMMON MULTIPLE. 61 

104, When there are more than two polynomials, find the 
least common multiple of any two of them ; then find the 
least common multiple of this result, and a third polynomial ; 
and so on to the last. 

4. Find the least common multiple of a^+2a—d, a^—1, and 
a~l. Ans.{a^-l){a+S). 

5. Find the least common multiple of 4a^+l, 4a^— 1, and 
2«-l. Ans. ISaVl- 

6. Find the least common multiple of o?—a, a^+1, and 
a^-1. Am. (i(a^-l). 

7. Find the least common multiple of {x-\-2a)^, {x—2af, 
and a?-^4(i^. Ans. {x^—ia^y. 
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GHAPTEU VII. 

FEACTIOKS. 

105. A fraction is a quotient expressed as described in Art. 
71, by writing the divisor under the dividend with a line be- 
tween theiD. Thus i is a fraction, and is read a divided by b. 

106. Every fraetion is composed of two parts: the divisor, 
■which is called the denominator, and the dividend, which is 
called the n-ma&rator. 

107. An entire quantity is an algebraic expression which has 
no fractional part, as (^—lab. 

An entire quantity may be regarded as a fraction whose de- 
nominator is unity. Thus, c^—^. 

108. A mixed quantity is an expression which has both en- 
tire and fractional parts. Thus «^+- is a mixed quantity. 

109. General Principles of Fractix>ns. — The following princi- 
ples form the basis of most of the operations upon fractions : 

1st. In order to multiply a fraction by any number, we must 
multiply its numerator or divide its denominator by that number. 

Thus the value of the fraction ^ is b. If we multiply the 
numerator by a, we obtain ^, or ab; and if we divide the de- 
nominator of the same fraction by a, we obtain also ah; that is, 
the original value of the fraction, b, has been multiplied by a. 

2d. In order to divide a fraction by any number, we must divide 
its numerator or multiply its denominator by that number. 

Thus the value of the fraction ^ is ab. If we divide the 
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numerator by a, we obtain ^, or b ; and if we multiply the de- 
nominator of the same fraction by a, we obtain ^, or h ; that 
is, the original value of the fraction ab has been divided by a. 
Sd. The value of a fraction is not changed if we mtdtiply or di- 
vide both numerator and denominator by ike same nuiiAer. 
ab_abm_abmx 
' a ~ am amx ~ 

110. The proper Sign o/'ni^rKC^wm.— Each term in the numer- 
ator and denominator of a fraction has its own particular sign, 
and a sign is also written before the dividing line of a fraction. 
The relation of these signs to each other is determined by the 
principles already established for division. The sign prefixed 
to the numerator of a fraction affects merely the dividend; the 
sign prefixed to the denominator affects merely the divisor; 
but the sign prefixed to the dividing line of a fraction affects 
the quotient. The latter sign may be called the a;ppareni sign 
of the fraction, while tbe rml sign of the fraction is the sign 
of its numerical value when reduced. 

The real sign of a fraction depends not merely npon its ap- 
parent sign^hnX also upon the signs of the nnmerator and de- 
nominator. From Art. 73, it follows that 
ah_—ab_ 
a ~ _M ~ ' 

, ~ah ah 
and ■ ~ — — — 0. 

Also, since a minus sign before the dividing line of a frac- 
tion shows that the quotient is to be subtracted, which is done 
by changing its sign, it follows that 

ah —ah , 



, ■ ~ah ah 

Hence we see that of the three signs belonging to the e 
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ator, denominator, and dividing line of a fraction, any two may 
he ckangpd fiom + to — , ur from. — to +, without affecting the 
1 erd sign of fhe Jraclion. 

Hi. "When the numerator or denominator of a fraction is a 
polynomicil, it must be observed that by the sign of the numer- 
ator is to be understood the sign of the entire nuTn&i-ator, as dis- 
tinguished from the sign of any one of its terms taken singly. 

_, fi + J+c . . , —a—h—o 
Thus, — IS e(juivalent to H . 

When no sign is prefixed either to the terms of a fraction or 
to its dividing line, plus is always to be understood. 

Eedvction of Fractions. 
112. To reduce a Fraction to its Lowest Terms. — A fraction is 
in its lowest terms when the numerator and denominator eon- 
tain no common factor; and since the value of a fraction is 
not changed if we divide both numerator and denominator 
by the same number {Art. 109), we have the following 

RULE. 

Divide hoOh numerator and denominator hy their greatest com- 
mon divisor. 

Or, Cancel all those factors which are cominon to both numerator 
and denominator. 

EXAMPLES, 

1. Eeduce ir-irr^ to its lowest terms, 

ba^b^ 

We have ^ ■..o — r^ ^r- 

6aW bh X a% 

Canceling the common factors a^b, we have 

<^hc _ c 

2. Reduce ^ ^ to its lowest terms. 
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FRACTIONS. 



„ „ ^ lAo?-7ab ,.,,,, ^ 7a 

3. Eeduce tt. fi- to its lowest terms. Ans. ^-. 

lijac—bba be 

4. Eeduco —: -. to its lowest terms. Am. -^ — -. 



„ ., „ „ .. to its lowest terms. Ans. — ^. 

7. Eeduee -5 — „ ,— - . -a to its lowest terms, rr ^ , 

8. Reduce ^ '^ ~^ — _ ^ \^ lowest terms. ^ik^^?^^^. 



9. Eeduce -=— - — kk to its lowest terms. 



^ 



=-3 — ,, , -i - ;, s to Its lowest terms. --— 



10. Eediice -^^^ — n^3Ti7^~ 5 *° ^'^ lowest terms. 
i 

11. Eeduce 



3ic=+5a:^— 153:+4 




ii X 1 



113. To reduce a Fraction to an Entire or Mixed Quantity. — 
When any term of the numerator is divisible by some term in 
the denominator, the division indicated by a fraction may be 
at least partially performed. Hence we have the following 

BULB. 

Divide tJie numerator iy the denominator, continuing the opera- 
tion as far as possible ; thsn vjrite ike remainder, if any, over ike 
dmominaior, and annex ike fraction thus formed to tke entzrepwrt. 

ESAMPLE9. 

1. Bcdnee - — — — to an entire quantity. 

2. Eeduce — r — to a mixed quantity. 
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- to a mixed quantity. Ans. a+x-\ ; 



— J— s-^pn — *° ^" entire quantity. 

0. lieduoc ;-— r. , , ,„ to an entire quantity. 

114, To reduce a Mixed Quantity to the Form of a FracUon. — 
This problem ia the converse of the last, and we may proceed 
by the following 

EULE. 
/ Ike entire part by the denominator of the fraction ; to 
i add the numerator -with its projier sign, and write the 
result over the d&nominaior. 

ESAMPLES. 

1. Beduce x-\ — ^ — ■ to the form of a fraction. Ans. —. 

2. Reduce x-\ — ^ — - to the form of a fraction. 

2a;— 7 

3. Eeduce b-\ — ^^ — to the form of a fraction. 

Ax 



5. Eeduce l+2a;+-p — to the form of a fraction. 
bx 
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^"•■ii+l- 



8. Eeduce (a— 1/— ^^ to the form of a fraction. 



115. Ih reduce Fractions having. Different Denominators to 
Equivalent Fractions having a Grnninon Denominator : 



a common denominator. Since, by Art. 109, both terms of a 
fraction may be multiplied by the same quantity without 
changing its value, we may multiply both terms of each frac- 
tion by the product of the denominators of the other fractions, 
and we shall have 

a_adn c _^bcn , 7n_bdm 
b~bdn d bdn' n bdn 

The resulting fractions have the same vabie as the proposed 
fractions, and tbeylia\e the common denominator hdn. Hence 
we hdve the following 

RULE. 

Multiply each numerator tnto all the denominators, eaxepi its 
man, for a new nvmvralor, and aU the denominators together for 
the < 'mmon dniominatoi 



1. Reduce t and ■ to equivalent fractions having a 

, . A ac ab+b^ 

common denominator, Ans. r-, — - — . 

be ba 

2. Eeduce tt-, ;^i and -. to equivalent fractions having a 
common denominator. 

3 23! \x 

S. Eeduce ^i ~^i ^^^ «+^ to equivalent fractions having 

a common denominator. 
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Eeduce ^ -s-j and to equivalent fractions having 

denominator. 



5. Reduce -> — r^, and -z to equivalent fractions Lav- 

iog a common denominator. 

116. Fractions may always be reduced to a common denom- 
inator by the preceding rule ; but if the denominators have any 
common factors, it ■will not be the least common denominator. 
The least common denominator of two or more fractions must 
be the least common multiple of their denominators. 

Suppose it is required to reduce the fractions 77-5 and j- to 

equivalent fractions having the least common denominator. 
The least common multiple of the denominators is 12x^. Mul- 

tiply both terms of the first fraction by -q-^-, or 4, and both 

terms of the second fraction by -j— , or 3x, and we shall have 

8a , 15&C 

I2S ""^ OS" 

which are equivalent to the given fractions, and have the least 
common denominator. Hence we deduce the following 
EULE. 

Mnd the least common multiple of all the denominators, and use 
this as the common denominator. 

Divide this comm/m denominator hy each oft/ie given denomina- 
tors separately, and multiply each numerator iy ike corresponding 
quotient. The products will he the new numercUors. 

6. Reduce ^r^- and -^j^-^ to equivalent fractions havin" the 

8bc oo'c^ '- . ° 

least common denominator. Ans. yrri; and -77—, 

hbc^ boa' 

7. Reduce ■ ■ ^ and ■ ^ ■ , ^ to equivalent fractions having 

<2±»)! ,„:, i+A 



the least common denominator. Atis. ^ — ^ and 



-If 
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8. Reduce -^i — . and - to equivalent fractions having the 

a? x^ X 

least common denominator, 

9. Reduce 5—, 5^—, ^k— j and —^. '- to equivalent trac- 

8m. 36m 28m 4m ^ 

tions having the least common denominator. 

10. Reduce -, ^ :r, and y^ ■■ .. ■ to equivalent fractions 

having the least common denominator. 



Addition of Fraclitms. 
117. The denominator of a fraction shows into how many 
parts a unit is to be divided, and the numerator shows how 
many of those parts are to be taken. Fractions can only be 
added when they are UJce parU of unity ; that is, when they 
have a common denominator. In that case, the numerator of 
each fraction will indicate bow many times the common frac- 
tional unit is repeated in that fraction, and the sum of the nu- 
merators will indicate how many times this result is repeated 
in the sum of the fractions. Hence we have the following 



RedvAe the fractions to a common denominator; then add the 
numerators together, and twite their sum over the common denomi- 
nator. 

If there are mixed quantities, we may add the entire and 
fractional parts separately. 

EXAMPLES. 
1. What is the sum of q and g? 
Reducing to a common denominator, the fractions become 

3a; , 2a:! 

"* "^' 

Adding the numerators, we obtain — , 

It is plain that three sixths of x and two sixths of cc maki? 
five sixths of x. 



(by Google 



70 ALGEBRA. 

2. What is tbe sum of -t' 3 an<^ — '^ 



adn+hcn+bdm 



Ans. 6a +1 
a—x„ 



6. What is the sum of a+x, ■ , and 

Ans. «+a:+2 + 



8. What is the sum of ^, — r— , and — j— ? 

, na-\-h. 



? 

,nd ~~ — — ? 
x-\-y-\-z 



'Itl 



11. What is the sum of fr-^ — p and 

7y^—o ■±y—± 

12. What IS the sum oi -^t itj -~^n — tt' and — ttt 7^' 

5(a-6) oia^h) b{a-h) 

Ans. 9. 



13. What is the sum of ^ 



f ^ + ^ ^— ^ _ 1— a;+a;^ l+a;+x' 
1— a;' 1-i-a:' 1+a;^ ' 1— a:^ ' 

and —1? 

Suhiradion of Fractions. 
118. Fractions can only be subtracted when they are like 
parts of unity ; that is, when they have a common denomina- 
tor. In that case, the diffeience of the numerators will indi- 
cate how many times the common fractional Lmit is repeated 
in the difference of the fractions. Hence we have the following 
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EULE. 
Reduce the jraciions to n cosiiyyion denominator; then svhtnct 
tJie numerator of the suhtrahend frmn, the numerator of the minu- 
end, and write the result over the common denominator. 

EXAMPLES. 
3a; 

Eeducing to a common denominator, the fractions become 
10a; , 9x 
-W ^"^ 15- 

'"15~15' 

and it is plain that ten fifteenths of x, diminished by nine fif- 
teenths of X, equals one fifteenth of x. 

2. From -=- subtract -r-. 

„ T^ 9a— 4a; , , 5a— $x 

3. From ■ — sr— subtract — ■— -^ — . 

It must be remembered that a minus sign before the divid- 
ing line of a fraction affects the quotient {Art 111) ; and since 
a quantity is subtracted by changing its sign, the result of the 
subtraction in this case is 

9a—4x5a—-Sx 
7— +—3— 5 

which fractions may be reduced to a common denominator, 
and the lite terms united as in addition. 



4. Prom. Y — -_ subtract ^-;— . Ans. r 

5x—6 



^ „ „ 2+7x ,, 5x-6 , S55X-Q 

5. From 2x-\ g — subtract x- ■* — 



6. From 3a; +^ subtrac 

7. From — .r— subtract - 
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7a-25 , 25a-llJ 

■ ■ ^"- 12 ■ 



9. From 5 ^r subtract 



10. 



30-24 »"""'"" 96- ^'"- 27<j4-184' ' 

From fctP-' subtract unity. cLtL^i . 

11. From ^ subtract ^S^f. /*J<i::*«£±I£/ 

12. From subtract -^ j. 

Multiplication of Fractions. 
119. Let it be required to multiply j by ■j. 
First let us multiply r by c. According to the first princi- 
ple of Art. 109, the product must be y. 

But the proposed multiplier was -j; that is, we ha.ve used a 

multiplier d times too great. "We must therefore divide the 
result by d; and, according to the second principle of Art. 
109, we obtain a c ac 

=-^; that is, r^ j~jj- 

M' ' h d hd 

Hence we have the following 

RULE. 

Multiply the numerators together for a nem numeraior, and ike 
denominators for a new denominator. 

Entire and mixed quantities should first be reduced to frac- 
tional forms. Also, if there are any factors common to the nu- 
merator and denominator of the product, they should be can- 
celed. 

EXAMPLES, 

1. Multiply ^ by -^. Ans. J. 

2. Multiply - by ^~. 
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3. Multiply h+— by ^. 

4. Multiply -^ ty -^:^. Ans. ^^^,. 

5. Multiply ^ by |=|. ^-- |^^- 

a; ic 
2' "5 ' 

7. Multiply together — -, — -. and -g^. 

8. Multiply together x, ~-, and — ^. Ans. j 

9. Multiply y 3^4°l„^^, by 8m^. 

!»• M«it>piy („,tv)(»w)(»W) 'y " ^ ° • 

5a^6^^ 14a^m 5n"m^ , * 
11. Multoply togefliei fjp;^, jj^jn. "s^ij-. ™4 - 



18(a-M 5(x-y) , 21(m-ji) 
12. Multiply together ^A__', _j^__-j-^, and -gj^jz^- 

Zdn , Sim 5mn ^^^ llaJc 
1^— a:^ fic+Sa; 



15. Multiply together j^, — ~. and 1+^ 
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18. Multiply 3^-a;+l by -^+-+1. Ans. x^+l + - 

19. Multiply -^--^-^-^^ by -g-. Ans. i 

a* a* 



120. Muliiplicaiion of Quantities affected with Negative Expo- 
nents. — Suppose it is required to multiply -5 by -^, 

a a ^ 

According to the preceding article, tbe result iimst Ije — ^. 
But, according to Art. 76, —^ may be written a~^; — may be 
written a-^ ; and —^ may be written a~\ 

Hence we see tliat g~^xm~^— ra~^; 
that is, the rule of Art. 58 is general, and applies to negative as 
well as positive exponents. 

EXAMPLES. 

1. Multiply —x-^ by x-\ Ans. —x-\ or — -^, 

2. Multiply a-^ by ~a^. 

3. Multiply a~* by a*. 

4. Multiply a-™- by a". 

5. Multiply ffl-™ by «-". 

6. Multiply (<i-&f by {a-b)-K 

Division of Fractions. 

121. If the two fractions have the same denominator, then 
the quotient of the fractions will be the same as the quotient 
of their numerators. Thus it is plain that f is contained in ^ 
as often as 3 is contained in 9. If the two fractions have not 
the same denominator, we may perform the division after hav- 
ing first reduced them to a common denominator. Let it be 



required to divide ^ by -i. 
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o.d , 

vided by ™. It is now plain that the quotient must be repre- 
sented by the division of ad by be, which gives j- ; 

a result which might have been obtained by inverting the 
terms of the divisor and multiplying by the resulting frac- 
tionithatis, i^c^a^d^ad 

b ' d b c be' 
Hence we have the following 



Invert the terms of the divisor, and •muliiply the dividend hy iJu: 



Entire and mixed quantities 


should first be reduced to frac 


tional forms. 






EXAMPLES. 




1. Divide 1 by |. 




Ans. IJ. 


2. Divide y by ^. 






B. Divide J:i^. by ^l^. 






4 Divide -^ by -g. 






„ ^. ., x—b , 5cx 
5- ""* 83- ^y M- 







' a+b a—b ■' a—b a+b' 

8. Divide W~Sx+'^ by &^-| 

Ans. 



Ans. Unity. 



21a^n—Qnx+3m 



(by Google 



76 ALGEBRA. 

9. Divide 153^—-^ by x . Ana. ■ ' ■ "—c— T "i^ 7- 

be •' c OCX— 5((+56 

10. Divide ■J?^ f by ■ — r — m Am. -r -r— . 

a— o •' a—o ao—am+bm 

,, ^. ., 45(a-&) , 27(a-S) 

II- ^^^^^^ 320^6) ^? 128^(m+&) - 

12. Divide ^ + 1 by -, - - + -. Ans. ^±^. 

13. Divide ^±^+? by ^±^ ^. ^«s. Unity. 

14. Divide ai^+^+2 by ic-lJ:. Ans. ^-^. 

15. Divide a^^}?-&-%c by ^±H:^ 

Ans. a^— 5^+c^— 2iic. 
122. Division of Quantities affeckd with Negative Exponents.— 



3 ™ay t 



that is, the rule of Art. 72 is general, and applies to negativ 
well as positive exponmts. 

ESAKPLES, 

1. Diyide a~^ by —a~\ Ans. — a-^, or — -- 

2. Divide —a^ by a-\ 

3. Divide 1 by a-*. 

4. Divide ea" by — 2(:f~^. 



preceding article, w^e have 
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5. Divide B"'-" by &™. 

6. Divide 12^-^?/-* by —^y\ 

7. Divide i^^-yY" by {ic-;/)-«. 

123. The Becipwcal of a i^Vacft'oTs.— According to the defini- 
tion in Art. 34, the reciprocal of a quantity is the quotient aris- 
ing from dividing a unit by that quantity. Hence the recipro- 
cal of I is ■ J ^?_i ^— ^ - 

that is, the reciprocal of a fraction is the fraction inverted. 

Thus the reciprocal of =— - is - — ■ ; and the reciprocal of 

5+5 « '•+'■ 

It is obvious that to divide hy any quantity is the same as to 
multiply hy its reciprocal, and lo multiply by any quantity is Uie 
same as to divide by its recipTvcal. 

124. Sow to simplify Fractional Expressions. — ^The numerator 
or denominator of a fraction may be itself a fraction or a, mixed 
quantity, as -^. In such cases we may regard the quantity 
above the line as a dividend, and the quantity below it as a 
divisor, and proceed according to Art. 121. 

Thus, 24-|=|x|=J^''-=3^. 

The most complex fractions may be simplified by the appli- 
cation of similar principles. 

EXAMPLES. 

1. Simplify the fraction ~, 

mi ■ ■ • ■ 1 .. ^ ^ + "' '^ + ^ 

This expression is equivalent to -= — ~~^' 

or to -4— X— ^. which is equal to r, Ans. 

b a+b ^ 



(by Google 



1- 

2. Simplify — 



S9mnx 







a+b , a^b- 
c-dK+d 


6. 


Simplify 


a—x a+x 
a+x a—x 

m»+rf ___ 


7. 
8. 


Simplify 
Simplify 


a 


1+-^- 






''+h 



, ac-hd 

Ans. — -Y-,. 

ac-\-oa 
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CHAPTEB Vni 

EQUATIONS OF THE FIEST DEGEEE. 

125. An equation is an expres^on of eq^uality between two 
algebraic quantities. Thus hx=2ah is an equation denoting 
that three times the quantity x is equal to twice the prodnct 
of the quantities a and &. 

126. Tho first member of tto equation is the quantity on the 
left side of the sign of equality, and the second inemier is the 
quantity on the Tight of the sign of equality. Thus, in the 
preceding equation, Zx is the first member, and 2ai the second 
member. 

127. The two members of an equation are not only equal 
numerically, but must have the same essential sign. If, in the 
preceding equation, cc represents a negative quantity, then the 
first member is essentially negative, and the second member 
must also be negative ; that is, either a or 5 must represent a 
negative quantity. 

128. Equations are usually composed of certain quantities 
"which are known, and others which are urJcnown. The known 
quantities are represented either by numbers, or by the first 
letters, of the alphabet ; the unknown quantities are usually 
represented by the last letters of the alphabet 

129. A root of an equation is the value of the unknown 
quantity in the equation ; or it is any value which, being sub- 
stituted for tho unknown quantity, will satisfy the equation. 
For example, in the equation 

suppose a:~7. Substituting 7 for x, the first ^lember becomes 
3x7—4; that. is, 21—4, or 17; and the second member be- 
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comes 24—7; tbat is, 17. Hence 7 is a root of tlie equation, 
because when substituted for x the two membere arc found to 
be equal. 

130. A numerical equation is one in -which all the known 
quantities are represented by iigures; as, a?'^Aa?=Zx-{-\2. 

131. A literal equation is One in which the known quantities 
are represented by letters, or by letters and numbers. 

Thus Q^+ax^+hx^m. J ,.^ , 

and »?-Srf+6fa' = 16 } '"= '"'"' '=1""°"'^- 

132. The degree of an equation is denoted by the greatest 
nninber of unknown factors occurring in any term. 

If the equation involves but one unknown quantity, its de- 
gree is denoted by the exponent of the highest power of this 
quantity in any term. 

If the equation involves more than one unknown quantity, 
its degree is denoted by the greatest sum of the exponents of 
the unknown quantities in any term. 

Thus ax-\-'b=ca-\-d is an equation of the^rs( degree, and is 
sometimes called "a simple equation. 

ix'^—2x=5—x^ and ■7xy— 4c+j/— 40 are equations of the 
second degree, and are -frequently called quadratic equations. 

a^+ax^=2b and 3^-i-3xy^+i/=in are equations of the &ird 
degree, and are frequently called cwSjc equations. 

So also we have equations of the fourth degree, sometimes 
called bi-quadraiic equations; equations of the fifth degree, etc., 
up to the nth degree. 

Thus a;''+«a;"-'=Z) is an equation of the nth degree. 

133. To solve an equation is to find the value of the unknown 
quantity, or to find a number which, being substituted for the 
unknown quantity in the equation, renders the first member 
identical with the second. 

The difficulty of solving equations depends upon their de- 
gree, and the number of unknown quantities they contain. 
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134. Axioms. — The various operations -which we perform 
upon equations, in order to deduce the value of the unknown 
quantities, are founded upon the following principles, which 
are regarded aa self-evident 

1. If to two equal quantities the same quantity be added, the 
sums will bo equal. 

2. If from two equal quantities the same quantity be suh- 
iracted, the remainders will be equal. 

3. If two equal quantities be muUtpUed by the same quanti- 
ty, the products will be equal. 

4. If .two equal quantities bo divided by the same quantity, 
tlie quotients will be equal. 

135. .TransposUion. — Transposition is the process of changing 
a term from one member of an equation to the other without 
destroying the equality of the members. 

Let it be required to solve the equation 

x+a=l>. 
If from the two equal quantities x-\-a and b we subtract the 
same quantity a, the remainders will be equal, according to the 
last article, and we shall have 

x-\-a—aT=.h—a, 
or K— 6— a. 

Let it be required to solve the equation 

x—a=h. 
If to the two equal quantities x—a and b the same quantity 
a be added, the sums will be equal, according to the last arti- 
cle, and we have x—a+a=b+a, 
or x—b-i-a. 

136. Hence we perceive that we may transpose any term, of an 
equation from one member of tJie equation to the other, provided we 
change -Us sign. 

It is also evident that we may change the sign of every term of 
an equal-ion without destroying the equality ; for this is, in feet, the 
same thing as transposing every term in each member of the 
equation. 
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EXAMPLES. 

In the following examples, transpose the unknown terms to 

the first member and the known terms to the second member. 



1. 


bx+12: 


= 3a!+18. 




Am. bx~Sx= 


=18-12. 


2. 


4x—1^ 


:21-3a!. 




Am. 4x+3x 


=21+7. 


S. 


2l-15: 


= -7ii;+30. 




Am. 2x+7x= 


=30+16. 


4. 


ta+bc-. 


=m-2i. 




Am. ax+2iis 


=m—bc. 


6. 


iax-h+lc^^x-lai-Zmc. 










Ans 


. 4ax- 


-Sx+Stta=b- 


ic-iai. 


e. 


iah—aa 


:-2c=te— 3m. 


Ani 


. ax+bx—iai— 


■ ic+Zm. 


7. 


al>—cx- 


-imx^Sax^ih. 














Am. 


Sax+cx+^mx- 


= 06+44. 



137. To char an Uquation of Fractions. — Let the ecLuation be 

-=&. If we multiply each of the equal quantities - and h by 

the same quantity a, the products will be equal by Art. 134, 
and we shall have x=ah. 



If we multiply each of the members of the equation by a, we 

shall have , '^^„ 

x+ J -am. 

If we multiply eg,ch of the members of this equation by h, 
we shall have bx+ax^ ohm. 

Hence, to clear an equation of fractions, we have the follow- 
ing 

EULE. 

Multiply each rncmher of Hie equation hy all the denominators. 

ESAMPLES. 

1. Clear the equation q — » — i °f fractions. 

Ans. 20x-12a;=45. 

2. Clear the equation ■=■— "o-=7 of fractions. 

Ans. 63a;-70a;^45. 
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3. Clear the equation ——^+^=6 effractions. 

Ans. 40a;-105x+28a;=840. 

4. Clear the equation ^+2+5 = 10 of fractions. 

138. An equation may always be cleared of fractions by mul- 
tiplying each member into all the denominators; but some- 
times the same result may be attained by a less amount of mul- 
tiplication. Thus, in the last example, the equation may be 
cleared of fractions by multiplying each term by 12 instead 
of 6 X 4 X 2, and it is important to avoid all useless multiplica- 
tion. In general, an equation may be cleared of fractions by 
multiplying each member by the least common muUiph of all the 



5. Clear the equation -r^ + x^To ^^ fractlona 

The least common multiple of all the denominators is 20. 

If we multiply each member of the equation by 20, we obtain 

8;r+15;r=14. 

The operation is effected by dividing the least common mul- 
tiple by each of the denominators, and, then multiplying the 
corresponding numerator, dropping the denominator. 

6. Clear the equation -Y — Tr=KT of fractions. 

(E— 4 i 

7. Clear tho equation Zx- 

It should be remembered that when a fraction has the mi- 
nus sign before it, this indicates that the fraction is to bo sub- 
tracted, and the signs of the terms derived from its numerator 

must be changed, Art. 118. . „„ <> . -.n -. 

^ ' Ans. 36x— 3x-l-12=l. 

„ _, . . a—x Zx—ih x+ab 

8. Clear the equation ■— r— — - — 1—=- — ^■ 

An$. a^—a^x—3ax+2ah=hx-\-ah^. 
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139. iSaluiion of Equations. — An equation of the first degree 
containiDg but oue unknown quantity may be solved by trans- 
forming it in such a manner that the unknown quantity shall 
stand alone, constituting one member of an ec[uation ; the other 
member will then denote the value of the unknown quantity. 

Let it be required to find the value of x in the equation 
4x— 2 5x Sx - 

Clearing of fractions, we have 

32(c -16 + 253; =30a;+ 200. 
By transposition we obtain 

323;+25a;-30x=200+16. 
Uniting similar terms, 27ic=216. 
Dividing each member by 27, according to A7-i 1S4, we have 

x=8. 
To verify this value of x, substitute it for x in the original 
equation, and we shall have 

-2 40 24 







-!-+■ 


F=T + '5. 






or 




6 + 5; 


= 6+5; 






that is, 




11 


= 11, 






an identical 


equation, 


wtioh 


proves that 


we 


have found the 


correct value of x. 











140. Hence ■me deduce the following 

RULE. 

1. Clear the equation of fractions, and perform all (lie opera- 
tions indicated. 

2. Transpose all the terms containing the unhiown quantity tn 
one side, and aR the remaining terms io the other side of the equa- 
tion, and reduce each member to its most simple form. . 

8. Divide each member hy the coefficient of the unknoum quan- 
tity. 

There are various artifices which may sometimes be em- 
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ployed, by which the labor of solving an equation may be con- 
siderably abridged. These artifices can not always be reduced 
to general rules. If, however, any reductions can be made be- 
fore clearing offractions, it is generally best to make them; and 
if the equation contains several denominators, it is often best to 
multiply by the simpler denominators first, and then to effect 
any reductions which may be possible before getting rid of the 
remaining denominators. Sometimes considerable labor may 
be saved by simply indicating a multiplication during the first 
steps of the reduction, as we can thus more readily detect the 
presence of common factors (if there are any), which may be 
canceled. The discovery of these artifices will prove one of 
the most useful esercises to the pupil. 

EXAMPLES. 

1. Solve the equation 

Clearing of fractions, 

eSx-^4:X-5 = Ux+m + 84. 
Transposing and reducing, 

25x=150. 
Dividing by 25, tc=6. 

To verify this result, put 6 in the place of x in the original 
equation. 

Solve the following e 



2. 3(fcc-4a&=2ac-6ac. 




Ani 


!. a;=»-6<!. 


3. 3x'-Wx=Sx+:i?. 






Ans. x=^. 


, aid'+x') _.. , ax 
*• dx -«+<i- 






d 
Ans. x=-. 


6. ''-'' + ,xJ''\-'. 






Ans. x=S. 


6. ~=io+d+\. 

1. L^'t' -!.+'"■: 


-37 


An, X "^^^ 
Am. x-^^^^. 

Ana. 1=7. 



(b, Google 



8. 5w-2h+4hx=2x+5a. Ans. a;=g ^_^^^_^ . 

Ans. x^5. 



10. an- 



il. Sx- 



2 
33!-ll 5x-5 m-lx 
16 ^ 8 ■*■ 2 ■ 
x-^i , 5x+ll 1 



3 12' 



14. {a+x){l+x)-a(b+c)=-^+x'. 



Si-S , 2Cte 6X-8 , 4x-4 
16. X g 4=-2 r-+-6-- 

..^ 7^+16 x+S ^x 
21 4x-ll 3' 

ex+l Ix-njix+i 
^°- ~9~+'fe+3~ 8 ■ 

B- . 9 o 70a&— Sac 

19. |oJ+giici-|ea>=|i»!+2ai-6ci5. 4m. x= — jjoT"' 

.„.1(._|)+|(._|)=1(.-|). 4».=1| 

21. !£!:?_(x-?5=i) = 7. 4»». x=5. 

L 

+1. Ans. x= 



x-l , x-i x+i x+i 



■ l-l;+4-£;='-5i+l»-nS- -^"'^ "=- 



tx-f, 



m """■ "-H2' 



Ans. cc— 11. 
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Si;— 4b 51 17 01 

^e/^+:J,r^:^r^;;r^- Am. x=l. 






x+1 sx+2 x+1 

Solution of Prohhms. 

141. A problem in Algebra is a question proposed requiring 
us to determine the value of one or more unknown quantities 
from given conditions. 

142. The solution of a problem is the process of flnding the 
value of the unknown quantity or quantities that will satisfy 
the given conditions. 

143. The solution of a problem consists of two parts ; 

1st. The statement, which consists in expressing the condi- 
tions of the problem algebraically ; that is, in translating the 
conditions of the problem from common into algebraic lan- 
guage, or forming the equation. 

2d. The solution of the equation. 

The second operation has already been explained, but the 
lii-st is often more embarrassing to beginners than the second. 
Sometimes the conditions of a problem are expressed in a dis- 
tinct and formal manner, and sometimes they are only implied, 
or are left to be inferred from other conditions. The former 
are called explicit conditions, and the latter implicit conditions, 

144. It is impossible to g>ve a general rule which will enable 



(by Google 



us to translate every problem into algebraic language, since the 
conditions of a problem may be varied indefinitely. The fol- 
lowing directions may be found of some service : 

Represent one of the unknown quantities by some letter or sym- 
bol, and (hen from the given conditions find an expression for each 
of the other wnlmown quantities, if any, involved in the problem. 

Express in algf^aic Jangxiage the relations which sithsist between 
the unknown qmntities and the given quantities ; or, hy means of 
the algebraic signs, indicate the operations necessary to verify the 
value of the unhnoum quantity, if it was already known. 

FEOBLEMS. 

Prob. 1, What number is that, to the double of which if 16 
be added, the sum is equal to four times the required number? 

Let X represent the number required. 

The double of this will be 2ic 

This increased by 16 should equal Ax. 

Hence, by the conditions, 23;+16=4a;. 

The problem is now translated into algebraic language, and 
it only remains to solve the equation in the usual way. 

Transposing, we obtain 

16=4x-2x=2x, 
and 8=x, 

or x-S. 

To verify this number, we have but to double 8, and add 
16 to the result; the sum is 32, which is equal to four times 8, 
according to the conditions of the problem. 

Prob. 2. What number is that, the double of which exceeds 
its half by 6 ? 

Let x— the number required. 

Then, by the conditions, 

2a;-|=6. 

Clearing of fractions, 4a:~ic=12, 
or 3a:=12. 

Hence x—A. 

To verify this result, double 4, which makes 8, and diminish 
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it by the half of 4, or 2 ; the result is 6, according to the con- 
ditions of the problem. 

Prob. 3. The sam of two numbers is 8, and their difference 
2. "What are those numbers? 

Let scathe least number. 

Then x+2 will be the greater number. 

The .sum of these is 2x-\-2, which is required to equal 8. 

Hence we have 2a;4-2 = 8. 

By transposition, 23:^8— 2^=6, 

and x=3, the least number. 

Also, a:+2=5, the greater number. 

Verificalion. 5+3=8) ,. . ., ,.,. 

K a_9 1 according to the conditions. 

The following is a generalization of the preceding Problem. 

Prob. 4. The sum of two numbers is a, and their difference 
b. What are those numbers? 

Let X represent the least number. 

Then x+i will represent the greater number. 

The sum of these is 2x+h, which is required to equal a. 

Hence we have 2x+h=a. 

By transposition, 2x=a—i, 

or ^=—^=9 — 91 tlie less number. 

Hence x+b=-—-+h=-^+^, the greater number. 

As these results are independent of any particular value at- 
tributed to the letters a and 6, it follows that 

Half ike differmce of two quantities, added to half Iheir sum, 
is equal to the greater; and 

Half the difference suhtrackd from half the sum is equal to Ae 

The expressions %+% and ^— | are csXIqA formulas, 

they may be regarded as comprehending the solution of all 
questions of the sa/me Mnd; that is, of all problems in which 
we have given the sum and difference of two quantities. 
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Thus, let a=8] 



as in the preceding problem. 



Then ^-i--=— ^=5, the greater number. 









nuraber. 
6; 



tteir difference 



required the numbers. 



Prob. 6. From two towns which are 64 miles distant, two 
travelers set out at the same timo with an intention of meet- 
ing. One of them goes 4 miles and tho other 5 miles per hour. 
In how many hours will they meet? 

Let X represent the required number of hours. 
Then 4a; will represent the number of miles one traveled, 
and 5x the number the other traveled; and since they meet, 
they must together have traveled the whole distance. 
Consequently, ix+Qx—Bi. 

Hence 93::— 54, 

ot x=Q. 

Proof. In 6 hours, at 4 mtles an hour, one would travel 24 
miles ; the other, at 5 miles an hour, would travel 30 miles. 
The sum of 24 and 30 is 54 miles, which is tho whole distance. 
This Problem may be generalized as follows: 
Prob. 6. From two points which are a miles apart, two bod- 
ies move toward each other, the one at the rate of m miles per 
hour, the other at the rate of n miles per hour. In how many 
hours will they meet? 

Let X represent the required number of hours. 
Then Tnx will represent the number of miles one body moves, 
and nx the miles the other body moves, and we shall obvious- 
ly have 7nx+nx=a. 



(by Google 



EQUATIONS OF THE FIKST DEGBEB. 



Hence 



This is a general formula, comprehending the solution of all 
problems of this kind. Thus, 

[ 6 ; (4 miles per hour, 

one body J 8; the ) 7 
moves ^ 15 ; 
20; 



-r , flSO 
Let the 

distance— 



210 



other \ 12 
(l5 



Eequircd the time of meeting. 

We see that an infinite number of problems may be pro- 
posed, all similar to Prob. 6 ; but they are all solved by the 
formula of Prob. 6. We also see what is necessary in order 
that the answers may be obtained in whole numbers. The given 
distance {a) must be exactly divisible by m+n. 

Prob. 7. A gentleman, meeting three poor persons, divided 
60 cents among them ; to the second he gave twice, and to the 
third three times as much as to the first. What did ho give 
to each? 

Let 3:;^the sum given to the first; then 2ic=the sum given 
to the second, and 3a;=the sum given to the third. 

Then, by the conditions, 

x+2x+Sx=60. 

That is, 6x=60, 

or a! ^10. 

Therefore he gave 10, 20, and 30 cents to them respectively. 
The learner should verify this, and all the subsequent results. 

The same problem generalized : 

Prob. 8. Divide the number a into three such parts that the 

second may be m times, and the third n times as great as the 

first. 

. a _ ma _ na 

' \-\-m-{-n^ 'i-\-m-\rn^ 1 + m+n.' 
What is necessary in order that the preceding values may 

be expressed in whole numbers? 

Prob, 9. A bookseller sold 10 books at a certain price, and 

afterward 15 more at the same rate. Now at the last sale he 
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received 25 dollars more than at the first. What did he re- 
ceive for each book? Ans. Five dollars. 

The same Problem generalized: 

Prob. 10. Find a number such that when multiphed success- 
ively by m and by n, the difference of the products shall be a. 



Prob. 11. A gentleman, dying, bequeathed 1000 dollars to 
three servants. A was to have twice as much as B, and B 
three times as much as 0. "What were their respective shares? 
Am. A received $600, B |300, and C $100. 
Prob. 12. Divide tlie number a into three suoli parta that the 
secoud may be m times as great as the first, and the third n 
times as great as the second. 

. a _ ma _ mna 

l+m+m«.' l + m+mji' l+m+mJi' 
Prob. 13. A hogshead which held 120 gallons was filled with 
a mixture of brandy, wine, and water. There were 10 gallons 
of wine more than there were of brandy, and as much water as 
both wine and brandy. What quantity was there of each? 
Ans. Brandy 25 gallons, wine 35, and water 60 gallons. 
Prob. 14. Divide the number a into three such parts that the 
second shall exceed the iirst by m, and the third shall be equal 
to the sum of the first and second. 

. a-lm a+^m a 
Am.^^; — ^; ^. 

Prob. 15. A person employed four workmen, to the first of 
whom he gave 2 shillings more than to the second; to the sec- 
ond 3 shilliags more than to the third ; and to the third 4 shit- 
lings more than to the fourth. Their wages amount to 32 shil- 
lings. What did each receive ? 

AnS. They received 12, 10, 7, and 3 shillings respectively. 

Prob. 16. Divide the number a into four such parts that the 
second shall exceed the first by m, the third shall exceed the 
second by n, and the fourth shall exceed the third by p. 

Ans. The fljst, j -; the second, ■ -j i- ; 



(by Google 



EQUATIONS OP THE FIE9T DEGREE. 9d 

the third, ■'+"+^"-y i the fourth, °+'°+f"+^J' . 

Problems which involve several unknown quantities may oft- 
en be solved by the use of a single unknown letter. Most of 
the preceding examples are of this kind. In general, when we 
have given the sum or difference oftwoquantities, both of them 
may be expressed by means of the same letter. For the differ- 
ence of two quantities added to the less must be equal to the 
greater ; and if one of two quantities be subtracted from their 
sum, the remainder will be equal to the other. 

Prob. 17. At a certain election 3(3,000 votes were polled, 
and the caadidafce chosen wanted but 3000 of having twice as 
many votes as his opponent. How many voted for each ? 

Let 3;=the number of votes for the unsuccessful candidate; 
then 36,000 — a: = the number the successful one had, and 
36,000-a;+3000^2cc. Ans. 13,000 and 23,000. 

Prob. 18. Divide the number a into two such parts that one 

part increased by h shall be equal to m times the other part. 

. ma—h a-\-b 

Ans. ■ ■- ■, ■■ ; — --rr. 

m+1 m+l 

Prob. 19, A train of cars, moving at the rate of 20 miles per 
hour, had been gone 3 hours, when a second train followed at 
the rate of 25 miles per hour. In what time will the second 
train overtake the first? 

Let 3;=the number of hours the second train is in motion, 
and x-i-3=the time of the first train. 

Then 25a;=the number of miles traveled by the second train, 
and 20(3;-f3)=the miles traveled by the first train. 

But at the time of meeting they must both have traveled the 
same distance. 

Therefore 25a;=20a;+60. 

By transposition, 6a:=60, 

and a; =12. 

Proof. In 12 hours, at 25 miles per hour, the second train 
goes 300 miles ; and in 15 hours, at 20 miles per boar, the first 
train also goes 800 miles; that is, it is overtaken by the sec- 
ond train. 
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Prob, 20. Two bodies move ia the same direction from two 
places at a distance of a miles apart; the one at the rate of n 
miles per hour, the other pursuing at the rate of m, miles per 
hour. When will they meet ? 

Ans. In hours. 

This Problem, it will be seen, is essentially the same as 
Prob. 10. 

Prob. 21. Divide the number 197 into two such parts that 
four times the greater may exceed five times the less by 50. 
Ans. 82 and 115. 

Prob. 22. Divide the number a into two sucTi parts that tw. 
times the greater may esceed n times the less by h. 

Ans ^^^^- ''"+^ 
m+n ' m+n 
When M=:l, this Problem reduces to Problem 18. 
When b—0, this Problem reduces to Problem 24, 

Prob. 23. A prize of 2329 dollars was divided between two 
persons, A and B, whose shares were in the ratio of 5 to 12. 
What was the share of each ? 

Beginners almost invariably put x to represent one of the 
quantities sought in a problem ; but a solution may often be 
very much simplified by pursuing a different method. Thus, 
in the preceding problem, we may put x to represent one fifth 
of A's share. Then 5a; will be A's share, and 12j; will be B's, 
and we shall have the equation 

5a;+12j:=2329, 
and hence a;^lS7; 

consequently' their shares were 685 and 1644 dollars. 

Prob, 24. Divide the number a into two such parts that the 
first part may be to the second as m to n. 

m+n' m+n 
Prob, 25. 'What number is that whose third part exceeds ite 

fourth part by 16 ? 
Let 12a;=th6 number. 

Then ix~8x=lQ, 



(by Google 



EQUATIONS OF THE FIE3T DEGREE. 95 

or ir=16. 

Therefore the number ^12x16 = 192. 

Prob. 26. iFind a number such that when it is divided suc- 
cessively by m and.by n, the difference of the quotients shall 
be a. 



Prob. 27. A gentleman lias just 8 hours at his disposal ; how 
far may he ride in a coach ■which travels 9 miles an hour, so as 
to return home in time, walking back at the rate of 3 miles an 
hour? Ans. 18 miles. 

Prob. 28. A gentleman, has just a hours at his disposaJ ; how 
far may he ride iu a coach which travels m miles an hour, so 
as to return homo in time, walking back at the rate of n miles 
an hour? 

Ans. — -— miles. 

Prob. 29. A gentleman divides a doUar among 12 children, 
giving to some 9 cents each, and to the rest 7 cents. How 
many were there of each class? 

Prob. 30. Divide the number a into two such parts that if 

the first is multiplied by m and the second by n, the sum of 

the products shall be i. 

b—na. ma—b 

m—n'' ra—n 
Prob. 31. If the sun moves every day 1 degree, and the 
moon 13, and the sun is now 60 degrees in advance of the 
moon, when will they be in conjunction for the first time, sec- 
ond time, and so on? 

Prob. 32. If two bodies move in the same direction upon the 
circumference of a circle which measures a miles, the one at 
the rate of n miles per day, the other pursuing at the rate of m 
miles per day, when wiU they be together for the first time, sec- 
ond time, etc., supposing them to be 5 miles apart at starting? 

An,. In -^ i±i, ?5+^ etc, days. 
m—n m—n 'm—n 
It will be seen that this Problem includes Prob. 20. 
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Prob. S3, Divide the number 12 into two such parts that the 
difference of their squares may be 48, 

Prob. 34. Divide the number a into two such parts that the 
difference of their squares may be 6. , a'—b a^+b 

Prob. 35. The estate of a banlcrupt, valued at 21,000 dollars, 
is to be divided among three creditors according to their re- 
spective claims. The debts due to A and B are as 2 to 3, 
while B's claims and C'a are in the ratio of 4 to 5. What sum 
must each receive? 

Prob. 36. Divide the number a into three parts, which shall 
be to each other as m, : n : p. 

ma na pa 

Ans. ; — • : - — •. 

■TO+n+j)' m+K+jj' m+n+p 

When p—1, Prob. 36 reduces to the same for.m as Prob, 8. 

Prob. 37, A grocer has two kinds of tea, one worth 72 cents 
per pound, the other 40 cents. How many pounds of each 
must be taken to form a chest of 80 pounds, which shall be 
worth 60 cents? 

Ans. 50 pounds at 72 cents, and 30 pounds at 40 cents. 

Prob. 38. A grocer has two kinds of tea, one worth a cents 

per pound, the other h cents. How many pounds of each must 

be taken to form a mixture of n pounds, which shall be worth 

c cents? . n{c—h) , ^ 

Ans. - ^ - r- ' - pounds at a cents, 

n{a—c) 
and — ^^ — ~ pounds at h cents. 

Prob. 30. A can perform a piece of work in 6 days ; B can 
perform the same woik in 8 days; and C can perform the 
same work in 24 days. In what time will they finish it if all 
work together? 

Prob. 40. A can perform a piece of work in a days, B in i 

days, and in c days. In what time will they perform it if all 

work together? , abc , 

Ans. -^ — ■ — , days. 
dtJ+ac+oc •' 

Prob. 41. There are three workmen. A, B, and 0. A and 

B together can perform a piece of work in 27 days; A and C 
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together in 36 days; and E and C together in 54 days. In 
what time could they finish it if all worked together ? 

A and B together can perform -^ of the work in one day, 
A and C " ws " " 

E and C " -sr " " 

Therefore, adding these three results, 

2A+2B+20 can perform -^ + -rs + tw ^"^ one day, 
= -^ in one day. 
Therefore, A, B, and C together can perform ^ of the work 
in one day ; that is, they can finish it in 24 days. If we put 
X to represent the time in which they would all finish it, then 
they would together perform J part of the work in one day, 
and we should have i , i , i „ g 

Prob. 42. A and B can perforoi a piece of lahor in a days ; 

A and together in b days ; and B and C together in c days. 

In what time could they finish it if all work together? 

, 2abG , 
Am. —, i- days. 

This result, it will be seen, is of the same form as that of 
Problem 40. 

Prob. 43. A broker has two kinds of change. It takes 20 
pieces of the first to make a dollar, and 4 pieces of the second 
to make the same. Now a person wishes to have 8 pieces for 
a dollar. How many of each kind must the broker give him? 

Prob. 44. A has two kinds of change ; there must be a pieces 
of the first to make a dollar, and & pieces of the second to make 
the same. Now B wishes to have c pieces for a dollar. How 
many pieces of each kind must A give him ? 

Arts. — — r- of the first kind ; — ^ — ~ of the second. 

Prob. 45. Divide the number 45 into four such parts that 
the first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall all be equal. 

In solving examples of this kind, several unknown quantities 

are usually introduced, but this practice is worse than Buper- 

G 
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The four parts into which 45 is to be divided may he 



Tho first =(K-2, 

the seeoad ^x+2, 

the third =|, 

the fourth =2x; 

for if the first expression be increased by 2, the second dimin- 
ished by 2, the third multiplied by 2, and the fourth divided by 
2, the result in eaeh case will be x. The sum of the four parts 
is 4^, which must equal 45. 

Hence ic^lO. 

Therefore the paj^ts are 8, 12, 5, and 20. 

Prob. 46. Divide the number a into four such parte that 
the first increased by m, the second diminished by m, the third 
multiplied by m, acd the fourth divided by m, shall all be 
equal. 

. ma _ ma _ a ot% 

'^' {m+iy~^' {m+lf'^^' {m+lf' {m+lf 

Prob. 47. A merchant maintained himself for three years at 
an expense of $500 a year, and eaeh year augmented that 
part of his stock which was not thus expended by one third 
thereof. At the end of the third year his original stock was 
doubled. What was that stock? 

Prob. 48. A merchant supported himself for three years at 
an expense of a dollars per year, and each year augmented 
that part of his stock which was not thus expended by one 
third thereof. At the end of the third year his original stock 
was doubled. What was that stock ? 

Ans. -^. 

Prob, 49. A father, aged 54 years, has a son aged 9 ;years. 
In how many years will the age of the father be four times 
that of the son ? 

Prob. 50. The age of a father is represented by a, the age of 

his son by i. In how many years wUl the age of the father bo 

n times that of the son? . a—nh 
Ans. ij-. 
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CHAPTER IS. 

EQUATIONS OF THE ITIBST DEGREE CONTAINING MORE THAN 
ONE UNKNOWN QUANTITY. 

145. If we have a single equation containing two unknown 
quantities, then for every value which we please to- ascribe to 
ono of the unknown quantities, wc can determine the corre- 
aponding value of the other, and thus find as many pairs of 
values as we please which will satisfy the equation. Thus, let 
2a; +4/ =16. (1.) 

If y=l, we find a:=6; if ?/— 2, we find x=A,, and so on; 
and each of these jpairs of values, 1 and 6, 2 and 4r, etc., suh- 
atituted in equation (1), will satisfy it. 

Suppose that we have another equation of the same kind, 
as, for example, bx->r^^l^. (2.) 

We can also find as many pairs of values as we please which 
will satisfy this equation. 

But suppose we are required to satisfy hoik equations with 
the same set of values for x and y ; we shall find that there is 
only one value of a and one value of y. For, multiply equa- 
tion (1) by 3, and equation (2) by 4, Axiom 3, and we have 
6ic+12)/=48, (3.) 

20a:+123/=z76. (4.) 

Subtracting equation (3) from equation (4), Axiom 2, we have 
14a! ^28; (5.) 

whence x=2. (6.) 

Substituting this value of x in equation (1), we have 

4+4!/=16; (7.) 

whence y—S. (8.) 

Thus we see that if iotk equations are to be satisfied, x must 
equal 2, and y must equal 3. Equations thus related are called 
simultaneous equations. 
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148. ^mulianeous equations are those which must be satisfied 
by the same values of the unknown cLuantities. 

When two or more simultaneous equations arc given for so- 
lution, we must endeavor to deduce from them a single equation 
containing only one unknown quantity. Wo must therefore 
make one of the unknown quantities disappear, or, as it is 
termed, we must eliminate it. 

147. Bliminaticm. is the operation of combining two or more 
equations in such a manner as to cause one of the unknown 
quantities ■contained in them to disappear. 

There are three principal methods of elimination : 1st, by ad- 
dition or subtraction ; 2d, by substitution ; 3d, by comparison, 

148. Miminatwn by AddUion or Subtraction. — Let it be pro- 
posed to solve the system of equations 

5x+4:y=n5, (1.) 

7x-Zy=6. (2.) 

Multiplying equation (1) by 3, and equation (2) by 4, we have 

15a!+12j/=105, (3.) 

28a;-123':^24, (4.) 

Adding (3) and (4), member to member (Axiom 1), we have 

43a:^129; (5.) 

whence x=8. (6.) 

We may now deduce the value of y by substituting the value 
of X in one of the original equations. Taking the first for ex- 
ample, we hava 15+4j'=35; 
whence ■4?/=20, 
and y=5- 

149. In the same way, an unknown quantity may be elimi- 
nated from any two simultaneous equations. This method is 
expressed in the following 

RULE. 

Multiply or divide the equations, if necessary, in such a ma/nner 

thai one of the unknown quantities shall have the same eoeffiident in 
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both. Then subtract one equation from the olhe/r if Ihe signs of 
these coefficients are alike, or add them (pgether if ihe signs are • 
unlike. 

In solving tlie preceding equations, we multiplied both mem- 
bers of each by the coefficient of the quantity to be eliminated 
in the other equation; but if the coefficients of the letter to be 
ehminated have any common factor, we may accomplish the 
same object by the use of smaller multipliers. In such cases, 
find the least commoii multiple of the coeflcieats of the letter 
to be eliminated, and divide this multiple by each coefficient ; 
the quotients will be the least multipliers which we can employ. 

150. Miminaiion Ity SubsiiMion. — Take the same equations 
as before; &x-\-4:y=SB, (1.) 

7x-dy=Q. (2.)' 

Finding from (1) the value of y in terms of x, we have 
35— 5k 



(3.) 



Substituting this value of y in (2), we have 
105-^153; ^ 



Clearing of fractions, 

28a:-105 + 15a;=24; 
whence' x=3. 

Substituting this value of x in (3), we have 

y=5. 
The method tins exemplified is expressed in the following 

EULE. 
Mnd an expression, for the value of one of the un/cnown quan- 
tities in one of ihe equations ; then suhstiiuie this value for Hiat 
quantitu in ihe other ei 



151, Elimination hy Comparison. — Take the same equations 
s before : 5a:;+4j/=35, (1.) 

1x-Zy=Q. (2.) 
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Derive from each equation an expression for y in terms of a;, 
and wc have Zo — bx 



3 ■ 

Placing these two values equal to each other, we have 

3^4" 
Clearing of fractions, 

28a;-24==105-15x,- 
whence 43x=129, 

and x~Z. 

Substituting this value of x in (S), 

The method thua exemplified is expressed in the following 

EULE. 

Find an expression for the value o/Hie same unknown quantity 
in each of the equations, and form a new equation hy placing these 
values equal to each other. 

In the solution of simultaneous equations, either of the pre- 
ceding methods can be used, as may bo moat convenient, and 
each method has its advantages in particular eases. General- 
ly, however, the last two methods give rise to fractional expres- 
sions, which occasion inconvenience in practice, while the first 
method is not liable to this objection. When the coefficient of 
one of the unknown quantities in one of the equations is equal 
to unity, this inconvenience does not occur, and the method 
by substitution may be preferable ; the first wUl, however, com- 
monly be found moat convenient. 

EXAMPLES. 

1. Given j . _»~_, \ to find the values of x and y. 
Ans. x=^; !/— 4. 
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2. Given •! > to find x and y. 

( 3 2"~ ) Ans. x^^; y~12. 

3. Given < _ > to find a; and v. 

4 Given < ^ o i i / to ^'^'^ ic and u. 



1 — r-='« I 
S. Given < > to find x and ; 



■( T-~''o,~'"' 4 he— ad be— ad 

^ ■^ !/ ' Ans. !C=-T ■,: y= , 

no— ma mc—na 

6. Given \ „ ,i . , c to find cc and «. 

8. Given < > to find a; and y. 

1::.1_„ 2 2 

{ y X J J.12S. ic= ; y—~ — — . 

9. Given < V to find x and 7. 

l 15?/-17 J Ans. x=2^; y=B^. 

( X+a T r^ \ 

-:i-+y-h=2a 1 
LO. Given \ , > to find x and y. 
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Ans. a:=7f ; y=9#. 

12. Given ■^jj_^ ^^ j. to find ^ and S 

13. Given .^ aj+Sy 2,,+21 f «» <i>«J « »»« »■ 

Ans. x=6; y=T. 



14. Given < „ ^^ ^tonnda; and % 

( 6x— 5j/+4~3a;+2?/+l 

^ns. a;=7; y= 






»4...._,, ^. , 

4^12 



(-f+34-2»+6 



■ to find X and y. 



Ans. x=2; ^(=7. 



17. Given < 



5 -10 15 6 (to find a; 
-1 X 3y -|_ t/— fc , a; I 1 f and y. 

3 ^a 20 15 ■^e'^io) 
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Equaiio 



s of the First Degree wniaining i 
Tlnhnown Quantiiies. 



3 than Two 



162, If we have three simultaneous equations containing 
three unknown quantities, we may, by the preceding methods, 
reduce two of the equations to one containing only two of the 
unknown quantities ; then reduce the third equation and either 
of the former two to one containing the same two unknown 
quantities; and from the two equations. thus obtained, the un- 
known quantities which they involve may be found. The 
third quantity may then be found by substituting these values 
in either of the proposed equations. 
Take the system of equations 

23;+3s'+4s = 16, (1. 

8x+2y~5z^ 8, {2. 

5x-6y+Sz= 6. (3. 

Multiplying (1) by 3, and (2) by 2, we tave 

ex+9i/+12z=4:8, {4. 

6a; 4-4^-103 =16. {5. 

Subtracting (5) from (4), 5!/+223=32. (6. 

Multiplying (1) by 5, and (3) by 2, we have 

10a;+15!/+20szz.80, Ci 

10a:-12i/+63=12. {i 

Subtracting (8) from (7), 27i/+14s=68. (9. 

Multiplying (6) by 27, and (9) by 5, we have 

135;/+ 5943 ^8 64. (10. 

135!/+703=340. (11. 

Subtracting (11) from (10), 5243=^524; 
whence 2=1. 

Substituting this value of a in (6), 
5y+22=32; 
whence 2/— 2. 

Substituting the values of ^ and z in (1), 
2cc+6+4^16; 
ic=3. 
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153. Hence, to solve three equations containing three nn- 
knowii quantities, we have the following 

RULE. 
Mom ike three equations deduce (wo containing only tim un- 



OTie unknown quantity. 

154, If we had yoM?-. simultaneous equations containing four 
unknown quantities, we might, by the methods already ex- 
plained, eliminate one of the unknown quantities. We should 
thus obtain three equations between three unknown quanti- 
ties, which might be solved according to Art. 162. So, also, 
if we had /to equations containing Ave unknown quantities, 
we might, by the same process, reduce them to four equations 
containing four unknown quantities, then to three, and so on. 
By following the same method, we might resolve a system of 
any number of equations of the first degree. Hence, if we have 
m equations containing m unknown quantities, we proceed by 
the following,^ 

RULE. 

Ist. Combine successively any one of the equations with each of 
the others, so as to eliminate the same unknown quantity; there 
will result m— 1 new equations, containing m—l unknown quan- 

t^i£S, 

2d. Combine any one of these new equations with the others, so as 
to eliminate a second wnknotun quantity; Hiere will result m— 2 
equations, containing in—2'v,nkruium quantities. 

Bd. Continue this series ofoperaiions until (here results a single 
equation containing but one unhnoion quantity, from which the 
value of this unknown quantity is easily deduced. 

4Jh. iSuhstitate (his value for its equalin one of the equations con- 
taining two unkmwn quantities, and thus find the value of a second 
unknoum quantity) si^stitute these values in an equation contain- 
ing three unknown quantities, and find tlie value of a third; and 
so on, till the values of aU are determined. 

Either of the unknown quantities may be selected as the one 
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to be first eliminated. It is, however, generally best to begin 
with that which has the smallest coefficients ; and if each of 
the unknown quantities is not contained in all the proposed 
equations, it is generally best to begin with that which is found 
in the least number of equations. Sometimes a solution may 
be very much abridged by the use of peculiar artifices, for 
which no general rules can be given. 







ESAMPLES. 




Solve the following groups 


of simultaneous equations: 


(2^+4^-3s=22l 




(x=3. 


1. ]4x_2s+5z=18V 




An,. }y^7. 


1 fla:+7y-a=68) 




U=i. 


lx+y=a\ 






i.\x+z=ti 






h+z^c) 






Noie. Take the sum of the three preceding equations. 


( a!+!/+«=29) 




(»=a 


3. ] a;+2y+3« = 62[ 




Am. ];/= 9. 


iix+ly+ir.^W) 




(.=12. 


( !t+to+Jz=32l 






4 ]ii+i!/+i^=15[ 






( ii!+TS+i»=12 ) 






x+s-z=1320 




(1=987. 


5. \ x-y+z- 654 




A,it. \y=eM 


-a:+f/+2=-12 




( s=321 


( " x-y+z= 6) 




p=2. 


6. 


3ix-4}y+6iz=32 \ 




A„.,. !,=4. 




10ix-9is+lle=n ) 




(2 = 8. 




H-i=25S- 






lx=S16 


7. ■ 


f+|+!=304 
j+|+!=296 






Am. ^3/ = 630 
( 2=945 



(b, Google 



fl 1 




-+- = 


a 


X y 




1 1 




-+- = 


h 


X z 




1 1 




-+-= 




\.y ' 





X y z 
X y z 

M^ 

12 7^" 

2^+3?/ Zx-{-iz~ 

30 37 <1 

222 8 

5?/ + 9s 2ic+37^ 

f 2x+5y-7s=— 288-j 
11. -j fe-s+3i= 227 
I 7x+6y+2= 297 J 



&x y z „„ 
4+1+8= '« 

2+8+S^ '" 
L y+«+i.=248 

|'7x-2z+3!j=17 

4^-22+11=11 

13. \^y—Bx—1u= 8 

4^3w+2v= 9 

[ 3z+8»=33 



GEBRA. 












\-^.- 




Ans. ■ 


2 

^ a-b+c 

[^ b+c^a 






o+J- 




Am. ■ 


2 








2 



a!=13. 

y=2i. 



x= 12. 



=168. 

: 60. 



fx=2. 
y=i. 
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" x-[-y-{-z+t + u = 26 
x+y-tz+u+v=2Q 
x+y+z + t+v=27 
x+y+t+u+v=2& 
x-{-z-k-i+u+v=29 



' X 


=3 


y 


=4 


z 


=5 


u 


= 6 


t 


= 7 


:» 


= 8 



jVote. Take the sum of these six eq^uations. 



Probleins mvolviTig Eguaiions of the Mrsi Degree with several 
VnJmown Quantities. 

Prob. 1. Find two mimljers such that if the- first be added 
to four times the second, the sum is 29 ; and if the second be 
added to six times the iirst, the sum is 36. 

Prob. 2. If A's money were increased by 86 shillings, he 
would have three times as much as B ; but if B's money were 
diminished by 5 shiUings, he would have half as much as A. 
Find the sum possessed by each. 

Prob. 3. A pound of tea and three pounds of sugar cost sis 
shillings ; but if sugar were to rise 50 per cent and tea 10 per 
cent., they would cost seven shillings. IHnd the price of tea 
and sugar. Ans. Tea, 5s. per pound ; Sugar, 4 pence. 

Prab. 4. What fraction is that to tbe numerator of which if 
4 be added tbe value is one half; but if 7 be added to the de- 
nominator, its value is one fifth? ' Ans. ■^. 

Prob. 5. A certain sum of money, put out at simple interest, 
amounts in 8 months to $1488, and in 15 months it amount, 
to $1530. What is the sum and rate per cent ? ^ 

Prob. 6. A sum of money put out at simple interest amounts 
in m months to a dollars, and in n months to b dollars. lie- 
quired the sum and rate per cent. 



Ans. The sum is - 



; the rate is 1200 X - 



-mi) 



Prob. 7. There is a number consisting of two digits, tbe see-^ 
ond of which is greater than the first ; and if the number be 
divided by the sum of its digits, tbe quotient is 4 ; but if the 
digits be inverted, and that number be divided by a number 
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greater by two than the difference of the digits, the quotient is 
14. Eeqaired the number. 

Let X represent the left-hand digit, and y the right-hand 
digit. 

Then, since x stands in the place of tens, the number will 
be represented by 10x-\-y. 

Hence, by the first condition, 

x-{-y ' 
by the second condition, 

y-'x+'2 

Whence x=i, y~8, and the required number is 48. 

Prob. 8. A boy expends thirty pence in apples and pears, 
buying his apples at 4 and his pears at 5 for a penny, and aft- 
erward accommodates his friend with half his apples and one 
third of his pears for 13 pence. How many did he buy of 
each? 

Prob. 9. A father leaves a sum of money to be divided 
among his children as follows : the first is to receive $300 and 
the sixth part of the remainder ; the second, $600 and the 
sixth part of the remainder ; and, generally, each succeeding 
one receives $300 more than the one immediately preceding, 
together with the sixth part of what remains. At last it is 
found that all the children receive the same sum. What was 
the fortune left, and the number of children ? 

Arts. The fortune was $7500, and the number of children 5. 

Prob. 10. A sum of money is to bo divided among several 
persons as follows : the first receives a dollars, together with 
the nth part of the remainder ; the second, 2«, together with the 
rath part of the remainder ; and each succeeding one a dollars 
more than the preceding, together with the nth part of the re- 
mainder ; and it is found at last that all have received the same 
sum. "What was the amount divided, and the number of per- 
sons? Ans. The amount was a{n—lY; 
the number of persons =h— 1. 

Prob. 11. A wine-dealer has two kinds of wine. If he mixes 
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9 quarts of the poorer with 7 quarts of the better, he can sell 
the mixture at 55 cents per quart ; but if he mixes 3 quarts of 
the poorer ■with 5 quarts of the better, he can sell the mixture 
at 58 cents per quart. What was the cost of a quart of eaxih 
kind of wine? 

■ ~ Ans. 48 ceate for the poorer, and 64 for the better. 

Prob, 12. A person owes a certain sura to two crcditora. At 
one time he pays them $530, giving to one four elcYenths of 
the sum which is due, and to the other $30 more than one 
sixth of his debt to him. At a second time he pays them $420, 
giving to the first three sevenths of what remains due to him, 
and to the other one third of what remains due to him. What 
were the debts? 

Prob. 13. If A and B together can perform a piece of wort 
in 12 days, A and C together in 15 days, and B and in 20 
days, how many days will it take each person to perform the 
same work alone? 

This problem is readily solved by first finding in what time 
they could finish it if all worked together. 

Prob. 14. If A and B together can perform a piece of work 

in a days, A and C together in b days, and B and in c days, 

how many days will it take each person to perform the same 

work alone ? „ , „ , 

. . 2abc , T, . 2abc -, 

Ans. A in -——-, j days; B m -y—j — — days; 

_ . 2aJjc , 

C m -^- T- aays. 

oJ>-\-CK—bG ■^ 

Prob. 15. A merchant has two casks, each containing a cer- 
tain quantity of wine. In order to have an equal quantity in 
each, he pours out of the first cask into the second as much as 
the second contained at first ; then he pours from the second 
into the first as much as was left in the first ; and then again 
from the first into the second as much as was left in the second, 
when there are found to be a gallons in each cask. How many 
gallons did each cask contain at first ? 

, 11a 1 5a 
Ans. -K~ and -^. 
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Prob. 16. A laborer is engaged for n days on condition that 

he receives p pence for every day lie works, and pays g pence 

for every day he is idle. At the end of the time he receives a 

pence. Hew many days did he work, and how many was lie 

idle? 

Ans. He worlred — — davs, and was idle — days, 

p+q ■' p+q 

Prob. 17. A certain number consisting of two digits contains 
the anm of its digits foar times, and their prodnot three times. 
What is the number? 

Prob. 18. A father says to hia two sons, of whom one was 
four years older than the other, In two years my age will be 
double the sum of your ages ; bat 6 years ago my age was 6 
timea the sum of your ages. How old wa^ the father and, each 
of the sons?, 
Ans. The father was 42, one son 11, and the other 7 years old. 

Prob. 19. It is required to divide the number 96 into three 
parts such that if wo divide the first by the second the quo- 
tient shall bo 2, with 3 for a remainder ; but if we divide the 
second by the third, the quotient shall be 4, with 5 for a re- 
mainder. What are the three parts? Ans. 61, 29, and 6. 

Prob, 20. Each of seven baskets contains a certain number 
of apples, I transfer from the first basket to each of the other 
six as many apples as it previously contained; I next trans- 
fer from the second basket to each of the other six as many 
apples as it previously contained, and so on to the last basket, 
when it appeared that each basket contained the same number 
of apples, via., 128, How many apples did each basket contain 
before the distribution? 

Ans. The first 449, the second 225, the third 113, the fourth 
67, the fifth 29, the sixth 15, and the seventh 8 apples, 

155. "When wc have only one equation containing more than 
one unknown quantity, wc can generally solve the equation in 
an infinite number of ways. For example, if a problem involv- 
ing two unknown quantities {x and y) leads to the single equa- 
tion ax+bT/=c, 



(by Google 



EQUATIOHS WITH MORE THAN ONE UNKNOWN QUANTITY. 113 

we may ascribe any value we please to !c, and then determine 
the corresponding value of y. Suck a problem is called inde- 
terminate. An indeierminate problem is one which admite of an 
indefinite number of solutions. 

156. If we had two equations containing three unknown quan- 
tities, we could, in the first place, eliminate one of the unknown 
quantities by means of tbe proposed equations, and thus obtain 
one equation containing two unknown quantities, which would 

'>be satisfied by an infinite number of systems of values. There- 
fore, in order that a problem may be delerminale, its enuncia- 
tion must contain as many different conditiona as there are un- 
known quantiti^ and each of these conditions must be express- 
ed by an independent equation. 

157. Equations are said to be independe^it when they express 
conditions essentially different, and dependent when they express 
the same conditions under different forms. 

Thus j - 3 in I ^'^^ independent equations, 

But ]„ Z.n^-\A\ ^^® '^"^ independent, because the one 
may be deduced from the other. 

158. If, on the contrary, the number of independent equa- 
tions exceeds the number of unknown quantities, these equa- 
tions will be contradictmy. 

For example, let it be required to find two numbers such that 
their sum shall be 8, their difference 2, and their product 20. 
From these conditions we derive the following equations : 
x-\-y—%, 
x-y=% 
xy=20. 
From the first two equations we find 
x=5 and j/=3. 
Hence the third condition, which requires that their product 
shall be equal to 20, can not he fulfilled. 
H 
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CHAPTEE X 

DIBCDSSION OF PROBLEMS INVOLVING SIMPLE EQUATIONS. — 
INEQUALITIES. 

159. To dtsctiss a problem or an equation ia to determine the 
values which the unknown quantities assume for particular hy- 
potheses made upon the values of the given quantities, and to 
interpret the peculiar results obtained. We have seen that if 
the sum of two numbers is represented by a, and their differ- 
ence by b, the greater number will be expressed by —^, and 
the less by — ^, Here a and i may have any values whatever, 

and still these formuho will always hold true. It frequently 
happens that, by attributing different values to the letters which 
represent known quantities, the values of the unknown quanti- 
ties asauine pecuhar forms, which deserve consideration. 

160, We may obtain five species of values for the unknown 
quantity in a problem of the first degree : 

1st. Positive values. 
2d. Negative values. ^ 

3d. Values of the form of zero, ( 
.A 

0' 





A 



5th. Values of the form of 
We will consider these five c 

161, 1st. Posiiive values are generally answers to problems in 
the sense in which they ate proposed. Nevertheless, all posi- 
tive values will not always satisfy the enunciation of a prob- 
lem. For example, a problem may require an answer in wkok 
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nutnhej-a, in wbict case a fraotiocal value of tlie unknown quan- 
tity is inadmissible. Thus, in Prob. 17, page 93, it is implied 
that the value of x must be a whole number, although this con- 
dition ia not expressed in the equations. "We might change 
the data of the problem, so as to obtain a fractional value of 
X, which would indicate an impossibility in the problem pro- 
posed. Problem 43, page 97, is of the same kind ; also Prob. 
7, page 109. 

If the value obtained for the unknown quantity, even when 
positive, does not satisfy all the conditions of the problem, the 
problem is impossible in the form proposed, 

162. 2d. Negative values. 

Let it be proposed to find a number which, added to the 
number h, gives for a sum the number a. Let x denote the re- 
quired number ; tlien, by the conditions of the problem, 

b+x^a; 
■whence x=a—b. 

This formula will give the value of x corresponding to any 
assigned values of a and h. 

i'or example, if ffl— 7 and ^=4, 

then a;=7-4^3, 

a result which satisfies the conditions. 

But suppose that (i^5 and b=8, 
then ic=5— 8=— 8. 

"We thus obtain for x a neffative value. How is it to be in- 
terpreted ? 

By referring to the problem, we see that it now reads thus : 
What number must he added to 8 in order that the sum may 
be 5 ? It is obvious that if the word added and the word sum 
are to retain their arithmetical meanings, the proposed problem 
is impossible. Nevertheless, if in the equation 8 + x = 5 we 
substitute for -fic'its value — S, it becomes 

8-3=5, 
an identical equation ; that is, 8 diminished by 3 is equal to 5, 
or 6 may be regarded as the algebraic sum of 8 and ~3. 

The negative result, x= — d, indicates that the problem, in a 
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Strictly aritliraetical sense, is impossible; but, taking this value 
of X with a contrary sign, we see that it satisfies the enunciation 
when modified as follows : What number must be subtracted 
from 8 in order that the difference may be 5 ? The second 
enunciation diifers from the first only in this, that we put suh- 
tracl for add, and difference for sum. 
If we wish to solve this new equation directly, we shall have 
8~!C=5; 
whence x=8— 5, or 3. 

163. For another example, take Problem 50, page 98. The 
age of the father being represented by a, and that of the son 

by h, then r- will represent the number of years before the 

age of the father will be n times that of the son. 

Thus, suppose a=5i, &— 9, and ra=4; 

,, 6i-36 18 „ 

then ^^^_^3._ = 6. 

This value of x satisfies the conditions understood arithmet- 
ically ; for if the father was 54 years old, and the son 9 years, 
then in 6 years more the age of the father will be 60 and the 
son 15 ; and we see that 60 is 4 times 15. 

But suppose ■ (1=45, i=15, and n—4:; 



. 45-60 -15 „ 

then x= -" ■ = — — = —5. 

Here again we obtain a negative result How are wc to in- 
terpret it? 

By referring to the problem, we see that the age of the son 
is already more than one fourth that of the father, so that the 
time required is already ^asi by five years. The problem, if 
taken in a strictly arithmetical meaning, is impossible. But 
let lis modify the enunciation as follows : 

The age of the father is 45 years; the son's age is 15 years; 
how many years since the age of the father was four times that 
of his son ? 
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Tke equation correspondiag to this new enunciation is 

whence 60— 435=46-- a:; and a;=5, 

a result which satisfies the modified problem taken in its arith- 
metical sense. 

J'rom this discussion we derive the following general prin- 
ciples : 

Isi. A negative result found for theunknoum quantity in a prob- 
lem of the first degree indicates thai the problem, is impossible, if 
understood in its strict aritlimetical sense. 

2d. This negative ^alus, taken with a contrary sign, may be re- 
garded as the artswer to a problem whose enundaiian only differs 
from that of the proposed problem in this, that certain quantities 
which were ADDED should have been subtracted, and vice versa. 

164. In what case would the value of the unknown quantity 
in Prob. 20, page 94, be negative? Ans. When n>m. 

Thus, let m=20, ^=-25, and a= 

then 

To interpret this result, observe that it is impossible that the 
second train, which moves the slowest, should overtake the first. 
At the time of starting, the distance between them was 60 miles, 
and each subsequent hour the distance increases. If, however, 
we suppose the two trains to have been moving uniformly along 
an endless road, it is obvious that at some former lime they must 
have been together. 

This negative result indicates that the problem is impossible 
if understood in its strict arithmetical sense. But if the prob- 
lem had been stated thus: 

Two trains of cars, 60 miles apart, are moving in the same 
direction, the forward one 25 miles per hour, the other 20. 
Sow long since they were together ? 

The problem would have furnished the equation 
25a;z:^20a:-i-60; 
whence a; = + 12, 
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If we wish to include both of these cases in the same enun- 
ciation, the question should be, Requ^ired ike time of their being 
together, leaving it uncertain whether the time was^asi ov future. 

EXAMPLES. 

X. What number is that whose fourth part exceeds its third 
part hy 16? ^m -192. 

How should the enunciation be modified in order that the 
result may be positive ? 

2. The sum of two numbers is 2, and their difference 8. 
What are those numbers? Ans. —3 and +5, 

How should the enunciatiou be modifi^ in order that both 
results may be positive? 

' 3. What fraction is that from the numerator of which if 4 
be subtracted the value is one half, but if 7 be subtracted 
from the denominator its value is one fifth ? , —5 

How should the enunciation be modified in order that the 
problem may be possible in its arithmetical sense ? 

4. Find two numbers ■whose difference is 6, such that four 
times the less may exceed five times the greater hy 12. 

Ans. -42 and -36. 

Change the enunciation of the problem so that these nnm- 
hers, talien with the contrary sign, may be the answers to the 
modified problem, 

165. 3d, We may obtain for the unknown quantity values of 
& /„™ 0/ .»■<,, or S 

In what case would the value of the unknown quantity in 
Prob. 20, page 94, become zero, and what would this value 
signify ? 

Ans. This value becomes zero when (i=:0, which signifies 
that the two trains are together at the outset. 

In what ease would the value of the unknown quantity in 
Prob. 50, page 98, become zero, and what would this value 
signify ? 



(by Google 



DISCUSSION OF PROBLEMS. 119 

Alls. When a~iii, whicli signifies that the age of the father 
is nov:) n times that of the sod. 

In what case would the values of the unknown quantities in 
Prob. 38, page 96, become zero, and what would these valu^ 
signify? 

Wiien a problem gives zero for the value of the unknown 
quantity, this value is sometimes applicable to the problem, 
and sometimes it indicates an impossibility in the proposed 
question. 

166, 4th. We may obtain for the unknown quantity values 
of the form of -tt. 

In what ease does the value of the unknown quantity in 
Prob. 20, page 94, reduce to -j^, and how shall we interpret 
this result? Ans. When m=n. 

On referring to the enunciation of the problem, we see that 
it is absolutely impossible to satisfy it ; that is, there can be no 
point of meeting; for the two trains, being separated by the dis- 
tance a, and moving equally fast, will always continue at the 
same distance from each other. The result ^ may then be re- 
garded as indicating an impossibility. 

The symbol k is sometimes employed to represent infinity, 
and for the following reason : 

If the denominator of a fraction is made to diminish, while 
the numerator remains unchanged, the value of the fraction 
must increase. 

For example, let to— w— 0.01 ; 

then 

Let 
then 

Hence, if the difference in the rates of motion is not zero, the 
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two trains must meet, and the time will become greater and 
greater as this difference is diminiahed. If, then, we suppose 
this difference to be less than any assignable guaniiiy, the time 

represented by — ■ ■-■ will be greater Uian any assignaiU quantity. 

Hence we infer that every expression of the form -^ found 

for the unknown quantity indicates the impossibility of satis- 
fying the problem, at least in finite numbers. 

In what case would the value of the unknown quantity in 

Prob. 10, page 92, reduce to the form -=r, and how shall we in- 
terpret this result? 

167. The symbol 0, called zero, is sometimes used to denote 
the absence of value, and sometimes to denote a quantity less 
than any assignable value. 

The symbol co, called infinity, is used to denote a quantity 
greater than any assignable value. A line produced beyond any 
assignable limit is said to he of infinite length; and time ex- 
tended beyond any assignable limit is called infinite duration. 

We have seen that when the denominator of the fraction 

- _^„ becomes less than any assignable quantity, the value of 
the fraction becomes greater than any assignable quantity. 



Hence we conclude that ^— "^i 

that is, a finite quajitity divided hy zero is an expression for in- 
finity. 

Also, if the denominator of a fraction be made to increase 
while the numerator remains unchanged, the value of th^ frac- 
tion must diminish; and when the denominator becomes greater 
than any assignable qaantity, the value of the fraction must be- 
come less than any assignable quantity. Hence we conclude that 

—==0; 

GO 

that is, a finite quantity divided by infinity is an expression for 
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168. Sth, We may obtain for the unknown quantity values 
oflh£/ormof^. 

In what case does the value of the unknown quantity in 
Prob. 20, page 94, reduce to ^, and how shall we interpret this 
result? Ans.y^hsn a=0, and m=n. 

To interpret this result, let us recur to the enunciation, and 
observe that, since a is zero, both trains start from the same 
point; and since they both travel at the same rate, titei/ will 
always remain together; and, therefore, the required point of 
meeting will be any where in the road traveled over. The 
problem, then, is entirely indeterminate, or admits of an infinite 

number of solutions ; and the expression ^ may represent any 
finite quantity. 

We infer, therefore, that an expression of the form of q found 
for the unknown quantity generally indicates that it may have 
any value whatever. In some cases, however, this value is 
subject to limitations. 

In what case would the values of the unknown quantities 

in Prob. 44, page 97, reduce to ^, and how would they satisfy 
the conditions of the problem? Ans. When a—7)=c, 

which indicates that the coins are all of the same value. B 
might therefore bo paid in either kind of coin ; but there is a 
limitation, viz., that the value of the coins must be one dollar. 
In what case do the values of the unknown quantities in 
Prob. 38, page 96, reduce to -^, and how shall we interpret 
this result? 

169. The expression -r may be conceived to result from a 
fraction whose numerator and denominator both diminish si- 
multaneously, but in such a manner as to preserve the same 
relative value. If both numerator and denominator of a frac- 
tion are divided by the same quantity, its value remains un- 
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changed. Hence, if ^. represent any fraction, we may conceive 
both nmnerator and denominator to be divided by 10, 100, 
1000, etc., until each becomes less than any assignable quanti- 

tv, or 0, The fraction then reduces to the form of 7;, but the 
*" 0' 

value of the fraction has throughout remained unchanged. 

B'or example, we may suppose the numerator to represent 
the circumference of a circle, and the denominator to represent 
its diameter. The value of the fraction in this case is known 
to be 3.1416. If now we suppose the circle to diminish until 
it becomes a mere point, the circumference and diameter both 
become zero, but the value of the fraction has throughout re- 
mained the sama Hence, in this case, we have 



Again, suppose the numerator to represent the area of a cir- 
cle, and the denominator the area of the eiretimsoribed square ; 
then the value of the fraction becomes .7854:. But this value 
remains unchanged, although the circle may be supposed to 
diminish until it becomes a mere point Hence, in this case, 
we have 0_ ^054 

Hence we conclude that the symbol ^ may represent any 
finite quantity. 

So, also, we may conceive both numerator and denominator 
of a fraction to be multiplied by 10, 100, 1000, etc., until each 
becomes greater than any assignable quantity; the fraction 

then reduces to the form of — . Hence we conclude that the 

CO 

symbol ~ may also r&present any finiie quantity. 

INEQUALITIES. 
170. An inequality is an expression denoting that one quan- 
tity is greater or less than another. Thus 3a;>2aZi denotes 
that three times the quantity x is greater than twice the prod- 
uct of the quantities a and h. 



(by Google 



IKBQUAlITIEa 123 

171. Ill treating of inequalities, the terms greater and less 
must be understood in their algebraic sense ; that is, a negative 
quantity standing alone is regarded as less than zero ; and of 
two negative quantities, that which is numerically the greatest 
is considered as the hast; for if from the same number we sub- 
tract successively numbers larger and larger, the remainders 
must continually diminish. Take any number, 5 for example, 
and from it subtract successively 1, 2, 3, 4, 5, 6, 7, 8, 9, etc., 
we obtain 

5-1, 5-2, 5-3, 6-4, 5-5, 5-6, 5-7, 5-8, 5-9, etc.; 
or, reducing, we have 

4, 3, 2, 1, 0, -1, -2, -3, -4, etc. 
Hence we see that —1 should be regarded as less than zero ; 
—2 less than —1 ; —3 less than —2, etc. 

172. Two inequalities are said to subsist in the same sense 
when the greater quantity stands at the left in both, or at the 
right in both ; and in a. contrary sense when the greater quanti- 
ty stands at the right in one and at the left in the other. Thus 
9>7 and 7>6, or 5<8 and 3<4, are inequalities which sub- 
sist in the same sense; but the inequalities iO>6 and 3<7 
subsist in a contrary sense. 

173. Pro^iiea of Inequalities. — 1st. If iks same quantity be 
added to or suhtraded from each memier of an inequality, the re- 
sulting inequality vnll always subsist in the same sense. 

Thus, 8>3. 

Adding 5 to each member, we have 
8+5>3+5, 
and subtracting 5 from each member, we have 
8-5 > 3-5. 
Again, take the inequality 

-3<-2. 
Adding 6 to each member, we have 

-3 + 6<-2 + 6, or 3<4; 
and subtracting 6 from each member, 

-3-6<-2-6, or -9<~8. 
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174. Hence we conclude that we may tran^ose a term from 
one member of an inequality to the other, provided we change 
its sign. 

Thus, suppose a'^-\-b'^>W—2a^. 

Adding 2a^ to each member of the inequality, it becomes 

Subtracting 5^ from each member, we have 

or 3a^>2&^. 

175. 2d. Ifive add together the corresponding members o/ttm or 
r/mre inequalities which subsist in the same sense, (Jie resulting in- 
eguality will always siibsist in the same sense. 

Thus, ■ 5>i 

4>2 

7>3 
Adding, we obtain 16>9. 

176. 3d, If one inequality be suitracledjrom another which siid- 
sists in ihe same sense, the result will not always be an inequality 



Take the two inequalities 4<7 
and 2<g 



Subtracting, we have 4— 2<7— S, or 2<4, 
where .the result is an inequahty subsisting in the same sense. 

But lake 9<10 

and 6< 8 



Subtracting, we have 9— 6>10— 8, or 3>2, 
where the result is an inequality subsisting lu the contrary sense 

We should therefore iioid as much as possible the use ot 
this transformation, or, when we employ it deteimme m what 
sense the resulting inequality subsists 

177. 4th. If we multiply ?r dimdp eath memlf) of n intjucl tj 
by the same positive quantity ihu resulting inequality vnll subsist 
in ihe same sense. 
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Thm, if a<l>, 

then ma<mb, 



Also, if ~a>^h, 

then — mM> — mb. 

ana > . 

m m 

Hence an inequality may be cleared of fractioDS. Thus, sup- 
pose we have o?—W c^—d^ 

Multiplying each member by Qad, it becomes 

178. 5th. ^zve multiply or divide each memher of an inequality 
by the same negative number, the resulting inequality will sicbsist 
in the contrary sense. 

Take, for example, 8>7. 

Multiplying each member by —3, we have the opposite in- 
equality — 24<— 21. 

So, also, 15>12. 

Dividing each member by — S, we have 
-5<-4. 

Therefore, if we multiply or divide the two members of an 
inequality by an algebraic quantity, it is necessary to ascertain 
whether the multiplier or divisor is negative, for in this case 
the resulting inequality subsists in a contrary sense. 

179. Sth. If the signs of all (he terms of an inequality be changed, 
the sign of inequality must be reversed. 

For to change all the signs ia ec^uivalent to multiplying each 
member of the inequality by —1. 

180. Reduction of Inequalities. — The principles now establish- 
ed enable us to reduce an inequality so that the unknown quan- 
tity may stand alone as one member of the inequality. The 



(by Google 



other member will then denote one limil of the unknown 
quantity. 

EXAMPLES. 
1, ]?ind a limit of x in the inequality 

Multiplying each member by 12, we have 

14 - 15a; < 95 -243^. 
Transposing, 935<81. 

Dividing, a;<9. 



2. 2cc+|-8<6. 
„ „ „^ 5a; 4 







to find the limits of x. 
Alls. 



x>2. 



1. A man, being asked iow many dollars he gave for his 
watch, replied, If you multiply the price by 4, and to the prod- 
uct add 60, the sum will exceed 256 ; but if you multiply the 
price by 3, and from the product subtract 40, the remainder 
will be less than 113. Eequired the price of the watch, 

8. What number is that whose half and third part added 
together are less than 105 ; but ita half diminished by its fifth 
part is greater than 33 ? 

9. The double of a number diminished by 6 is greater than 
22, and triple the number diminished by 6 is less than double 
the number increased by 10. Required the number. 
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CHAPTEB XL 

INVOLUTION. 



181. A 'power of a quantity is tbe product obtained by tak- 
ing that quantity any number of times as a factor. 

Thus the first power of 3 is 8 ; 

the second power of 3 ia 3 x 3, or 9 ; 

the fourth power of 3 is 3 x 3 x 3 x 3, or 81, etc. 
Involution is the process of raising a quactity to any power. 

182. A power is indicated by means of an exponent. The 
exponent is a number or letter written a little abore a quantity 
to the right, and shows how many times that quantity is taken 
as a factor. 

Thus the first power of a is a}, where the exponent is 1, 
which, however, is commonly omitted. 

The second power of a is a x «, or a?, where the exponent 2 
denotes that a is taken twice as a factor to produce the power 
aa. 

The third power of a is a X a X a, or o?, where the exponent 
3 denotes that a is taken three times as a fector to produce the 
power aaa. 

The fourth power of a is axaxaxa, or a*. 

Also the )ith power of a is axaxraxra, etc., or a repeated 
as a factor n times, and is written a". 

The second power is commonly called the square, and the 
third power the cuie. 

183. Exponents may be applied to polynomials as well as 
to monomials. 

Thus («-|-&+c)^ is the same as 

or the third power of the entire expression a-\-li+c. 
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Powers of Monomials. 

184. Let it be required to find the third power or cube of 
2aW. 

According to the rule for multiplication, we have 
{UWf=2aW x2aW x 2«^5'=2 x 2 x 2a^a^aWb^b^=8a^h\ 
In a similar manner any monomial may be raised to any 
power. 

Hence, to raise a monomial to any power, we have the fol- 
lowing 

EULE. 
Maise the numerical coefficient to the required power, and multi- 
ply the exponent of each of the letters hy ike exponent of the re- 
quired poaier. 

185. iSign of the Power. — With respect to the signs, it is ob- 
vious from the rules for multiplication that if the given mono- 
mial be positive, all of its powers are positive ; but if the mo- 
nomial be negative, its square is positive, its cube r 
fourth power positive, and so on. 

Thus -ax— (7=-)-a' 

— rex —ax —a=—a 
~ax —ax —ax — a=+a' 
— fflX— aX — ax —ax — a=— a' 
In general, any even power of a negative 
and every odd power negative; but all powers of a positt 
tity are positive. 

EXAJITLES. 

1. Find the square of lla^bcd^. Ans. 121a*'6V(f* 

2. Find the square of —ISx^yz^. 
S. Find the cube of 7ah^x\ 

4. Find the cube of —8xy^z\ 

5. Find the fourth power of iab^f^. 

6. Find the fourth power of —5aWx. 

7. Find the fifth power of 2al^x^. 

8. Find the fifth power of -3ffi6V. 

9. Find the sixth power of SoPxK 
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10. Find the sixth power of —2a^h^x*, 

11. Find tbo seventh power of 2a^y. 

12. Find the mth power of aliV. 

186. Powers of Fractions. — Let it be required to find the 
third power of ^. 

Trom the rule for the multiplication of fractions, we have 

In a similar manner any fraction may be raised to any 
power. Hence, to raise a fraction to any power, we have the 
following 

EULE. 

Saise both nutneraior and denominator to (he required poioer. 

EXAMPLES. 



1. Find the square of -^ - - ^ . 

2. Find the square of — jt~. 

3. Find the cube of ~f"^' . 

omn 

4. Find the cube of — t^^. 

5. Find the fourth power of ■ - j - 

6. Find the fourth power of — -r^— 

^ 2irr, 

7. Find the fifth power of — „ -a - 

'■ imy" 

8. Find the fifth power of — ^ — ^. 

9. Find the sixth power of ~ 

'■ 2mi 

I 
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187. Negative Meponenis. — The rale of Art. 184, for raising 
a monomial to any power, holds true when ike ecqponents of any 
of the Utters are negative, and also when the exponent of ike re- 
quired power is negative. 

Let it be required to find the square of a'^. This expres- 
sion may be written ~g, which, raised to the second power, be- 
comes — , or a"", the same result as would be obtained by 
multiplying the exponent —3 by 2. 

Also, let it be required to find that power of 2am^ whose 
t is —3. 



The expression {2am^)-^ may be written .-^ — ^s^ which 
equals ^„ ., ^ . Transferrinp; the factors to the numerator, we 
have S-^ffl-^m"", or -fa^^m""*. 



-Find the value of each of the following expressions. 

1. {Sa^b-*f. Ans. 9a'h-\ 

2. {7a-^b^c--^xf. Ans. i9a-*b^c-V. 

3. i3a!Px-^y-^-^ Ans. ia-'^b'^xY- 

4. (— 4a^-V)~^- ■^^- Tf^~*^y~*- 

5. {-eai~^x~^f. 

6. l-3a^x-^z^)-\ 

7. iia-^bx-*)-^ 

8. (-3a-»S=^)^ 

9. (_4a-3&^-*)-* 
10. {-2ab^^ex-*yf. 

188. Powers of Polynomials, — A polynomial may he raised 
to any power by the process of continued multiplication. If 
the quantity be multiplied by itself, the product will be the 
second power ; if the second power be multiplied by the orig- 
inal quantity, the product will be the third power, and so on. 
Hence we have the following 



(by Google 



INVOLDTIOK. 131 

RULE. 
Midii'ply ike quantity hy itself tmtil it has been taken as a factor 
as inwi},y limes as there are units in the exponent of the required 
power. 

EXAMPLES. 

1. Find the square of 2a+Sb\ Ans. ia^+liab'^+Qb*. 

2. Find the square of a+Vi—n. 

3. Find the cube of 2a'+Sa-l. 

4. Find the cube of a+^. 

6. Find the cube of a+2b+Bx. 

6. Find the fourth power of a—h. 

7. Find the fourth power of 2a — 3?!. 

8. Find tlie fourth power of a^+P. 

9. Find the fifth power of a—h. 

■in -IT- 3 .1 J} ax— by . 0.'^^— 2a&OT+6V 

10. I^md the square of 7^. Am. , „ „ , ,„ - 3 . 

^ ay— ox ay'—iialxm/'i'ttv:^ 

11. Find the cube of ?^±^. 

7n—n 

12. Find the cube of 7=, 

a—o^ 

189, Square of a Polynomial. — We have seen, Art 66, that 
the square of a binomial may be formed without the labor of 
actual multiplication. The same principle may be extended 
to polynomials of any number of terms. By actual multipli- 
cation, we find the square of «+i+c to be 

a2 + &a ^ c3 -f 2ffl& + 2ac + 2ic ; 
that is, ike square of a trinomial consists of the square of each 
Cerm, logeiher with twice the product of all the terms imiUiplied to- 
gether two and two. " 

In the same manner we find the square of a-\-b-\-c+d to be 

a^+l^+c^+d^+2ab+2ac+2ad+2bc+2bd+2cd.; 

that is, the square of any polynomial consists of the square of each 

term, together with twice ike sum of ike products of all the terms 

multiplied togetJier tvjo and two. 
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EXAMPLES. 

1. ITind tTie square of a+h+c+d+x. 

2. Find the square of a—h+c. 

S. Find the square of l+^x+Zcr^. 

4. Find the square of l—x+x''~x^. 

5. Find the square of a—ib-\-$ab—m. 

6. Find the square of l—Sx-i-Zx^-^x^. 

7. Find the square of a—2b+3c—id. 

In Chapter XVIII. will be given a method by which any 
power of a binomial may be obtained without the labor of 
multiplication. 
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CHAPTEE XIL 

EVOLUTION. 

190. A root of a quantity is one of the equal factors wiiieh, 
multiplied together, will produce that quantity. 

If a quantity be resolved into two equal factors, one of them 
is called the square root. 

If a quantity be resolved into three equal factors, one of 
them is called tho cule root. 

If a quantity be resolved into four equal factors, one of 
them is called the fourth root, and so on. 

191. Evolution is the process of extracting any root of a 
given quantity. 

JEvolution is indicated by the radical sign y'". 
Thus, -y/a denotes the square root of a. 

ya denotes the cube root of a. 

Yd denotes the nth root of a. 

192. Surds. — When a root of an algebraic quantity which 
is required can not be esactly obtained, it is called an irration- 
al or surd quantity. 

Thus, Va^ is called a surd. VS is also a surd, because the 
square root of 3 can not be expressed in numbers with perfect 



A rational quantity is one which can be expressed in finite 
terms, and without any radical sign ; as, a, 5a^, etc. 

193. An imaginary root is one which can not be extracted 
on account of the sign, of the given quantity. Thus the square 
root of --4 is impossible, because no quantity raised to an even 
power can produce a negative result. 

A root which is not imaginary is said to be real. 
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Moots of Monomials. 

194. According to Art 184, in order to raise a monomial to 
any power, we raise the numerical coefficient to the required 
power, and multiply the exponent of each of the letters by the 
exponent of the power required. Hence, conversely, to ex- 
tract any root of a monomial, we extract the root of the nu- 
merical coefficient, and divide the exponent of each letter by 
the index of the required root * 

Thus the cube root of 64a^6^ is 4a^6. 

195. Sign of the Root. — We have seen, Art. 185, that all pow- 
ers of a positive quantity are positive ; but the even powers 
of a negative quantity are positive, while the odd powers are 
negative. 

Thus 4-«, when raised to different powers in succession, 
will give +c[^ +(t3, -j-tt^, -i-a^j +^6^ -\.a^^ -^-a?, etc. 
and —a, in like manner, will give 

—a, +a^, —a?, +ra*, — a^, +(i^, — ffl^, etc. 

Hence it appears that if the root to be extracted be express- 
ed by an odd number, the sign of the root will be the same as 
the sign of the proposed quantity. Thus,-!/— «^ = —a; and 

If the root to he extracted be expressed by an even number, 
and the quantity proposed be ^(m¥i)e, the. root may be either 
positive or negative. Thus, V«^= ±«- 

If the root proposed to be extracted he expressed by an euen 
number, and the sign of the proposed quantity be negative, the 
root can not be extracted, because no quantity raised to an 
even power can produce a negative result. 

^ 196. Hence, to extract any root of a monomial, we have the 
following 

RULE. 



i root of the numerical coefficient. 
2d. Divide the expoitmt of each literal factor hy the index of the 
required root 
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Bd. M;en/ even root of a positive quantity must have the double 
sign ±, and every odd root of any quantity must have the same 
sign as that quantity. 

From Art. 186, it is obyious that to extract any root of a 
fraction, we must divide the root of the numerator by the root 
of the denominator. Tiras, 



EXAMPLES. 
square root of Qia^b*. 
square root of l^Qa^b^c^x^ 
square root of 225a^™b^af. 
cube root of Qia^b^x^. 
cube root of ~-12baVy^. 
cube root of —BiSaVfx^^. 
fourth root of Sla'^hK 
fourth root of W6aWx^^. 
fifth root of -32a5&'V^ 
Qa^¥ 



Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 
Find the 



10, Find the square root of 



. „ 25aWaf 
i square root of - ^ .- -- ■ ■. 



12. Find the cube root of 

13, J'ind the cube root of 



6m^x^' 
125a^b''x 



Atis. ±8a'^b^ 
Ans. ±14a6^c^a;*. 

Ans. iab^cc?. 
Ans. Sax^y^, 



14 Find the fourth root of 



' 2mx^' 



Find the 
Find the 
Find the 
Find the 
Find the 
Find the 



216c^2^ ■ 
256aV 

square root of 6ia~%~*x*. Ans. ±Sa~'^b~V. 

cube root of —512a~^i>~^3:?. 

fourth root of 256a-*5-V. 

fifth root of ~32tt-'%-'V. Ans. ~2a'^b~^x. 

square root of {a—Jifa?. , Am. d^{a—b)x^. 

cube root of {a+b'f{x+yy: 
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Square Boot of Polynomials. 
197. In order to discover a rule for extracting the sqiiare 
root of a polynomial, let us consider the square of a-\-h, which 
is a^-\-1ah-\-h\ If we arrange the terms of the square accord- 
ing to the dimensions of one letter, a, the first term will be the 
square of the first term of the root; and since, in the present 
ease, the first {■erm of the square is a?, the first term of the root 
must be a. 

Having found the first term of the root, we must consider 
.■the rest of the square, namely, 2al)+b% to see how we can de- 
iri^e fnom it the second term o£ the root Wow this remainder 
'Xaaj he put under the form {2a+h)b; whence it appeals that 
we ahall find the second term of the root if we divide the re- 
mainder hj ia+b. The first part of this divisor, 2a, is double 
of the first term already determined ; the second part, 5, is yet 
unknown, and it is necessary at present to leave its place empty. 
Nevertheless, we may commence the division, employing only 
the term 2a; but as soon as the quotient is found, which in 
the present case 3S I, we must put it in the vacant place, and 
thus render the divisor complete. 

The whole process, therefore, may be represented as fol- 
lows: 



If the square contained additional terms, we might continue 
the process in a similar manner. We may represent the first 
two terms of the root, a+&, by a single letter, m, and the re- 
maining terms by c. The square of m+c wi]lbem^+2mc+c^. 
The square of the first two terms has already been subtracted 
from the given polynomial. If we divide the remainder by 
2m as a partial divisor, we shall obtain c, which we place in 
the root, and also at the right of 2m, to complete the divisor. 
We then multiply the complete divisor by c, and subtract the 
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product from the dividend, and thus we continue until all the 
t«rms of the root have been obtained. 

198. Hence we derive the following 



Isi. Arrange the terms according io the powers of some one let- 
ter; take the equare root of the first iermfiyr the first term of the 
required root, and subtract its square from the given polynomial. 

"id. Divide the first term, of ike remainder hy twice the root al- 
ready found, and annex the result both to the root and the divisor. 
Multiply the divisor thus completed by the last term of the root, and 
subtract the product fiom the last remainder. 

Sd. Double the entire root already found for a second divisor. 
Divide the first term of the hsi remainder by the first term of the 
second divisor for the third term, of the root, and annex the result 
both to the root and to the second divisor, and proceed as before 
until all the terras of the root have been obtained. 

If the given polynomial be an exact scjuare, we shall at last 
find a remainder equal to zero. 

EXAMPLES. 

1. Extract the square root of a^— Sa^ir+SaV— Sasc^+ic^. 
a'^—'ia^x-\-%a?x^—%ax^-^iif{a^-~ax-\-x^ 



2d?— ax) ~2a^x+Za'^X'' 
—9,a?x-\- cM' 



2(tV-2ax^+a^ 

For verification, multiply the root a^—ax-\-x^ by itself, and 
'.ve shall obtain the original polynomial. 

2. Extract the square root of a^+'2ah+2ac+b'^-\-2bc-\-c^. 

3. Extract the square root of 

10a;^-103:3-12x5+5a:H9cc»-2a;+l. 

4. Extract the square root of 

8aic'+4aV+4ar' + 165V+166*+16fl&^. 

Ans. 2s?+2ax+4ih\ 
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5. Extract the square root of 

6. Extract tlie square root of 8aJ^+a*~4a^t+4i'' 

7. Extract the square root of in^+l^a^+dtefi—Qx+l. 

Am. 2x^+§X'~l. 

8. Extract the square root of 

Ans. 23?— 3aa;+4a^. 

9. Extract the square root of 

Ans. &x^ ^'ScKE+ia'. 
10. Extract the square root, of a^— a^+^+4x— 2+ -^. 

A 2 !* , 2 



199. When a Trinomial is a Perfect Square. — The square of 
a+h is a^-\-2ah+b^, and the square of a~h is a^—2ah+¥. 
Hence the square root of a^±2ah+h^ is a±&; that is, a trino- 
mial is a perfect square ^nhen two of its terms are squares, and 
the third is the double product of the roots of these squares. 

Whenerer, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; and 
the root may be found by extracting the roots of the two terms 
which are complete squares, and connecting them by the sign 
of the other term, 

EXAMPLES. 

1. Eind the square root of ia^ + 12ab + 9h\ Am, 2a+Bh. 

2. Eind the square root of 9(t^— 24ra6+166^ 

3. Find the square root of 9a''-Z0a%+25a^l>\ 

4. Find the square root of 4a^+14a&+165^, if possible. 

No algebraic binomial can be a perfect square, for the square 
of a monomial is a monomial, and the square of a binomial 
necessarily consists of three distinct terms. 
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Square Boot of Numhers. 

200. The preceding rule is applicable to the extraction of 
the square root of numbers; for every number may be re- 
garded as an algebraic polynomial, or as composed of a cer- 
tain number of units, tens, hundreds, etc. Thus 

529 is equivalent to 600+20+9; 
also, 841 " 800+40+1. 

If, then, 841 is the square of a number composed of tens 
and units, it must contain the square of the tens, plus twice the 
product of the tens iy the units, plus ike square of Ute units. But 
these three terms are blended together in 841, and hence arises 
the peculiar difficulty in determining its root. The following 
principles will, however, enable na to separate these terms, 
and thus detect the root. 

201. Isi. For every two figures of the square there itnll he one 
figure in the root, and. also one for any odd f^re. Thus 



the square of 1 is 1 

9 " 81 

" 99 " 98,01 

" 999 " 99,80,01 



the square of 1 is 1 

" 10 " 1,00 

" 100 " 1,00,00 

" 1000 " 1,00,00,00 



The smallest number consisting of two figures is 10, and its 
square is the smallest number of three iigures. The smallest 
number of three figures is 100, and its square is the smallest 
number of five figures, and so on. Therefore the square root 
of every number composed of one or two figures will contain 
one figure ; the square root of every number composed of three 
or four figures will contain two figures; of a, number from five 
to six figures will contain three figures, and so on. 

Hence, if we divide the number into periods of two figures, 
commencing at the units' place, the number of periods will 
indicate the number of figures in the square root. 

202. 2d. The first figure of the root will he tJie square root of 
the greatest square number contained in the first period on the left. 
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For tbe square of tens can give no significant figure in' the 
first right hand period, the square of hundreds can give no fig- 
ure in the first two periods on the right, and the square of 
the highest figure in the root can give no figure except in the 
first period on tbe left. 

Let it be required to extract the square root of 6329. 

This number contains two 
periods, indicating that there 63,29(70+3, the root, 

will be two places in the 49 00 

root. Let a+h denote the 140 + 3) 429 
root, where a is the value of 429 

the figure in. the tens' place, 

and h of that in the units' place. Then a must be the great- 
est multiple of 10, which has its square less than 5300 ; this is 
found to bo 70. Subtract a^, that is the square of YO, from 
the given number, and the remainder is 429, which must be 
equal to {2a-\-b)t>. Divide this remainder bj 2a, that is by 
140, and the quotient is 3, which is the value of h. Com- 
pleting the divisor, we have 2(t + J = 143; whence {2n+6)5, 
that is 143 x 3, or 429, is the quantity to be subtracted ; and 
as there is now no remainder, we conclude that 70+3, or 73, 
is the required square root. 

For the sake of brevity, the ciphers may be omitted, pro- 
vided we retain the proper local values of the figures. 

If the root consists of three places of figures, let a represent 
the hundreds, and h the tens ; then, having obtained a and h as 
before, let the hundreds and tens together bo considered as a 
new value of a, and find a new value of b for the units. 

Required the square root of 568516. 

Having found 75, the square root of 56,85,16(754 

the greatest square number contained in 
the first two periods, we bring down the 
last period, and have 6016 for a new div- 
idend. We then take 2a, or 150, for a 
partial divisor, whence we obtain 6 = 4 
for the last figure of the root. The en- 
tire root is therefore 754. 
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203. Hence, for ihe extraction of tlie sc^uare root of num- 
bers, we derive the following 

RULE. 

Xst S&paraie the given number into periods of tioo figures each, 
beginning Jrom the unit^ place. 

2d. Mnd ihe greatest number whose square is contained in the 
left-hand period ; this is the first figure of ihe required root. Sub- 
tract its square from the first period, and to tlie remmnder bring 
down the second pmodfiir a dividend. 

3d Double ihe root already fownd for a divisor, and find how 
many timss it is contaiTied in the dividend, exclusive of its rigM- 
hand figure; annex the result both to the root and (he divisor. 

4A. Multiply the divisor thus increased by the last figure of the 
root, subtract the product from the dividend, and to ike remainder 
bring dovM ihe next period for a new dividend. 

6lh. Double the whole root now found for a new divisor, and 
proceed as before, continuirig the <^eTation until all the periods are 
brought down. 

In applying the preceding rule, it may happen that tlie prod- 
uct of the complete divisor by the last figure of the root is 
greater than the dividend. This indicates that the last figure 
of the root was taken too large, and this happens because the 
divisor is at first incomplete — that is, is too stnall. In such a 
case, we must diminish the last figure of the root by unity until 
we obtain a product which is not greater than the dividend. 

EXAMPLES. 

1. "What is the square root of 294849 ? Ans. 543. 

2. What is the square root of 840889 ? 

3. What is the square root of 1142761 ? 

4. What is the square root of 32239684? 

5. What is the square root of 72777961 ? 

6. What is the square root of 8518743761 ? 

204, Square Soot of M-actions. — We have seen that the 
root of a fraction is equal to the root of its numerator di- 
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vided by the root of its denominator. Hence the square root 

The number 5.29 may be written j-r-T, and its square root 

is j^, or 2.3. So, also, 18.6624 may be written — :: ^ t-, and 

ila square root is j^, or 4.32. That is, the square root of a 

decimal fraction, or of a whole number followed by a decimal 
fraction, may be found in the aame manner as that of a whole 
number, if we divide it into periods commencing vntk the deci- 
mal point. 

In the extraction of the square root of an integer, if there is 
still a remainder after we have obtained the units' figure of the 
root, it indicates that the proposed number has not an exact 
square root. We may, if we please, proceed with the approxi- 
mation to any desired extent by supposing a decimal point at 
the end of the proposed number, and annexing any even num- 
ber of ciphers, and continuing the operation. "We thus obtain 
a decimal part to be added to the integral part already found. 

So, also, if a decimal number has no exact square root, we 
may annex ciphers and proceed with the approximation to 
any desired extent. 

BSAJIPLES. 



2. What is the square root of '7f,k -^ Q ^ 

3. What is the square root of ^ 



67551961 

4. What is the square root of 9.878449 ? 

5. What is the square root of 58.614336 ? 

6. What is the square root of .558009 ? 

7. What is the square root of .03478225 ? 

Pind the square roots of the following numbers to five deci- 
mal places. 
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8. Of 2. Ans. 1.41421. I 11. Of 4f. 

9. Of 10. Ans. 3.16227. 12. Of -rV 
10. Of 9.1. 1 13. Of -^. 

Cube Boot of a Polynomial. 

205. We already ttiow that the cube of a+h is o?-\-Zd?h 
+ 3ai^-|-6l If, then, the cuhe were given, and we were re- 
quired to find its root, it might be done by the following 
method. 

When the ternas are arranged according to the powers of 
one letter, a, we at once know, from the first term, a?, that 
a must be one term of the root. If, then, we subtract its 
cube from the proposed polynomial, we obtain the remainder 
3a^& + ZaiP ■{■ i\ which must furnish the second term of the root. 

!N"ow this remainder may he put under the form 

whence it appears that we shall find the second term of the 
root if we divide the remainder by Sa^+Sab+b''. But, as this 
second term is supposed to be unknown, the divisor can not be 
completed. Nevertheless, we know the first term, 3a=, that is 
thrice the square of the first term already found, and by means 
of this we can find the other part, b ; viz., by dividing the first 
term of the remainder by 3c6^. We then complete the divisor 
by adding to it 3a6+&^. If this complete divisor be multi- 
plied by b, it will give the last three terms of the power. 
Let it be required to find the cube root of 8a^4-36a^&+54a6^ 

Sa? + ma?h-\-b4:ah^^21b^ {2a-\-%h 



12a^+18flfi+96^) 36ffl^&+54«S^+276^ 
36fl^i-|-54ai^-i-27&^ 



Having found the first term of the root, 2a, and subtracted 
its cube, we divide the first term of the remainder, B&a%, by 
three times the square of 2ra, that is 12ffl^, and we obtain %b 
for the second term of the root. We then complete the divi- 
sor by adding to it three times the product of the two terms of 
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the root, whicli is ISab, together with the sq^uare of the last 
term Sb, which is 9b'^. Multiplying then the complete divisor 
by Sb, and subtracting the product from the last remainder, 
nothing is loft. Hence the required cube root is 2a+3i. 
This result may be easily verified by multiplication. 

206. If the root contains three terms, as a+fi+c, wc may 
put a + h=m. Then 

If we proceed as in the last example, we shall find a-\-h, and 

we subtract its cube from the given polynomial. There will 

then remain 3m'c4-3mc*+c^, which may be written 

{37fi' + Bmc+c^)c. 

We perceive that 3w? will be the new trial divisor to obtain 

■ c. We then complete the divisor by adding to it Smc-^-'cf. 

Let it be required to find the cube root of 8a^ — 366a^4* 
C66=a* - GSPa^ + 335*a^ - Qb^a + b\ 



12a*-18Sa'+9tW)-SWa' + Se6'a'-e36V 

I2t V -36i=o'+336%= ~ 9b'a+¥ 



The first terra of the root is 2a*, and subtracting its cube, the 
first term of the remainder is — 366(j*, which, divided by 3 
times the square of 2k*, gives —3ba for the second term of the 
root. Complete the divisor as in the last example, and multi- 
ply it by — 3ba. Subtracting the product from the last remain- 
der, the first term of the second remainder is 12i^a*. 

To form the now trial divisor, we take three times the square 
of the part of the root already found, viz., 2a^~Zba. Divide 
the first term of the remainder by 12«*, and we obtain b" for the 
last term of the root. We now complete the divisor by add- 
ing to it three times the product of the third term by the sum 
of the first two terms, and also the square of the last term. 
Multiplying the divisor thus completed by b'', we find the prod- 
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net equal to the last remainder. Hence the required cube root 
is Za^—dba+b^ 

207. Hence, for extracting the cube root of apoljtiomia],we 
derive the following 

KUTjB. 

Isi A'nnnge the terms according to the powei's of some one let- 
ter ; take Hie cttbe root of the first term., and suitract ike cube from 
the given polynomial. 

2d. Divide the first term of the remainder by three times the 
sguare of the root already found; the quotient will be the second 
term of the root, 

Zd. (hmplete ike divisor by adding to it ffiree times the product 
of ike two terms of the root and the square of the second term. 

ith. Multiply the divisor thus increased by the last term of the 
root, arid subtract the product fmm the last remainder. 

6th. Take three times Hie square of ike part of the root already 
found for a new trial divisor, and proceed by division to find an- 
other term of the root. 

Sth. Complete ike divisor by adding to it ikree times Hie product 
of the last term by the sum of the first two terms, and also &ie square 
of the last term, with which proceed as before till the entire root has 
been obtained. 

Wo may dispense with forming the complete divisor accord- 
ing to the rule if each time that we find a new term of the 
root we raise the entire root already found to the third power, 
and subtract the cube from the given polynomial. 

EXAMPLES. 

1. What is the cube root of a^— 6c(^4-lo«*— 20£t'+15a*— 
6a+a? Ans. n=-2a+l. 

2. What is the cube root of 63^-403;^+c(;^ + 96ii;-64? 

♦ Ans. 

3. What is the cube root of 18x'+mx^+24x+8+S2x^-}- 
x* + 6x*? Ans. 

4. What is the cube root of 3b^ + b^—5b^-l+ZI>? 

Ans. 
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5. What is the cube root of 8(i^-36a^4-66(C^~63a^+3S3;3- 
to+1? 

6. What is the cube root of Sa^+iSax^ + BOaW— 80aV~ 
90aV+108a^a;-27a«? 

7. What is the cube root of 8x^-B6cKc^+102aV~l71a^x^ 
4- 204ffl V - 144a*a; + 6ia^ ? 

Oule Boot of Nuwhsrs. 

208. The preceding rule is applicable to the extraction of 
the cube root of numbers ; but a diificulty in applying it arises 
from the feet that the terms of the powers are all blended to- 
gether in the given number. They may, however, be separated 
by attending to the following principles : 

Ist. For every three figures of the cube there vAU be one figure in 
&ie root, and also one for any additional figure or figures. Thus, 



the cube of 1 is 1 

" 729 

" 970,299 
" 997,002,999 



the cube of 1 is 

10 " 1,000 

100 " 1,000,000 
1000 " 1,000,000,000 



Hence we see that the cube root of a number consisting of 
from one to three figures wiU contain one figure ; the cube root 
of a number consisting of from four to six figures will contain 
two figures ; of a number from seven to nine figures will con- 
tain i/iree figures, and so on. 

Hence,. if we divide the number into periods of three figures, 
commencing at units' place, the number of periods will indi- 
cate the number of figures in the cube root 

209. 2d. The first figure of the root will be the cube root of lite 
greatest cube number contained in the first period on the Ufi. 

J"or the cube of tens can give no significant figure in the first 
right-hand period ; the cube of hundreds can give no figure in 
the first two periods on the right ; and the cube of the high- 
est figure in the root can give no figures except in the first 
period on the left. 

Let it be required to extract the cube root of 438976. 

This number contains two periods, indicating that there will 
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be two places in 438,976(70 + 6, theroot. 

the root. Let a be ^ _ 343,000 

the value of the 70x6x3= i26o| 95976 

figure in the tens' 6'= 36 95970 

place, and & of that comple»divisor,l5996l 

in the units' place. Then a must be the greatest multiple of 
10 which has its cube less than 438000 ; that is, a must be 70. 
Subtract the cube of 70 from the given number, and the re- 
mainder is 95976. This remainder corresponda to ^a^b-{^Zab^ 
-\-W, which may be written' 

Divide this remainder by 3a=, that is, by 14700, and the quo- 
tient is 6, -which is the value of h. Complete the divisor bj 
adding to it Bah, or 1260, and &^, or 36. The complete divisor 
is thus found to be 15996, which, multiplied by 6, gives 95976. 
Subtracting, the remainder is zero, and we conclude that 70-f-6, 
or 76, is the required cube root 

For the sake of brevity the ciphers may be omitted, provided 
we retain the proper local values of the figures. 

If the root consists of more than two places of figures, the 
method will be substantially tbe same. 

Let it be required to extract the cube root of 279,726,264. 

279 726 264(654 ^^™^ ^""'''^ ^^' *^.^ """"^^ ™'"' °^ 
' ' ^ the greatest cube contained in the first 

^■'■^ two periods, we bring down the last 

90 1 63726 period, and have 5101264 for a new 

£5 I __^^^^ dividend. We then take three times 

the square of the iw>t already found. 



5101 264 or 12675, for a partial divisor, whence 

5101 26+ ^^ obtain 4 for the last figure of the 

root. We then complete the divisor 

by adding to it three times the product of 4 by 65, and the 
square of 4, regard being paid to the proper local values of the 
figures. The complete divisor is thus found to be 1275316, 
whieb, multiplied by 4, gives 5101264. Hence 654 is the re- 
quired cube root. 
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210. Hence, for the extraction of tbe cube root of numbers, 
we derive the following 

RULE. 

IsL Separate llie given number into periods of three figures each, 
beginning ai Sie tin-its' place. 

2d. Mnd the greatest cube contained in the leji-hand -period; its 
cube root is the first figure of ike required root. Subtract the cube 
from the first period, and to the remainder bring down the second 
period fcyr a dividend 

Zd. Take three hundred times the square of the root already found 
for a trial dtvisor; find how many times it is contained in the 
dividend, and write the quotient for the second figure of the root. 

itJi. Complete the divisor by adding to it Hiirty times ike product 
of the two figures of the root, and Ae square of ilie second figure. 

5lh. Multiply the divisor thus increased by the last figure of the 
root; subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

6th. Take three hundred times the square of ike whole root now 
found, for a new trial divisor, and by division obtain another figure 
ofi/ie root 

lUi. Complete the divisor by adding to it Qiirty Umes the product 
of the last figure by the former figures, and also the square of the 
last figure, with which proceed as before, continuing the operation 
until all the periods are brought down. 

■ It will be observed that three times the square of the tens, 
when their local value is regarded, is the same as three hund- 
red times tbe square of this digit, not regarding its local value. 

In applying the preceding rule, it may happen that the prod- 
uct of the complete divisor by the last figure of the root is 
greater than the dividend. This indicates that the last figure 
of the root was taken too large, and this happens because the 
divisor is at first incomplete, that is, too small. In such a case 
we must diminish the last figure of the root by unity, until we 
obtain a product which is not greater than the dividend. 

EXAMPLES. 
1. Find the cube root of 163667323. Ans. 547. 
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2. Find the cube root of 39651821. A^is. 341. 

3. Find the cube root of 4019679. Am. 159. 

4. Find the cube root of 1289521S625. 

5. Find the cube root of 183056926752. 

6. Find the cube root of 759299343867. 

211, (Me Boot of Fractions. — The cube root of a fraction is 
equal to the root of its numerator divided by the root of its de- 
nominator. Hence the cube root of Sr^ is ^. 

The number 12.167 may be written -iVoV . ^^^ ^^^ cube root 
is 4^1 or 2.3. That is, the cube root of a decimal fraction, or 
of a whole number followed by a decimal fraction, may be 
found in the same manner as that of a whole number, if we 
divide it into periods commencing with the decimal point. 

In the extraction of the cube root of an integer, if there is 
still a remainder after we have obtained the units' figure of the 
root, it indicates that the proposed number has not an exact 
cube root. "We may, if we please, proceed with the approxi- 
mation to any desired extent^ by supposing a decimal point at 
the end of the proposed number, and annexing any number 
of periods of three ciphers each, and continuing the operation. 
We thus obtain a decimal part to be added to the integral part 
already found. 

So, also, if a decimal number has no exact cube root, we may 
annex ciphers, and proceed with the approximation to any de- 
sired extent. 

EXAMPLES. 

1. Find the cube root of -rsTrsrs- -'!"*■ ^^^ 

2. Find the cube root of 14-Hi. Arts. 2-f-. 

3. Find the cube root of 13.312053. 

4. Find the cube root of 1892.819053. 

5. Find the cube root of .001879080904. 

Find the cube roots of the following numbers to 5 decimal 
places : 



6. 16.25. 


Am. 2.47984. 


10. 


11. 


7. S.7. 


Am. 1.54668. 


11. 


i. 


8. 100.1. 


Am. 464314. 


12. 


I- 


8.4. 


Am. 1.58740. 
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CHAPTEE XIII. 

RADICAL QUANTITIES. 

212. A radical quantity is aa indicated root of a quantity : 
as -y/a, ya, etc Kadical quantities maj be either surd or ra- 
tional. 

Eadical quantities are divided into degrees, the degree being 
denoted by the index of the root. Thus, V3 ia a radical of the 
second degree; \/5 is a radical of the third degree, etc. 

213. The coeffkient of a radical is the number or letter pre- 
fixed to it, showing how often the radical is to be taken. Thus, 
in the expression 2 -^a, 2 is the coefficient of the radical. 

Similar radicals are those which have the same index and 
the same quantity under the radical sign. Thus, B\/a and 5}/a 
are similar radicals. Also 7Vb and lOVb are similar radicals. 

214. Use of fractional Exponents. — "We have seen. Art. 196, 
that in order to extract any root of a monomial, we must di- 
vide the exponent of each literal factor by the index of the re- 
quired root Thus the square root of a* is a?, and in the same 

manner the square root of a^ may be written #, that of a' will 

be a^, and that of a, or a', is a . Whence we see that 
i 
a^ is equivalent to ya, 

(^ " V^, etc. 

So, also, the cube root of a^ may be written a"; the cube 

root of a* is a ; and the cube root of a, or a', is « . Whence 
we see that 
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(T is equivalent to Va, 

a^ " Va", etc. 

In the same manner, a* is equivalent to y/a, 
a^ " Va, 

J" " Va\ 

That is, ike numeauior of a fracikmoX exporient denotes the power, 
and (he ^nominator the root to be & 



Let it be required to extract the cube root of -j. This quan- 
tity, Art. 187, is equivalent to a-*. !Now, to extract the cube 
root of a~*, we must divide its exponent by 3, which gives us 

a ^. But the cube root of — may also be represented by -^. 
Hence —^ is equivalent to a ^. 

So, also, 



Thus we see that tlie principle of Art, 77, that a factor may 
be transferred from the numerator to the denominator of a frac- 
tion, or from the denominator to the numerator by changing 
the sign of its exponent, is applicahh also to fractional exponents. 

We may therefore entirely reject the radical signs hitherto 
employed, and substitute for them fractional exponents, and 
many of the difficulties which occur in the reduction of radical 
quantities are thus made to d 
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To reduce a Radical to its simpkst F<yrm. 

215. A radical ia in its simplest form when it has under the 
radical sign no factor which is a perfect power corresponding 
to the degree of the radical. 

Eadical quantities may frequently be simplified by the ap- 
plication of the following principle : the nth root of the product 
of two or more factors is equal to the product of the nth roots oftlwse 
factors; or, in algebraic language, 

yah = Va X Vb. 
For each of these expressions, raised to the nth power, will 
give the same quantity." 

Thus, the nth power of V«& is ah. 
And the nth power of Vffl X V& is iVaf X (V^)", or ah. 

Hence, since the same powers of the quantities Va& and 
VaxVb SJQ equal, the quantities themselves must be equal. 

Let it be required to reduce V48a^ to its simplest form. 

This expression may be put under the form Vl6a^ic^ X VSa. 

But ■y/lQa^x' is equal to 4,ax. 

Hence ■}/4&a^x^—'iax-\/^a. 

Hence, to reduce a radical to its simplest form, we have the 
following 

EULE. 

Resolve the quantity under ike radical sign into two factors, one 

of which is lAe greatest perfect power corresponding in degree to the 

radical Extract the required root of this factor, and prefix it to 

the other factor, which must he left under the sign. 

EXAMPLES. 

Eeducc the following radicals to their simplest forms. 

1. Vl25a^. Ans. 5aV6a. 

2. V^Sab*. Ans. W\/^. 
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Ans. 2a¥VT^- 
Ans. SabVia^. 



218. WBen the quantity under the radical sign is sijraction, 
it is often convenient to multiply both ite terms by such a 
quantity as will make the denominator a perfect power of the 
degree indicated. Then, after simplifying, the factor remain- 
ing under the radical sign will be entire. 



14. 3v1. 


Am. 3VI=3Vii=TVT0. 


16. #Vi+6v^. 


Am. iV2 + 8-l/14. 


16. V8i+2V}. 


Am. jVS+tVTS. 


17. Vli+il/?. 


Ans. iV^+-ruV5. 


18. jVi+SV?. 


An,. ii/30+f Vli. 


19. 15VS+6VA- 


Ans. ^VlS+^VIO. 


20. fiv^+aSy^. 


^IM. 2 VS. 


21. (»-.J)\/S. 


^m. ■f^d'-li'. 




Ans. jVa^. 


23. 2V}+3Vi. 


Ans. 1/4+1/9. 


24 2'/2|+7V7i|. 


Am. Ji/9+5^i/18. 



217. The following principle can frequently be employed in 
simphfying radicals : 

The mnth root of any quantity is equal to the mth root oftka nili 
root of that qvAmtity, That is, 
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For, if we raise eacb expression to the mth power, it becomes V«- 
Tiiua, the fourth root=the square root of the square root. 

the sixth root =the square root of the cube root, or 

the cube root of the square root, 
the eighth root=the square root of the fourth root, or 
the fourth root of the square root. 
, the ninth root =the cube root of the cube root 
Hence, when the index of a root is the product of two or more 
factors, we may obtain the root required iy extracting in succession 
the roots denoted hy those factors. 

Ex. 1. Let it be required to extract the sixth root of 64. 
The square root of 64 is 8, and the cube root of 8 is 2. Hence 
the sixth root of 64 is 2. 

Ex. 2. Extract the eighth root of 256. Ans. 2. 

Ex, 3. Find the fourth root of 1874161. Ans. 37. 

Ex. 4. Find the sixth root of 148035889. Ans. 23. 

Ex. 5. Find the ninth root of 387420489. Ans. 9. 

Ex. 6. Find the eighth root of 2562890625. Ans. 15. 

218. When the index of a root is the product of two or more 
factors, and one of the roots can be estracted, while the other 
can not, a radi&il may he simplified hy extracting one of the roots. 

Thus, V9 = Vs. 

Eeduce the following radicals to their simplest forms : 

Ex. 1. Via^. Ans. V2a. 

Ex.2. VESaF^. 

Ex. 3. V«"- 

Ex. 4. ' 

/^5^ 




„ 9 /a'-'b^c' 

V j^UjjS 
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To introduce a Factor under the B/idical Sign. 
219. The square root of the square of a is obviously a, and 
the cube root of the cube of a is qi^ etc. That is, 

a— v/ffl^— Va^— Va^j etc 
Whence, also, a\/i=^'/^X'</b=y/a^b. 

Hence, to introduce a factor under the radical sign, wc have 
the following 

EULE. 

B/xise the factor to a pmuer denoted hy the index of the required 
root, and write it as a factor under the radical sign. 

EXAMPLES. 

1. Reduce ax^ to a radical of the second degree. 

Am. Va^. 

2. Ileduco 2a'hx to a radical of the third degree. 

Ans. VSa%^x\ 
8. Eeduce 6+h to a radical of the second degree. 

Ans. -v/aS+lOS+F. 
Transform the following radicals by introducing the coefft- 
eients as factors under the radical sign : 

4 qVH- ^«^- Vl26. 

5. 4V^+3iV8. Ans. V2 + V98. 



-s/^-'v^- 



8. 2V2+7V5. Ans. VU+\/Tn5. 

To cliange fJie Index of a Radical 
' 220. From Art. 219, it follows that 

V«— V^= Va^ =^/'^^ etc.; 
\/a=V^=V^^ ='Va\ etc.; 
\/a= ^0*=^?^=^^, etc. , 
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Hence we see that ike index of any radical may he multiplied 
hy any number, provided we raise the quantity under tfie radical 
sign to a power whose ec^onent is the same number ; or the index 
of any radical may he dividedtby any number, provided we extract 
thai root of &i6 quantity und&r tlie radical sign whose index is the 
same numhei: 

If, instead of the radical sign, we employ fractioiial expo- 
nents, we shall have 



Hence wo sec that we may multiply or divide both terms of a 
fractional exponent by the same number^ wiihdut changing the 
value of & 



EXAMPLES. 
Verify the following equations : 

4. 2 V^^b = 2 Va^-Za^b+SaV'-b^ 



5. QV8x'-12x^y-\-6x7/-y^^3V2x-y. 

To reduce Radicals to a Common Index. 
221. Let it be required to reduce Va and \/a to equivalent 
radicals having a common index. Substituting for the radical 
signs fractional exponents, the given quantities are 

d^ and a^. 
Eeducing the exponents to a common denominator, the ex- 
pressions are 3 a 
a^ and a^, 

or V^ and Va^, 
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which are of the same value as the given quantities, and have 
a common index 6, Henee we derive the following 



Eeduce the fractional exponents to a common denominator, raise 
each quantity to the power denoted by the numerator of its new ex- 
ponent, and take the root denoted by ' 



2. Reduce a'- 

3. Eeduce 2" 

4. Eeduce S^ 

5. Reduce a' 



EXAMl'LES. 
a^, and a^ to a common index. 

Ans. a~^, aP", and af'^. 
a^, and b^ to a common index, 

Ans. a\ a"^, and 6'^. 
3^, and 5^ to a common index. 

Ans. 'V6i, "/81, and '\/l25. 
2^, and 2^ to a common index. 

Ans. '\/729, 'i/256, and 'VHl^. 
a™, and a" to a common index. 



Ans. a^", a^""*, and a^""'. 

6. Eeduce VS, VB, and \/7 to a common index. 

7. Reduce V2ab, VSa^, and V5a¥ to a common index, 

8. Eeduce Va+b, \/a—-b, and Va^—b^ to a common index. 

To add Radical Quantities togethej 
222. When the radical quantities are similar, the common 
radical part may be regarded as the unit, ind tho coefhci nt 
shows how many times this unit i'' repeited The Pum ot the 
coefficients of the given radicals will then denote how many 
times this unit is to be repeated in the required sum. 

If the radicals are not similar they can not be added, because 
they have no common unit In such a case, the addition can 
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only be indicated by the algebraic sign. Eadicals wliich are 
apparently dissimilar may become similar when reduced to 
their simplest forms. Hence we. have the i " 



EDLE. 
Eeduce each radical to its simplest firm. If ike resulting radi- 
cals are similar, add their coeffi,ciffnts, and to their sum annex the 
common radical. If fJiet/ are dissimilar, connect tliem by the sign 
of addition, 

EXAMPLES. 

1. Knd the sum of Vff, V4B, and V76. Ans. 12 V8. 

2. Find the sum of iVTify 3V75, and Vl92. 

Am. 61 Vs. 

3. Find the sum of t/72, V128, and VT62. 
4 Find the sum of Vl80, V405, and ^ 
5. Find the sum of 3V|, SV^V, and iV^. 

''6. Find the sum of V500, VTOS, and 1/256. 

7. Find the sum of 'i/40, VlsB, and i/S20. 

• 8. Find the sum of 2V|, V60, VW, and Vf. 

Ans. 4I-V15. 
9. Find the sum of ViSc^, VSOc^, and ■v'6aFc. 

Ans. {«+7c)-/5^. 
10. Find the sum of Vll^ + VSO^. 

Ans. {Sd'b+5ab)V2^b. 

/_, \/!:— ., and \/ .. 



Ans. 23 V2. 

Am. 23V5. 

'zs. VlO. 

Ans. 121/4. 

Am. 9\/5. 



11. Find the s 



ja^ ac , ad\ /: 

12. rind the sum of V4a^&, V25ai*, and5SVa6. . 

Am. (ao/fe)VS. 
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To find iJie Difference of Hadical Quantities. 

223. When the radicals are similar, it is evident that the 

subtraction may be performed in the same manner aa addition, 

except that the signs in the subtrahend are to be changed. 

Hence we have the following 

RULE. 
Eeduce each radical to its simplest form. If the resulting radi- 
cals are similar, find the difference of the coefficients, and io the re- 
sult annex the common radical part. If they are dissimilar, &ie 
subtraction can ordy he indicaied. 



1. Trom V4i8 take VTl2. Ans. 4V7. 

2. Trom 5 V20 take S V55. Ans. V^. 

3. Brom 2-V/50 take VlS. Ans. TVi 

4. From V80ct% take 'V'20^. 

5. From 2V'72^ take 1/162^. 

6. From Vm take v/2i. Ans. 2i/S. 

7. From 2 1/320 take 3 V^- 
f^foFx ^ 

' "2&' 



Ans. 



..(3<.-l)-\/f 



To multiply Radical Quantities together. 

324. We have found, Art. 215, that "y/a multipUed by Vb is 
equal to Vai. 

Hence, V2X'V^3=v'6. 

If the radicals have coefUcients, the product of the coefB,- 
cients may be taken separately. 

Thus, aVx'x.hVy=axly. Vxy. '</y=ahViKy; 
also, 3-v/8x5a/2=15VI6=60. 

If the radicals have not a common index, they must first be 
reduced to a common index. Hence we have the following 
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RULE. 

Ifri&xssaTy, reduce the given radicals to a comm/m index. Mul- 
tiply the coefficients ioge&erfor a new coefficient; also multiply the 
qitantities under the radical signs togetlier, and place this product 
under the common radical sign. Then reduce the result to its sim- 
plest form. 

ESAMFLES, 

Find tbe value of the following expressions : 

1. 3V^x2V6. Ans. MV3. 

2. 5V8x3v^. Ans. 30VTo. 
8. V2 X Vs. ' Ans. '/72. 

4. 5V3x7VfxV2. ^m 140. 

5. cVaxdVa. Ans. acd. 

6. 7Vl8x5Vi. Ans. 70 1/9. 

7. iv'^xAVT7. 

8. iVl8x5l/20. 

9. i/i X 7 '/B X ^ Vs. ^«s. 7 VTB. 

225. We have seen, Art. 58, that the ea^onmt of any letter in 
a product is equal to the sum of the exponents of this letter in the 
multiplicand and multiplier. That is, a"'xa'=a"+", where w. 
and n are supposed to be positive ivkole numbers. 

When one or both of the exponents are negative, we must 
take the algebraic sum of the exponents. For, i 
negative. Then 
o" X «-" 

The same relation holds true when m and n are fractional ; 
thatis, ««'xa'^K«'^^ 

For ffi«x«^=VaP^vV, Art.214,=7a^xVa^, Art. 220, 

=7^^^^, Art.224,=a ^' =a^ \ 
Hence "we conolndD that the exponent of any letter in a product 
is equal to the algebraic sum of the exponents of this letter in the 
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multiplicand and multiplier, whether the exponents are positive w 
negative, integral or fractional. 

ESAMPLES. 

Ans. 15a^. 
Ans. QZa^. 



5. Knd the product of a^, a , a , and a^^. 

Multiplication of Polynomial Badicals. 

226. By combining tlie preceding rules witb that for the 
multiplication of polynomials, Art. 61, we may multiply togeth- 
er radical expressions consisting of any number of terms. 

Ex. 1. Let it be required to multiply 

a^+2#-a* by <^-Z(^-^% 



-8a ~Qar + Ba^ 

Ex. 2. Multiply 3+ Vs by 2-v^. ^w5. l-VS. 

Ex. 3. Multiply 7+2V6 by 9-6t/6. 4ns. 3-17i/6. 
Ex. 4 Multiply 9+2-/l() by 9-2l/l0. Ans. 41. 

Ex. 6. Multiply 3 Vffi-TVS by Vl|+2 VSf. 4iis. 84. 
Ex. 6. Multiply cVa+dVl by Wa—dVb. 

Am. ac*— M^. 

Ex. 7. Multiply o»_o=+<»*-i>'+<>*-«+o*-l by o*+l. 
4i!s. a*— 1. 
L 
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To divide one Badical Quaniiiy hy another. 

227. The division of radical quantities depends upon the fol- 
lowing principle : 

-The quotient of the nth roots of two quantities is equal to the nth 
root of their quotient ; or, 

for the nth pow-er of each of these expressions is t, Art. 186. ' 
Let it be required to divide ia^VOby by 2o!-v/36. 

2aVSb 2<t V 3b 
Hence we have the following 

EULE. 
^necessary, reduce the giveA radicals to a common index. Di- 
vide the coefficient of the dividend hy that of tlie divisor for a new 
coefficient ; also the quantity under the radical sign in the dividend 
by that in the divisor, and place this quotient under tlie common 
radical sign. Then reduce the result to its simplest form. 

BSAMFLES. 

1. Divide 8VT08 by 2l/6. Am. 12V2. 

2. Divide 8^512' by 4^2. Ans. 8^/4. 
S. Divide 6 V^i by 3 V2. Ans. 6. 
i. Divide 4\/72 by 2vl8. 

5. Divide Wdahj by 2VSy. 

6. Divide 16(«=t)^ by 8{acf. 

7. Divide 4VUhy 2Vk. Am. 2V^. 

8. Divide VM by 2. Ans. V^. 



9. Divide Va/'bc by v/o^V. 



' bff 



228. We have seen, Art. 72, that the exponent of any letter in 
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a quotient is equal to the difference hettveen Hie exponents of this let- 
ter in the divisor and dividend. 

The same relation holds true lohether the exponents are posi- 
tive or negative, integral or fractional , that is, universally, 



For the quotient must be a quantity which, multiplied by 
the divisor, shall produce the dividend ; and, according to Art. 
225, the exponent of any letter in a product is in all eases 
equal to the algebraic sum of the exponents of this letter in 
the multiplicand and multiplier. Hence this relation must 
hold true universally in division. 

EXAMPLES. 

■ 1. Divide (aby by (oS)*. Ans. (aby 

2. Divide a^ by a^. 



3. Divide 4Vai by 2 Vol. Ans.- 2 Va^. 

4. Divide 9m%a-li)^ by Sm(a;--6)i. Ans. Smia-h)^'. 

5. Divide aH"^ by ah^. Ans. a^i"^. 

6. Divide 4^ by 2^. Ans. i 

Division of Polynomial Radicals. 

229. By combining the preceding rules with that for the di- 
vision of polynomials. Art. 80, we may divide one radical ex- 
pression by another containing any number of terms. 

Ex.1. Letitberequired to dividend— a'— ra*+(t^ by a^—1. 




Ex.2. Divide Qa-h by "At^ -ik 



a^-a^, Ans. 



Ans.Aa^+iaH^-\-h^. 
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Ex. 3. Divide a-41a*-120 by a^+4a'^+5. 

Ans. fl'*~4a"^+lla^— 24. 
Ex. 4. Divide a^+Ub^ by «^+46^. 

Ans. a^-iah^+lGbk 

Ex. 5. Divide x^—xy^+x^y^y^ by x^—y'^. 

Ans. x+y. 
To involve a Hadical Quantity to any povjer. 
230. Let it be required to laise d^ to the rath power. 

The square of a™ is «."' X aP^=a™ "'=«'". 

1 1 I. 1 1 1 1 1 1 A 
The cube of ft™ is arxd^xa'^=a"' ™ "'^a™. 

1111 l+l+l,ot.., ^ 

The wth power of a™ is tt'"xa'"xn™,etc.,=tt"' ^ ™ =za™. 
Hence, to involve a radical quantity to any power, we have 
the following 

K1TLE. 

Multiply ike Jractional exponent of the quantity by ihg exponent 
ofOie required power. If (he radical has a coeffixAeiit,let thisbe in- 
volved separately ; then reduce the result to its simplest form. 

If the quantity is tinder the radical sign, it is generally moat 
convenient to substitute for this sign the equivalent fractional 
exponent ; but if we choose to retain the radical sign, we must 
raise the quantity under it to the required power. 



1. Eequired the fourth power of fa*, Ans. ^jo^. 

% Eequired the cube of f VS. Ans. -y VS. 
8. Eequired the square of 3 V^. 

4. Eequired the cube of 17^21. 

5. Eequired the fourth power of iV 6. Ans. ^^j. 

6. Eequired the fourth power of 2 VSa'S. 

Ans. 16a«v^yK=i5. 

7. Eequired the fourth power of abVah. Ans. aW, 
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8. Required the sixth power of {a+by, 

Ans. a?+2ab+h\ 

9, Required the value of Vi^ff X V(ff)^- Ans. -^. 

10. Required the value of V(M^ x V(2a^6)*'. 

Ans. {2ab'f. 

To Extract any Root of a Madical Quantity. 
231. A root of a quantity ia a factor which, multiplied by 
itself a certain number of timeSj will produce the given quanti- 
ty. But we have seen, that the nth power of a*" is <i™. There- 
fore the nth root of a™ is o'". Hence we derive the following 

EULE. 

Divide the fractional exponent of the quantity by the index of the 
required root. If the radical has a coefficient, extract its root sey - 
arately if possible; otherwise introduce it under the radical sign. 
Then reduce the result to its simplest form. 

If the quantity is under the radical sign, and we choose to 
retain the sign, we must, if possible, extract the required root 
of the quantityunder the radical sign ; otherwise we must mul- 
tiply the index of the radical by the index of the required root. 



EXAMPLES. 






1. Find the square root of 9(3)*. 


Ans. 


3 Vs. 


2. Eind the cube root of \V^. 


Ans. 


JV2. 


3. Find the square root of 10^. 






4. I'ind the cube root of -^^ 






5. Find the fourth root of i^cs"^. 






6. Find the cube root of -^a^. 






7. Find the cube root of |-v/|. 


Ans 


■^- 


8. Find the square root of 3 VI. 


Ans. 


i/iffi. 



9. Find the fourth root of | Vr- Ans. ^ 1/12. 
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Operations on Imaginary Quantities. 

232. It has been shown, Art, 195, tliat an even root of a neg- 
ative qi^antity is impossible. Thus, V— 4, V— 9, V— 5a are 
algebraic symbols representing operations which it is impossi- 
ble to execute ; for the square of every quantity, whether posi- 
tive or negative, is necessarily positive. Quantities of this na- 
ture are called imaginary or impossible quantities. Neverthe- 
less, such expressions do frequently occur, and it is necessary 
to establish proper rules for operating upon them. 

233. The square root of a negative quantity may always he rep- 
resented hy the square root of a positive quantity multiplied hy the 
square, root of —1. 

Thus, V^=v'4x-l=2-\/^, 

v'^ = vTx^ = VI-/^, 

V— a— Vax — 1 — VaV — 1. 

The factor V— 1 is called the imaginary factor ^ and the other 
factor is called its coefficient. 

234. When several imaginary factors are to be multiplied 
together, it is best to resolve each of them into two factors, of 
which one is the square root of a positive quantity, and the 
other V — 1- We can then multiply together the coeflicients 
of the imaginary factor by methods already explained. It 
only remains to deduce a rule for multiplying the imaginary 
factor into itself; that is, for raising the imaginary factor to a 
power whose exponent is equal to the number of factors. 

The first power of V — 1 is V— 1. 

The second power, by the definition of square root, is —1. 

The third power is the product of the first and second pow- 
ers, or — Ix V— 1 = — V — 1. 

The fourth power is the square of the second, or +1. 

The fifth is the product of the first and fourth ; that is, it is 
the same as the first ; the sixth is the same as the second, and 



(by Google 



RADICAL QUANTITIES. 16/ 

80 on ; so that all the powers of V — 1 form a repeating cycle 
of the following terms : 

+ -/^, -1, -V^l, +1. 

EXAMPLES. 

1. Multiply V^ by V^^. 

2. Multiply l+V^^ by 1-V^. Ans. 2. 

3. Multiply Vl8 by V^. 

4. Multiply 5+2V^ by 2-i/^. 

5. Multiply aV^ by cV^. Ans. —acVbd. 

6. Multiply 1--/^ by itself. Am. ~2V^. 

7. Multiply 2^3--/^ by 4:Vh-2V^. 

Ans. 14-8V3lB. 

8. Multiply a+VhV^^ by a— v^-/^. ^m. a'^+h. 

9. Multiply <iV^^^ by V-a'h^ 

10. Multiply V^4-V3j, by V^^-V^b. 

11. Multiply -v/Z:i7+-v'^;^ by -/3il9- v'^^lM. 

^ws. 2V7. 

235. Division of Imaginary Quantilies. — The quotient of one 
imaginary term divided by another is easily found by resolv- 
ing both terms into factors, as in the preceding article. 

Ex. 1. Let it be required to divide V — ab by V— a. 



Ex. 2. Divide bV-l by cV^ 
Ex. 3. Divide unity by V — 1. 
Ex. 4. Divide a by 6a/'^. 
Ex. 5. Divide a hyVaV^l. 



= Vh, Ans. 
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Ex. 6. Divide V-l^ + V^+V-d by V-S. 
Ex. 7. Divide 2V8-V^^10 by -V^. 

Ans. V5+4:V^1. 

To find Multipliers whidi shall cause Surds to become National. 

236, lafc. When the surd is a ■moiiormal 

The quantity Va is rendered rational by multiplying it by 

v^- . 

Eor 'i/aX-)/a—a^xa^=a. 

So, also, a^ is rendered rational by multiplying it by a^. 
Also, a^ is rendered rational by multiplying it by a* ; and a" 

by multiplying it by a ^~". 

Hence we deduce the following 

RULE. 

Multiply Hie surd hy the same quantity having such an exponent 
as, when added to the exponent of the given surd, shall make unity. 

237. 2d,. Wben the surd is a binomial 

If the binomial contama only the square root, vihultiply the 
given, binomial 1/y the sarne terms connected by the opposite sign, 
and it wiU give a rational pioduct. 

Thus the expression Va + Vfi multiplied by "Va—Vb gives 
for a product tt— &. 

Also the expression \/a+Vb multiplied by *\/a—\/b gives 
for a product Va—Vb, which may be rendered rational by 
multiplying it by Va-\-Vb. 

In general, V« ± V^ niay be rendered rational by success- 
ive multiplications whenever m and n denote any power of 2. 
When m and n are not powers of 2, the binomial may still be 
rendered rational by multiplication, but the process becomes 
more complicated. 

Ex. 1. Eind a multiplier which shall render VS + VS ration- 
al, and determine the product. 
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Ex. 2. Find a multiplier which shall render VS— Vx ration- 
al, and determine the product. 

Ex.3. Find multipliers which shall render VZ—Vx ration- 
al,- and determine the product. 

238. 3d. When the surd is a trinomial. 

"When a trinomial surd contains only radicals of the second 
degree, we may reduce it to a binomial surd by multiplying it 
by the same expression, -with the sign of one of the terms 
changed. Thus, Va+V6+Vc multiplied hy t/w+VJ— Vc 
gives for a product a+h—c+lVah, -which may be put under 
the form of m+2 Va5. 

Ex. 1. Find multipliers that shall make i/5 + VS— V2 ra- 
tional, and determine the product. 

Ex. 2. Find multipliers that shall make 1+ ^2+ v^ ration- 
al, and determine the product. 

To transform a Fraction whose DenominatoT is a Surd in such 
a Manner that the Denominator shall he Maiitmal. 



239. If we have a radical expression of the form - 



or -7= -T=, it may be transformed into an equivalent expres- 
sion in which the denominator is rational by multiplying both 
terms of the fraction by V6± Vc. Hence the 
EULE. 
MvMply io& numerator and denominator hy a factor lohicTi 
will render- the denominator rational. 

EXAMFLS8. 
Eeduce the following fractions to equivalent fractions having 
a rational denominator: 

1. -^. Ans.^—. 
V3 _ 8_ 

1 . V5 + V2 

2. ~- _ Ans. ^ . 
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•2 ^^ 8V2+2 

Am. 2+1/2- V6. 



■1/3 + 1/2+1 



■ VS 

„ 1/2 



•1/2 

l + '+v"!^ J.. 1+^1= 



240. The utiliiy of the preceding transformations will be seen 
if we attempt to compute the numerical value of a fractional 
surd. 

Ex. 1. Let it be required to find the square root of -f ; that is, 

1/3 
to find the value of the fraction — r=. 

Making the denominator rational, we have — y— , and the 

value of the fraction is found to be 0.6546. 

Ex, 2. Compute the value of the fraction —p^ —. 

^ 1/11+ -/a 

Ans. 3,1003. 

Ex. 3. Compute the value of the fraction -—^ ;=, 

^ V7+V3 

Am. 0.5595. 

Vs 

Ex.4. Compute the value of the fraction — ; - _ ^ — — ^r. 

^ 21/8+31/5-7-1/2 

Ans. 0.7025. 
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9 + 2VIO 



Ex. 5. Compute the value of the fraction 



9-2Vl0' 
Ans. 5.7278. 



Square Boot of a Binoraial Surd. 

241. A hiTwrnial surd is a binomial, one or both of whose 
terms are surds, as 2 + V3 and V^-~V% 

A quadratic surd is the square root of an imperfect scLuare. 

If we square the binomial surd 2+VS, we shall obtain 
7-f4V3. Hence the square root of 7+4V3 is a + VS; that 
13, a binomial surd o/the/ornt a±vb jnay sometimes he a perfect 



242. Tbo method of extracting the square root of an expres- 
sion of the form a^Vb is founded upon the following princi- 
ples: 

1st. The sum or differen/ie of two quadratic surds can not he 
equal to a rational qimntiiy. 

Let Va and Vb denote two surd quantities, and, if possible, 

where c denotes a rational quantity. By transposing Vh and 
squaring both members, we obtain 



±V^: 



h^c^ 



The second member of the equation contains only rational 
quantities, while Vi was supposed to be irrational; that is, we 
have an irrational quantity equal to a rational one, which is 
impossible. Hence the sum or difference of two quadratic 
.surds can not be equal to a rational quantity. 

243. 2d. In any equation which involves ioth rational guanii- 
iiea and quadratic surds, Ae rational parts in the two members are 
equal, and also the irraiional parts. 

Suppose we have 
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Then, if x be not equal to a, suppose it to te equal to a-\-in; 

so that m=: Vb— s/y ; 

that is, a rational quantity is equal to the difference of two 
quadratic aurds, which, by the last article, is impossible. There- 
fore x=a, and consequently Vy — Vb. 

24;4. To find an expression for Hie square root of a^Vb. 

Let us assume Vffl+ V6= VS4- Vy. (1.) 

By squaring, a+Vh=x-'r2Vxy-\-y. (2.) 

By Art. 243, a = x-\-y, (3,) 

and V6=2V^. (4.) 

Subtracting (4) from (8), we have 

a—Vh^x—i-Vxy-^y. (5.) 

By evolution, 1/Q~f%—^fx—Vy. (6.) 
Multiplying (1) by (6), we have 

■V^^^x^y, (7.) 

Adding (3) and (7), a+Va^-h^lx. (8.) 



Hence, x—- 

Sabtracting (7) from (3), 



(10.) 



It is obvious from these equations that x and y- will be ra- 
tional when (^—b is a perfect square. If ^~h be not a perfect 
square, the values of V^ and Vy will be complex surds. 

Hence, to obtain the square root of a binomial surd, we pro- 
ceed as follows : 

Let a represent the rational part, and Vh the radical part, 
and find the values of a:; and y in equations (9) and (10). Then, 
if the binomial is of the form a-\-Vh, its square root win be 
t/x-^ Vy- If the binomial is of the form a— Vh, its squai'c 
root -will be v^— Vy. 
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ESAHPLES. 

the square root of 4+2V'3, 
Here a=4: a,nd Vb=2VS; or 6=12, 

4+ViF:i2 ^ 



2 
Hence -i/x+Vy=VS + l, Ans. 

Verification. The square of y'3+lis3 + 2V3+l-4+2V3. 
2. Required the square root of 11 + 61/2. 
Here a=ll and V6=6V2; or 5=72. 

a;=9 and j/^3. 
-v^+V^=3 + 'V^, -iins. 
S. Eequiredthe square root of 11—21/30. Ans. i/6— V5. 

4. Required the square root of 2+ -1/3. Ans. V'§+ V-|. 

5. Required the square root of 7+2VT0, J.«s. V5+ V2. 

6. Required the square root of 18 + 8V5. 

Am. VT0+2V2. 

245. This method is applicable even when the binomial con- 
tains imaginary quantities. 

7. Required the square root of 1+4V— 3. 
Here a=l and ^6=41/33. 

Hence 5=-48 and aJ'-h-AQ. 

Therefore x=4l and ^=—3. 

The required square root is therefore 2 + V'— 3, Ans. 

8. Required the square root of --j+vV'— 3, 

Ans. i+i-/^. 

9. Required the square root of 2V— 1 or 0+2^—1. 

Ans. l-\--\f—i. 
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i the value of the expression 
V6+2V5-V6-2V5. 
11. Required the value of the e 



V4+8A/-2O+ V'4-8-\/320. ^«s. 6. 

12. Required the square root of — 8+ V— 16. 

Ans. 1+2-/^. 

13. Required the square root of 8V — 1. 

^915. 2+2V^. 

/Simple ISquations containing Radical Quantities. 
246. When the unknown quantity is affected by the radical 
sign, we must first render the terms containing the unknown 
quantity rational. This may generally be done by successive 
involutions. For this purpose we first free the equation from 
fractions. If there is but one radical expression, we bring that 
to stand alone on one side of the equation, and involve both 
members to a power denoted by the index of the radical. 



Ex.1. 


Given 3;+ Va;^-3a;+60^12 'to find x. 




Transposing x and squaring each member, we 


have 




a;2~3x+60^144-243;+cc^ 




whence 


a:=4. 




Ex.2. 
Ex.3. 


Given V'^+ V«+^=— =4= to find sc. 

Vfl + X 

„. 17-5v^ , ^ A 
Given --— — :=;— d to nnd x. 


.„...| 


Ex.4. 


Given V43;=— 73^-6=9-23; to find x. 





247. If the equation contains two radical expressions com- 
bined with other terms which are rational, it is generally best 
to bring one of the radicals to stand alone on one side of the 
equation before involution. One of the radicals will thus be 
made to disappear, and, by repeating the operation, the remain- 
ing radical may be exterminated. 

Ex.6. Given v'a;+19+v'ic+10=9 to find x. 
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By transposition, Vx+19—9— 
ScLuaring, x+19=9l4-a;— 

iposing and reducing, 

^+10 = 




36+iK=18+Va; to find x. 
Tiah = 2b+Vx to find x. 
= Va^ +xVb'^+ aP'-a^+a to find x. 

248, When an equation contains a fraction involving radical 
quantities in both numerator and denominator, it is sometimes 
best to render the denominator rational by Art. 239 ; but the 
best method can only be determined by trial. 

-CI An- Vx+Vx—3 3 , c J 

iiix. 9. triven -^= ■— — r, to nnd x. 

Vx~VxS ^-3 

Multiply both terms of the first fraction by Vx+Vx—S, 

and we have (-v^+v^Il3)'' _ 3 

~xS' 



9_ 
-3' 



x-{x-&) 

or {Vx+Vx—Sf=- 

Extracting the square root, 

-v/^+-v/Sr3=-4=- 
Vx^ 
Clearing of fractions, 

whence x='i, Ans. 

Ex. 10. Given V g^+ ^^ + '^g^ ^ig ^ find x. 
Ex. 11. Given 'Vax+h—'Vcx+d to find x. 



Ex. 12. Given - 
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Es.l3. Given ^^^ =1 + ^(V3^-1) to find a;. 
■ V^+1 

Ans. x=S. 



Vx+Sn Vx+n 

Ex.15. Given (V^-6){VS+25)^(5+3V'a;) (V^+S) to 
find X. A71S. x=9. 

Ex.16. Given V^xSn^Wn- V2^ to find x. 

Ans. x=2n. 



■Vx+2 Vx+AO 

Es. 18. Given —-^ — = — ^ - ■ ■ to find x. 
VQx+2 Vdx+Q 

■Di -lA n- &X—Q ^ V^— 3 ^ , , 
Ex.19. Given —= 1 — — -x — to find x. 

Ex. 20. Given V4a+x=2^Vb+x— Vx to find x. 
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CHAPTEE XIV. 

EQUATIONS OF THE SECOND DEGREE. 

249. An equation of the second degree, or a quadratic equation 
with one unknown quantity, is one in which the highest power 
of the unknown quantity is a square. 

250. Every equation of tho second degree containing but 
one unknown quantity can be reduced to three terms; one con- 
taining the second power of the unknown quantity, another the 
first ^oioer, and tho third a hrwwn quantity; that is, it can be 

reduced to the form , , 

:i?-\-px=q. 

Suppose wo have the equation 

^+^^+-g~ + 13|=(3;+3)(3;-l). 

Clearing of fractions and expanding, we have 

9x^+7x-6+4a;-8 + 164=12a::^+24E-36. 
Transposing and uniting similar terms, we have 

Dividing by the coeflicient of x^, that is, by —3, we have 

x^+^x=62, 

■which is of the form above given, p in this case being equal to 
^, and 2 being equal to 62. 

251. In order to reduce a quadratic equation, to three terms, we 
must first clear it of fractions, and perform all the operations 
indicated. We then transpose all the terms which contain the 
unknown quantity to the first member of the equation, and the 
known quantities to the second member; unite similar terms, 
and divide each term of the resulting equation by the coeffi- 
cient of x^. 
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252. An equation of the form a^+pa;— g is called a complete 
equation of the second degree, because it contains each class of 
terms of which the general equation is susceptible. 

253. The coef&cient of the first power of the unknown quan- 
tity may reduce to zero, in which ease the equation is said to 



An incomplete equation of the second degree, when reduced, 
contains but two terms : one containing the square of the un- 
known quantity, and the other a known term. 

Incomplete Equations of the Second Degree. 
254. An incomplete equation of the second degree may be 
reduced to the form x'^=q. 

Extracting the square root of each member, we have 

X—±-\/q. 
If 5 be a positive number, either integral or fractional, we 
can extract its square root, either exactly or approximately, by 
the rules of Chap. XII. Hence; to solve an incomplete equa- 
tion of the second degree, we have the 



Eeduce the equation to the form a?=q, and eidncl iJi' ijnare 
root of each member of Hie equation. 

255. Since the square of both +m and — m is +/«." the 
square of +V^ and that of — v^ aie both -\-q Hence the 
above equation is susceptible of two soluitons, or has tioo luols; 
that is, there are two quantities, which, when substituted for x 
in the original equation, will render the two members identical. 
These are +Vg and ~^/q. 

Hence, Every incomplete equation of Hie ^m^nd degiee has two 
roots, equal in numerical value, hut mth oppositt, sig? s 

EXAMPLES. 
Find the values of x in each of the following equations : 
1. 4x'^-7 = 3x^+9. Ans. (C=±4. 
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Sliow that each of these values will satisfy the equation. 
2. cc^-17^1S0-23^. Ans.x=±7. 



4a^+5 




±V^ 



Am. a:=±--=. 
V3 



Am. (»=:±1, 
Ans. a;= ± 3. 



Note. Clearing of fractions and transposing, we find in each 
member of this equation a binomial factor, which being cancel- 
ed, the equation ia easily solved. 

PROBLEMS. 

Prob. 1, What two numbers are those whose sum ia to the 
greater as 10 to 7, and whose sum, multiplied by the less, pro- 
duces 270? 

Let 103:^=:their sum. 

Then 73;=the greater number, 

and 3j::= the less. 

Whence 30x^^270, 

and x'^=9; 

therefore x=±S, 

and the numbers are ±21 and ±9. 
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Prob. 2. Wbat two numbers are those whose sum is to the 
greater as to to n, and whose sum, inultiplied by the less, is 
equal to a? 

Ans. ^ V ~r~Z''\ " 

.Prob. 3. What number is that, the third part of ^ 
square being subtracted from 20, leaves a remainder equal 
to8? 

Prob. 4. What number is that, the mth part of whose square 
being subtracted from a, leaves a remainder equal to h? 

Ans. ±Vin{a—b). 

Prob. 5. Find three numbers in the ratio of v, s, and 2, the 
sum of wKose squares is 724 

Prob, 6, Find three numbers in the ratio of m, n, and j), the 
sum of whose squares is equal to a. 
Ans. 

^JZ^I-. ±\/^^^; and ±x/ ^f^^, . 

Prob. 7. Divide the number 49 into two suoh parts that the 
quotient of the greater divided by the less may be to the quo- 
tient of the less divided by the greater as | to |. 

Ans. 21 and 28. 

Noie. In solving this Problem, it is necessary to assume a 
principle employed in Arithmetic, viz.. If four quantities are 
proportional, iheprodud o/ihe extremes is eqital to ihe;prodw:i of 
the means. 

Thus, if a: by.c: d, 

then ad= he. 

Prob. 8. Divide the number a into two such parts that the 
quotient of the greater divided by the less may be to the quo- 
tient of the less divided by the greater aa m to n. 

. aVm , aVn 

A-ns. — ^ 7^ and --= — -7^. 

Vm+Vra Vm-\--Vn 

Prob. 9. There are two square grass-plats, a side of one of 
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wtieh is 10 yards longer than a side of the other, and their 

areas are as 25 to 9. What are the lengths of the sides? 

■'"Prob. 10. There are two sq^uares whose areas are as m to Ji, 

and a side of one exceeds a eide of the other by a. What are 

the lengths of the sides? 

. «Vm , . ffi/n 

Ans. —7=- -^ and - 



'S/m—-Vn Vm—i/n 

Prob. 11. Two travelers, A and B, set out to meet each other, 
A leaving Hartford at the same time that B left New York. 
On meeting, it appeared that A had traveled 18 miles more 
than B, and that A coiald bave gone B's journey in 15f hours, 
but B would have been 28 hours in performing A's journey. 
What was the distance between Hartford and New York? 
Ans. 126 miles, 
Prob. 12. From two places at an unknown distance, two 
bodies, A and B, move toward each other, A going a miles more 
than B. A would have described B's distance in n hours, and 
B would have described A's distance in m hours. What was 
the distance of the two places from each other? 



K 



'-^'S nci^ %:z&^/^'^U.^ ' Vm-v^" 



'rob. 13. A vintner drllfrs"a certain quantity of wine out of 

a full vessel that holds 256 gallons, and then, filling the vessel 

with water, draws off the same quantity of liquor as before, 

and so on for four draughts, when there were only 81 gallons 

of pure wine left How much wine did he draw each time? 

Ans. 64, 48, 36, and 27 gallons. 

Note. Suppose - part is drawn each time. 

256 266(3;— I'i 
Then 256 —=■ — ^^ remains after the first draught. 

Similarly, ■ 3 -■ - remains after the second draught, and 

so on. 
Hence 2^(2^=81. 
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Prob. 14. A number a is diminiabect by the nth part of it- 
self, this remainder is diminisbed by tbe nth part of itself, and 
so on to tbe fourth remainder, which is ecLual to b. Eequired 
tbe value of n. 

An, •'^° 

Prob. 15. Two workmen, A and B, were engaged to work 
for a certain number of days at different rates. At the end of 
the time. A, who bad played 4 of those days, received 75 shil- 
lings, bnt B, who had played 7 of those days, received only 
48 shillings. Now had B only played 4 days and A played 7 
days, they would have received tbe same sum, Por bow 
many days were they engaged ? Ans. 19 days. 

Prob. 16. A person employed two laborers, allowing them 
different wages. At the end of a certain number of days, tbe 
first, who had played a days, received m shillings, and tbe 
second, who had played b days, received n shillings. Now if 
the second had played a days, and the other b days, they would 
both have received the same sum, Por how many days were 
they engaged? 

bVm—aVn , 

jins. ■■■ -=- days. 

Vm—Vn 

Oomplefe Equations of the Second Degree. 
256, In order to solve a complete equation of the second de- 
gree, let the equation be reduced to tbe form 

If we can by any transfoi'mation render tbe first member of 
this equation, the perfect square of a binomial, we can reduce 
the equation to one of the first degree by extracting its square 
root. 

Kow we know that tbe square of a binomial, x+a, or x^+ 
2ax-^a^, is composed of the square of tbe first term, plus twice 
the product of the first term by the second, plus, the square of 
the second term. 

Hence, considering x^+px as the first two terms of the 
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square of a binGmial, and conseq^uently px as being twice the 
product of the first term of the binomial bj the second, it is 

evident that the second term of this binomial must be ^. 

257. In order, therefore, that the expression x^+px may be 
rendered a perfect square, we must add to it the square of this 

second term ~ ; and in order that the equality of the two mem- 
bers may not be destroyed, we must add the same quantity to 
the second member of the equation. We shall then have 

x^+px+^=q+^. 
Taking the square root of each member, we have 

whence, by transposition, x—- 

Thus the equation has two roots: one corresponding to the 
plv^ sign of the radical, and the other to the minus sign. These 
two roots are 



258. Hence, for solving a complete equation of the second 
degree, we have the following 

EULE. 

1st. Reduce (he given equation lo Reform ofx^-\-px=q. 

2d. Addto each member of (lie equation (he square ofhalfihe co- 
efficient of the first power ofx. 

3d. Mdract the square root of both members, and the equation 
will he reduced to one of (he first degree^ which may be solved in (lie 
usual manner. 

259. When the equation has been reduced to the form x^-\- 
px—q, its two roots will be equal to half die coefficient of the sec- 
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ond term, taken with a contrary sign, plus or minus the square 
root oftlie second msmher, increased by the square of half the coeffi,- 
cient of ike second term. 

Ex, 1, Let it be required to solve tlie ec|_uation 
x=-10a;=-16. 

Completing tlie square by adding to eacli member tlie square 
of half the coefScient of the second term, we have 

Extracting the root, cc—5—±3. 

Whence a;=5±S= 8 or 2, Ans. 

To verify these values of x, substitute them in the original 
equation, and we shall have 

8=- 10x8 = 64-80 -:-16. 
Also, 2^-10x2= 4-20 = -16. 

Ex.2. Solve the equation 2a;=+85c-20=70. 

Ans. x=+6 or — 9, 

Ex. 3. Solve the equation Bx^—Bx+Q=6^. 

Seducing, 3f—x=—^. 

Completing the square, a?—x+^=^—%=-^. 
Hence ic=i±J-=-| or ^, Ans. 

Second Method of completing the Square. 
260. The preceding method of completing the square is al- 
ways applicable ; nevertheless, it sometimes gives rise to incon- 
venient fractions. In such cases the following method may be 
preferred. Let the equation be reduced to the form 

ax^-j-hx=c, 
in which a and b are whole numbers, and prime to each other, 
but c may be either entire or fractional. 

Multiply each member of this equation by 4a, and it becomes 

AaV + icfhx — iac. 
Adding Jf to each member, we have 

4a^a:^ + iabx + P=4:ac + ^, 
where the first member is a complete square, and its terms are 
entire. 

Extracting the square root, we have 

2ax+b= ± Victc+b'^. 
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Transposing i, and dividing by 2a, 

— 6± V4ac+6^ 



2(6 

■wliioh is the same result as would be obtained by the former 
rule ; but by this method we have avoided the introduction of 
fractions in completing the square. 

If h is an even number, ^ will be an entire number ; and it 

would have been sufficient to multiply each member by «, and 

add J- to each mcmher. Hence we have the following 

RULE. 

1st. Reduce the equation to the form ay?-\-hx^c, where a and b 
are prime to each other. 

2d. ^bis an odd nwmber, mvlUply the eguaiion by four times 
the coejicient o/x\ and add to each memier the square of (he coeffi- 
cient ofx. 

3d. If I is an even number, multiply the elation by the coeffi- 
cient ofx', and add io eaA member t}ie square of half the coefficient 
ofx. 

Ex.'4. Solve the equation 6a?—\Bx= — Q. 

Multiplying by 4x6, and adding 13^ to each member, we 
have 144:a;^-312x+169=-169-14i=25. 

Extracting the root, 12a;— 13= ±5. 
Whence 123;=18 or 8, 

and x—^ or §. 

Ex.5. Solve the equation llCte^— 21a:=— 1, 

Multiplying by 440, and adding 21^ to each member, we have 
48400(c^-9240:c+441=:l. 
Extracting the root, 220a;-21= ±1. 
Whence ^=-1^^ or -^. 

Ex. 6. Solve the equation 7x'~Sx=lQ0. 

Ans. x~5 or — ■^. 

261. Modification of the preceding Method. — The preceding 
method sometimes gives rise to numbers which are unneces- 
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aarily large. When the eqEation has been reduced to the form 
ax^+bx—a, it is sufficient to multiply it by any number which 
will render the £rst term a perfect square. Let the resulting 
equation be 

mV+nx=^2- 
The first member will become a complete square by the ad- 
dition of [^ — ) , and the equation will then be 

This method is expressed in the following 
RULE. 

Raving reduced the equation to Aeforin ax^+lx^c, multiply 
ffie equation by any quantity {the least possible) which will reruier 
(he first term a perfect sqmire. Divide the coefficient o/x in this 
new equation by tvnce the square root of the coefficient ofx^, and 
add the square of t/iis result to hoik members. 

Ex. 7. Solve the equation 8ic^-l-93:;=99. 

4 4' 
x=S or — ~, Ans. 
Ex, 8. Solve the equation 16a:^— 15x=34. 



x—2 or — rs, Ans. 
16 

Ex.9. Solve the equation 12x^=21+^. 

Solve the following equations: 

Ex.10. Jx^-- ia;+20i=42f. Ans. x=7 oi: -6^. 

Ek.ll. x'^—x-iQ=170. Ans. x=15ot: -14. 

Ex.12. Sx^+2x-9^76. 
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Ex.13. ix'-ix+n^S. 



Ex. 14. 


ex'-40 3»,-10 „ 
2ai-l 9-23! -''■ 




This ectuation reduces to x^-'15^x= 


-46. 

Aim. x=lli or 4. 

Am. x^?, or 6. 


Bi.16. 


90 90 27 . 
X x+1 x+2-"- 




Ex. 17. 
Ex. 18. 


x'-xVS=x-iVt 

Am. X 
x-1 x-S 2 
x-2 x-i~ 8' 


Va+s Vs-i 

2 ■" 2 • 
Am. a;=5 or 1. 


Ex. 19. 


X a+x 6 
«+x+ X -2- 


.ilms. x=re or — 2(y. 


Ex 20. 


x'-(a+b)x+ai=0. 


Ans. x=aoli. 


Ex. 21. 


(3j!-26){7x+29)=0. 


Ans. x=8J or -4|. 


Bx.22. 


SiB-2 21-6 10 
2x-6 ' 3i-2~ 3 


3 " 7- 


Ex. 23. 


(«-l)(a:-2)+(x-2)(»-4) 


= 6(2x-6). ^ 
yl?is. a;=8 or 5. 


Ex. 21 


170 170 61 
X x+1 x+'il 


Aiis.!B=4or-l|, 


Rtt. 9K 


(i^+ox+^ a?—QX+^ 


Hi. 



J.i;s. »:=— S« or 3a — j-. 


Equations which may he solved like Quadratics. 
262. There are many equations of a higher degree than the 
Bscond, which may be solved by methods similar to those em- 
ployed for quadratics. To this class belong all eqitations which 
contain only two jwiwj-s of the unknown ^antity, and in which 
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tJie greater exponent is douhle ilie less. Such equations are of tlie 

where n may be either integral or fractional. 

For if we assume y=x", then y'^=x^, and this equation 
becomes lf-\-Py—i! 

whence 
Extracting the rath root of each member, we have 



^-"^ 



Ex.1. Solve the equation a^— 133:^^-36. 
Assuming x^—y, the above becomes 
y-'-Uy^-'SQ; 
whence y='^ or 4. 

But, since ^=y, x— ± Vy. 

Therefore x=^-V9 or ±1/4. 

Thus % has four valuesj Viz., +S, —3, +2, —2. 
To verify these values : 
1st value, ( + 3)'-13(+3)3=-36, i.e., 81-117=:-36. 
2d value, (-3)''-13(-3)s^-36, i.e., 81-117-: -36. 
Sd value, (+2)'-13(+2)^-z-36, i.e., 16- 52=-36. 
4thvalue,(-2)*-13(-2)'=-36, i.e., 16- 52 = -36. 
Ex.2. Solve the equation a;^- 35^;^=— 216. 
Assuming x^=y, the above becomes 
j/2-35;/^-216; 
whence y=21 or 8. 

Hence x=\/y=^ or 2. 

This equation has four other roots which can not be d 
termined by this process. 
Ex. 3. Solve the equation ic+4V'a:=21. 
5 Vx=y, we have 

^^+4?/:^21; 
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whence y— 3 or —7. 

Therefore x=Q or 49. 

Although the square root of 9 is generally ambiguous, and 
may be either +3 or —3, still, in verifying the preceding val- 
ues, Y^ can not be taken equal to —3, because 9 was obtained 
by multiplying 4-3 by itself. Tor a like reason, -t/x can not 
be taken equal to +7. A similar remark is applicable to sev- 
eral of the following examples. 

263. The same method of solution may often be extended 
to equations in which any algebraic expression occurs with two 
exponents, one of which is double the olher. 

Ex.4. Solve the equation {s?-\-xf-9,&{a?A-(,')^-\20. 

Assuming a?'-{-x=y, this equation becomes 
i/^-263/^-120; 
whence !/ = 20 or 6. 

We have now the two equations, 

a;^-|-x=20, and x^-\-x~% 
the first of which gives ic=— 5or+4, 
and the second gives x— — 3 or +2. 

Thus the equation has four roots, 

_5, +4, _3, +2, 
and any one of these four values will satisfy the given equa- 
tion. 

Ex.5. Solve the equation Vx+l2+\/x+12. = Q. 

We find cc+12 = 16 or 81. 

Hence x—i or 69. 

Ex. 6. Solve the equation 2a^4- V2a;Hl=:ll. 

This equation may be written 

2ai2+l + V2x^+l = 12. 
Hence 2a?4-l-9 or 16; 

therefore x^-v%, -2, +-/7|, -VU- 



(by Google 



190 



ALGEBRA. 



264. JJquattons of the Fourth Degree.— An equation of the 
fourth degree may often be reduced to an equation contain- 
ing the iirst and second powers of some compound quantity, 
with known eoef&cients, in the following manner: Transpose 
all the terms to the first member; then extract the square 
root to two terms, and see if the remainder (with or without 
the absolute term) is a multiple of the root already obtained. 

Ex.7. Solve the equation a:^-12x'-{-Ux^-iBx=9009. 

We may proceed as follows : 



2a^-6a;) -l2x^+4Aa? 



or 8(3^ -6x)- 9009. 

Hence the given equation may be expressed as follows : 

Ans. x=13 or -7, or 3±8V-10 
Ex. 8. Solve the equation a!'-2x^+x=182. =(%'"-%) 
Ans. x~4: or —3, or ^ijv'— 43 
Ex. 9. Solve the equation cc*-f 4a:;^=12. 

Ans. a:;= ± VS or ± V^. 
Ex. 10. Solve the equation a;^— 8a:^=513. 

Ans. x=i$ or -^19. 
Ex. H. Solve the equation x^-\-aP' = 75G. 

Ans. x-2i8 or -V28^ 
Ex.12. Solve the equation ^a^— ix'= — ^. 

Atis. x=^V2. 
Ex.13. Solve the equation 23;^+3a;^=2. 

Ans. x=^ 
Ex. 14. Solve the equation ^ic— ^V^=22^. 

Ans. a:=i9 



361 



, , 9 

Ex.15. Solve the equation Vl0+^-t/10T^=2. 

Ans. x=Q or ~9. 
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Ex. 16. Solve the equation cc^+20a^-10=59. 

Ans. x=VS or V — 23. 

Ex. 17. Solve the equation Bx^—2x'^+B=ll. 

Ans. x=V^ or V— ^- 



Ex. 18. Solve the equation Vl+x—a;^—2{l+x—x'')=i. 
Ans. ic=i±iVil or ^i^VlT. 

Ex.19. Solve the equation Vx+Vx=20. 

Ans. x=2&6 or 625. 
Ex.20. Solve the equation ai'—ix^+1^—Gx=lS. 

Ans. x—5 or —1, or litV— 5, 
Ex. 21. Solve the equation x^+6x+4:=5Va?+5x+28. 
Ans. x=A or ~9, or — ■fiiv'-Sl, 
Ex 22. Solve the equation x'^+5=2Vx'-2x+2+2x. 

Ans. x—1. 
Ex.23. Solve the equation {x+Vxy-{x-\-Vxf='i0592. 
Atis. a:=9 or 16. 
Ex. 24. Solve the equation ^+ V2b+x=lb7.' 

Ans. a;=144 or 171. 
Ex, 25. Solve the equation Vx— l=x— 1. 

Ans. x — X or 2. 

265. We have seen that every equation of the second de- 
gree has two roots; that is, there are two quantities which, 
when substituted for x in the original equation, will render 
the two members identical. In like manner, we shall find 
that every equation of the third degree has three roots, an equa- 
tion of the fourth degree has four roots, and, in general, an 
equation of the mth degree has m roots. 

Before determining the degree of an equation, it should be 
freed from fractions, from negative exponents, and from the 
radical signs which affect its unknown quantities. Several of 
the preceding examples are thus found to furnish equations 
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of the fourth degree, while others furnish equations of the 
second degree. 

The above method of solving the equation x^'^-\-px'^—q will 
not always give us all of the roots, and we must have recourse 
to different processes to discover the remaining roots. The 
subject will be more fully treated in Chapter XXI, 

Problems ■producing Equations of ilie Second Degree. 
Prob. 1. It is required to find two numbers such that their 
difference shall- be 8 and their product 240. 
Let a;=the least number. 
Then will ic+8— the greater. 
And by the question, a:{3;+8)=a;^+83;=240. 
Therefore ic=12, the less number, 

x+8=20, the greater. 
Proof. 20— 12==8, the first condition. 

20x12 = 240, the second condition. 
Prob. 2. The Eeceiving Reservoir at Yorkville is a rectan- 
gle, 60 rods longer than it is broad, and its area is 5500 square 
rods. Bequired its length and breadth. 

Prob. 3. What two numbers are those whose difference is 

2a, and product M . — _ 

Ans. (i±vct +0, and — a±Vtt^+o. 

Prob. 4. It is required to divide the number 60 into two 
Buch parts that their product shall be 864, 

Let 3:!=one of the parts. 

Then will 60— a^=the other part 

And by the question, a^(60-a^)=603;-3;^=864. 

The parts are 36 and 24, Ans. 

Prob. 5. In a parcel which contains 52 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins, and tho whole are worth two dollars. 
How many are there of each? 4", -'■■'' '-■■ 

Prob. 6. What two numbers are those whose sum is 2a and 
product h? Am. a+Va'^— 6 and <x^^f^—b. 
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Prob.,7. There is a number consisting of two digife whose 
sum is 10, and the sum of their squares is 58. Eequired the 
number. 

Let a;=the first digit. 

Then will 10— 3;=the second digit. 

And x3+(10~T)^=2a;^-20a7+ 100=58; 

that is, ic^— lOa;^— 21, 

ic=5±2=7 or 3. 

Hence the number is 73 or 37. 

The two values of x are the required digits whose sum is 
10. It will be observed that we put a; to represent the first 
digit, whereas we find it may equal the second as well as the 
first. The reason is, that we have here imposed a condition 
which does not enter into the equation. If a: represent eiU-ier 
of the required digits, then 10— a; will represent the otkef, and 
hence the values of x found by solving the equation should 
give both digits. Beginners are very apt thus, in the state- 
ment of a problem, to impose conditions which do not appear 
in the equation. 

The preceding example, and all others of the same class, 
may be solved without completing the square. Thus, 

Let X represent the half difference of the two digits. 

Then, according to the principle on page 89, 5+x will rep- 
resent the greater of the two digits, and 5—x the less. 

The square of 5-\-x is 25+103^-1- txfl, 
5-a: " 25-103?+ x'' . 

The sum is 50 -f 2a;^, which, acoording to 

the problem, —58. 

Hence 2x''= 8, 

or x'^— 4, 

and X — ±2. 

Therefore, 5+x =7, the greater digit, 

and b—x —3, the less digit, 

Prob. 8. Pind two numbers such that the product of their 
sum and difference may be 5, and the product of the sum of 
their squares and the difference of their squares may be 65. 
N 
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Prob. 9. Find two numbers such that the product of their 
sum and difference may be a, and the product of the sum of 
their squares and the difference of their squares may be ma. 



2 ■ 

Prob. 10. A laborer dug two trenches, whose united length 
was 26 yards, for 356 shillings, and the digging of each of 
them cost as many shillings per yard as there were yards in 
ita length. What was the length of each ? 

Alls. 10, or 16 yards. 
Prob. 11. What two numbers are those whose sum is 2a, 
and the sum of their squares is 25.^ 

Alls. a-\--y/h—d', and a—'\/b—a:'. 
Prob. 12. A farmer bought a number of sheep for 80 dollars, 
and if he had bought four more for the same money, he would 
have paid one dollar less for each. How many did he buy? 
Let X represent the number of sheep. 

Then will — be the price of each. 



more for the same money. 
But by the question we have 

Solving this equation, we obtain x=l% Ans. 

Prob. 13. A person bought a number of articles for a dol- 
lars. If he had bought 2& more for the same money, he would 
have paid c dollars less for each. How many did he buy ? 



Ans. _5±./M±^ 
* c 



Prob. 14. It is required to find three numbers such that the 
product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second and 
third 74. Ans. 3, 5, and 7. 
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Prob. 15. It is required to find three mimbers such that the 
product of the first and second may be a, the product of the 
first and third i, and the sum of the squares of the second and 

third c. , , , 

/a^+J^ / c , / c 

Ans. V— ^— ; '^V^TTTi^ ^V^-TTi- 

Prob. 16. The sum of two numbers is 16, and the sum of 
their cqbes 1072. What are the nurabeiB? Aiis. 7 and 9. 

Prob. 17. The sum of two numbers is 2a, and the sum of 
their cubes is 26. What are the numbers? 

8« y 'da " ■ 

Prob, 18. Two magnets, whose powers of attraction are as 
4 to 9, are placed at a distance of 20 inches from each other. 
It is required to find, on the line which joins their centres, the 
point where a needle would be ecjually attracted- by both, ad- 
mitting that the intensity of inagnetic attraction varies inverse- 
ly as the square of the distance. 

. j 8 inches from the weakest magnet, 

( or —40 inches from the weakest magnet. 

Prob. 19. Two magnets, whose powers are as m to ji, are 
placed at a distance of a feet from each other. It is required 
to find, on the line which joins their centres, the point which 
is equally attracted by both. 

( The distance from the magnet m is - 



Ans. ■ 



I The distance from the magnet n is 



Vm±Vn 



Prob. 20. A set oat from toward D, and traveled 6 miles 
an hour. After he had gone 45 miles, B set out from D to- 
ward C, and went every hour -^ of the entire distance; and 
after he had traveled as many hours as he went miles in one 
hour, he met A. Eequircd the distance between the places C 
and D. Atis. Either 100 miles, or ISO miles. 
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Prob. 21. A set out from C toward D, and traveled a miles 
per hour. After lie bad gone i miles, B set out from D toward 
0, and went every hour ^th of the entire distance ; and after 
he had traveled as many hours as he went miles in one hour, 
he met A. Required the distance between the places C and D. 



Ans. ■ 



(^^# 



Prob. 22. By selling my horse for 24 dollars, I lose as much 
per cent, as the horse cost me. What was the first cost of the 
horse? Ans. 40 or 60 dollars. 

Prob. 23. A fruit-dealer receives an order to buy 18 inelotia 
provided they can be bought at 18 cents a piece ; but if they 
should be dearer or cheaper than 18 cents, he is to buy as 
many less or more than 18 as each costs more or less than 18 
cents. He paid in all $3.15. How many melons did he buy ? 
Ans. Either 15 or 21. 

Prob. 24. A line of given length (a) is bisected and pro- 
duced ; find the length of the produced part, so ijiat the rect- 
angle contained by half the line, and the line made up of the 
half and the produced part, may be equal to the square on the 2. 
prodncedpilrt. :^^=(fl/#+Xj-fV^/. "'■- ^ ' f 

f = #'.; x-t- |- ^'■- ^"-i^i+^s)- 

Equations of the Second Degree containing Two Unknovm 



266. An equation containing two unknown quantities is 
said to be of iAe second degree when the highest sum of the expo- 
nents of the unknown quantities in any term is ttoo. Thus 

x'+y^=lS, (1.) 

and x+xy-^y=ll, (2.) 

are equations of the second degree. 

267. The solution of two equations of the second degree 
containing two unknown quantities generally involves the so- 
lution of an equation of the fourth degree containing one un- 
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kaown quantity. Thus, from equation (2), we find 
11 -cc 

Substituting this yalue for y in equation (1) and reducing, 
we have 

a^+2cc3-lla!=-48a;= -108, 
an equation whioh can not be solved by the preceding methods. 
Yet there are particular cases in which simultaneous equations 
of a degree higher than the first may be solved by the lules for 
quadratic equations. The following are the principal cases of 
this kind : 

268. Is!. WJien one of the equations is of iJie first degree and the 
otJim- ofUie second. — -We find an expression for the value of one 
of the unknown quantities in the former equation, and substi- 
tute this value for its equal in the other equation. 



Ex.1, 



Given i n r, } to find x and y. 

i x+2y^7 ) -^ 



From the second equation we find 
x=n-%y. 
Substituting this value for x in the first equation, we have 

49-28y+4:!/H21y-6/-?/^^23, 
which may be solved in the usual manner. 

|)/=2 or -V-- 
Ex. 2. Given \ 2^^+^-S^;=20 1 ^^ ^^^ ^ ^^^ 

, I x=6 or — -V-- 
}y=S or --^. 

to find X and y. 
%-9ai=18 ) 

^..J^=2or ^. 
(?/=4 or ^. 
For equations of this class there arc in general two sets of 
values of x and y. 
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369, 2d. When both of ike equations are of the second degree, 
and homogeneous. — Substitute for one of tlie unknown quanti- 
ties the product of the other by a third unknown cLuantity. 

Ex. 4. Given \ ^~ , f to find x and y. 

livfe assume x—vy, we shall have 

v^lf'+vjf'—Vi,, whence ^^=-— — ; 

Therefore ~rT~"=~Z2' 

From which we obtain v=8 or 3. 

Substituting either of these values in one of the preceding 
espressiong for y"^, we shall obtain the values of y; and since 
x=vy, we may easily obtain the values of x. 



Ans. 



x=±3or ±-^. 
a/6 



jy=±l or ^— T=- 



Ex. 5. Given i ^ -, „ [ to find x and y. 
(x?/—y^=12 } ■' 

Assuming a;— wji, we find ^— 7 <''' "o"- 

/?/— ±4 or ± — ^ 

(■' Va 

Assmnmg x=vi/,we find v— ^ °'" "H"- 

'x=^l or d:-" 



Ans.- 



l/21 



y=±3 or ±-4=. 
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For equations of this class there are in general four. sets of 
values of x and y. It should bo borne in mind that to any 
one of the four values of x there corresponds only one of the 
four values of y. Thus, when x in the 6th example is +l,y 
must he +3, and can not be one of the other three values 
given above. 

270. Zd. When Hie unTtfnown quantities enter each equation sym- 
fMtrixially. — Substitute for the unknown quantities the sum and 
difference of two other quantities, or the sum and product of 
two other quantities. 



\ x-\-ij=Vl \ 
Let us assume cc=s+jj, 

y^z~v. 
Then x^y=^z=.\% or £:=6. 

That is, a;=6+v and y=^—v. 

But from the first equation we find 

Substituting the preceding values of ic and y in this equation, 
and reducing, we have 

whence v — -±.'i. 

Therefore a:=4 or 8, and y=% or 4 



Ex. 8. Given \^ ^^ t to find x and w. 

( x-\-y^% S 



censor 5. 



( 3:=5 or 6. 



271. 4tfi. When the same algebraic expression is involved to 
different powers, it is sometimes best to regard this expression 
as the unknown quantity. 
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Ex.10. Given i ^'+2^+^^+^=120-2^1 

The first equation may bo written ' 

Regarding x-\-y as a single quantity, we find its value to be 
either 10 or -12. 

Proceeding now as in Art. 268, we find 
a;=6 or 9, or — O^p-i/S; 
j/=4 or 1, or — SiVS. 

Ex. 11. Given \ ^y^^^-fy"- \ to find x and y. 

Regarding asy as the unknown quantity, its value from the 
first equation ia found to be either 
8 or -12. 

. ^ ja;^2 or4, or 3±\/2r. 
(?/=4 or 2, or 3^V2T. 

{K^ 4£_85 1 
!/^ ji ~ 9 >■ to find X and y. 
x-y='i. ) 
Regarding ~ as the unknown quantity, we find its value to 
be either 5 17 

\ y=3 or - T^. 

For several of these examples there are other roots, some 
of which can not be obtained by the processes heretofore ex- 
plained. The roots of two simultaneous equations are some- 
times infinite, as in the 8th and 9th examples, where the equa- 
tions may he satisfied by x= ±(x>, y=:^^co, since two quanti- 
ties that are infinitely great may differ by a finite quantity. 

Solve the foUowing groups of simultaneous equations; 

Ex. 13, I -''^-y-y'=^ I Am. *=? % 

+1 



6 



-+-^i\ 
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Ans. \ ' 



ix' + y^ + xy^tii:) 
\x+y+Vxyz:^14:) 



=S or 2. 
= 2 or 8. 



Ex. 16. 

Ex. 17. 
Ex. 18. 
Ex. 19. 

Ex. 20. 
Ex. 21. 



Ex. 22. 
Ex. 23. 
Ex.24. 



X y 5 

10_J^ 

xy~lii ] 
{x^+y^)xY=46B 
{x+y)xy=80 

x+y=72 1 
x^+y^=e) 
xh/+y^x=20 



-y"'- 



1^=30 or 6. 



Ans. \ ' 

I x= ±|-V6+2a±^VZi-2a. 

la;^8or64. 
|;/=64 or 8. 



t x—y-A •) 
(c(^+^V+^=931l 
( x^-^xy^y'^=\% \ 

( x^y='o S 
Note. Put 7+a:=s, &-{-y=v. 



Ans. 



= 1 or 4. 

=4 or 1. 



Ans. 
Ans. 
Ans. 



<.x=±% 
\y=^% 

:5 or —2. 
2 or -5, 
x=±5 or ±3. 
y— ±3 or ±5. 
x=l or 3. 
y—4i or 2. 



PEOBLSMS. 

1. Divide the number 100 into two such parts that the sum 
of their square roots may be 14. Ans. 64: and 36. 

2. Divide the number a into two such parts that the sum 
of their square roots may be Zi. n h 

An^. |±2V^^^^- 

3. The sum of two numbers is 8, and the sum of their fourth 
powers is 706. What are the numbers? Ans. 3 and 5. 
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4. The sum of two numbers is 2a, and the sum of thek 
fourth powers is 25. What arc the numbers? 



Ans. «± V—8a^+VSa*+h 

5. The sum of two numbers is 6, and the sum of their fifth 
powers is 1056. What are the numbers ? Ans. 2 and 4. 

6. The sum of two numbers is 2a, and the sum of their fifth 
powers is h. What are the numbers? 

Alls, a ± \/y ^ I •^"^ gz 
^ lOa'^ 5 ■ 

7. What two numbers are those whose product is 120 ; and 
if the greater be increased by 8 and the leas by 5, the product 
of the two numbers thns obtained shall be 300 ? 

Ans. 12 and 10, or 16 and 7.5. 

8. What two numbers are those whose product is a; and 
if the greater be increased by b and the less by c, the product 
of the two numbers thus obtained shall be d? 



9. Find two numbers such that their sum, their product, 
and the diffeience of their squares may be all equal to one 
another. . 

that is, 2.618, and 1.618, nearly. 

10. Divide the number 100 into two such parts that their 
product may be equal to the difference of their squares. 

Ans. 38.197, and 61.803. 

11. Divide the number a into two such parts that their 
product may be equal to the difference of their squares. 

, Sa±aV5 , ^a^^aVE 
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12. The sum of two numbers is a, and the sura of their re- 
ciprocals is b. Eeqiiired the numbers. 

General Properties of Eguations of the Second Degree. 

212. Every equation of the second degree containing but one 
wnhiown guantity has two roots, and only two. 

We have seen, Art. 250, that every equation of the second 
degree containing but one unknown quantity can be reduced 
to the form x^+px~q. We have also found, ^Irt 257, that 
this equation has two roots, viz., 

* P I . 'p' 1 'P I 1? 

This equation caii not have more than two roots ; for, if pos- 
sible, suppose it to have three roots, and represent these roots 
by a;', 3^', and a;'". Then, since a root of an equation is such 
a number as, substituted for the unknown quantity, will satisfy 
the equation, we must have 

d-i\px'=q^, (1.) 

£c"^4-^3:;"=j, (2.) 

a/"^-i-pa/"=2. (3.) 

Subtracting (2) from (1), wc liave 

a;'3_3;"2_|_jj(a,'_a;")— 0. 
Dividing by x'—x'\ we have 

{p'+x")^p=:.Q. (4.) 

In the same manner, we find 

{x'+x"_')+p=0. (5.) 

Subtracting (5) from (4), we have 
x"—x"'=0\ 
that is, the "third supposed root is identical with the second ; 
hence there can not be three different roots to a quadratic 
equation, 

273. Tlie algebraic sixm, of ilie two roots is equal to /he coeffi- 
cient of the second term of the equation taken with the contrary sign. 
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If we add together the two values of x in the general equa- 
tion, the radical parts having opposite signs disappear, and we 
obtain p p _ 

Thus, in the equation a;^— 10x=^ — 16, the two roots ate 8 
and 2, whose sum is +10, the coefficient of cc taken with the 
contrary sign. 

If the two roots are equal numerically, but have opposite 
signs, their sum is zero, and the second term of the equation 
vanishes. Thus the two roots of the equation a?=16 are +4 
and —4, whose sum is zero. This equation may be writteu 

274. The product of the two roots is equal to ike second member 
of ike equation taken toith the cpnirary sign. 

If we mxdtiply together the two values of x (observing that 
the product of the sum and difference of two quantities is 
equal to the difference of their squares), we obtain 

Thus, in the equation ai^— lOa;^^— 16, the product of the 
two roots 8 and 2 is +16, which is equal to the second mem- 
ber of the equation taken with the contrary sign. s, 

275. The last two principles enable us "ia form an equation 
whose roots shall be any given quantities. 

Ex. 1. Find the equation whose roots are S and 5. 

According to Art. 273, the coefficient of the second term of 
the equation must be —8 ; and, according to Art 274:, the sec- 
ond member of the equation must be —IS. Hence the equa- 
tion is a;^— Sic— — 15. 

Ex, 2. Find the equation whose roots are —4 and —7. 

Ex. S. Find the equation whose roots are 6 and —9. 

Ex. 4. Find the equation whose roots are —6 and +11, 

Es, 6, Find the equation whose roots are 1 and —2. 

Ex. 6. Find the equation whose roots are — -^ and +^. 

Ex. 7. Find the equation whose roots are —J and +J. 
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Ex. 8. Find the eq^uation whose roots are 1± VS- 
Ex. 9. Eind the equation whose roote are 1 ± V— 5. 

276. Every equation of Hie second degree whose roots are a and 
h,may be reduced to the form (x— »)(»;— &)=0. 
Take the general equation 

and write it x^+px—q^Q. 

Then, by Art. 273, p= -(«+&) ; 
and by Art. 274, 2= —aii. 

Hence, by substitution, 

x^—{a-{-l)xJrah=i(i; 
or, resolving into factors, 

{x-a){x-l)=0. 

Thus the equation x^— 10x= — 16, whose roots are 8 and 2, 
may be resolved into the factors a:— 8=0 and a:— 2 = 0. 

It ia also obvious that if « is a root of an equation of the 
second degree, the equation must be divisible by x—a. Thus 
the preceding equation is divisible by a:— 8, giving the quo- 
tient a;— 2. 

Ex. 1. The roots of the equation x^+fe+S — O are —2 and 
—4. Resolve the first member into its factors. 

Ex. 2. The roots of the equation a;^+6a^— 27=0 are +3 
and —9. Resolve the first member into its factors. 

Ex. 3. The roots of the equation a;^— 2a:— 24=0 are +6 
and —4. Resolve the first' member into its factors. 

Ex. 4. Resolve the equation a.'^+73x+780=0 into simple 
factors. Ans. (a;-f 60)(a;+lS)=0. 

Ex. 5. Resolve the equation a;'^— 88a: +1612=0 into simple 
factors. Ans. (x-62)(x-26)=0. 

Es, 6. Resolve the equation 2a;^+a;— 6=0 into simple fac- 
tors. Ans. 2(a;+2)(a:— 1-)=0. 

Ex, 7. Resolve the equation 3a^— lOx— 25=0 into simple 
factors. Alls. 3(x-5){x+f) = 0. 
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Discussion of the General Equation of i/te Second Degree. 

2tt. In the general equation of the second degree x^-\-px=q, 
the coefficient of x, as well as the absolute term, may be either 
positive or negative. We may therefore have the four fol- 
lowing forms : 

Eirst form, x^-{-px=(i. 

Second form, x^—px~q. 

Third form, tc^+yx=— j. 

Fourth form, x^—px=—q. 

From these equations we obtain 




We will now consider what conditions will render these 
roots positive or negative, equal or unequal, real or imaginary. 

278. Positive and negative roots. 

Since 47+2 ^ greater than ^, 



p+g must lie greater than ~. 

For the same reason, \J ^ —1 must be leas than ^, 

Therefore, in the first and second forms, the sign of the roots 
will correspond to the sign of the radicals; but in the third 
and fourth forms the sign of the roots will correspond to the 
sign of the rational parts. Hence, in the first form, one root is 
positive arid the other negative, and the negative root is numerical- 
hj the greatest; as in the equation d^-i-x=Q, whose roots aie 
+2 and -3. 
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In (he second form one root is positive and the other negative, 
and the positive root is numericaUi/ the greatest, as in the equa- 
tion x^—x=Q, whose roots are —2 and +3. 

In the third form both roots are negative, as in the equation 
:fi+5x=—6, whose roots are —2 and —3, 

In (^ Jburlh form both roots are positive, as in the equation 
s?—5x=-~6, whose roQts are +2 and +3. 

279. F^dl and unequal roots. 

In the first and second fyrms the two roots are always unequal; 
but in the third and fourth forms, when q is numerically equal 



the two roots are then said to he equal. In this case 
the third form gives w= — ~±0^ ■— ^, 
and the fourth form gives 

Thus, in the equation x^+Qx=~9, the two roots are —3 
and —3. We say that in this case the equation has two 
roots, because it is the product of the two factors a:+S=0 
and x+S=0. 

So, also, in the equation x^—Qx= — d, the two roots are +S 
and +3. 

380. Heal and imaginary roots. 

Since ~, being a square, is positive for all real values of ^, 
it follows that the expression ^+q can only be rendered neg- 
ative by the sign of g ; that is, the quantity under the radical 
sign can only be negative when q is negative and numerically 

greater than ^. Hence, in the first and second forms, loth roots 
are always real; but in ike third and fourth forms hoQi roots are 
imaginary when q is nummcaUy greater than - 



4' 
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Thus, in the equation x^+ix^ — f), the two roots are 

and in the equation x'—ix—^Q, the two roots are 

It will bo observed that when one of the roots is imaginary, 
the other is imaginary also. 

281. Imaginary roots indicate impossible conditions in the j/ro- 
^osed question which furnished the equation. 

The demonstration of this principle depends upon the fol- 
lowing proposition : the greatest product which can he obtained 
hy dividing a number into two parts and m,ultiplying them togeUi- 
er is the square of half that numher. 

Let p represent the ^ven number, and d tte difference of 
the parts. ^ 

Then, from page 89, ^+^=the greater part, 



and £— ^=the loss part, 

and 

Now, since ^ is a given quantity, it is plain that the prod- 
uct will be the greatest possible when d=^0 ; that is, the great- 
est product is the square of —, half the given number. 

For example, let 10 be the number to be divided. 
"We have 10=1+9; and 9x1= 9. 

10=2 + 8; and 8x2 = 16. 
10=^3 + 7; and 7x3=21. 
10=4+6; and 6x4=24. 
10=5+5; and 5x5 = 25. 
Thus we see that the smaller the difference of the two parts, 
the greater is their product ; and this product is greatest when 
the two parts are equal. 

Now, in the equation x'—px— —q, p is the sum of the two 
roots, and q is their product. Therefore q can never be great- 
er than 4"- 
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If, then, any problem furnishes an equation in which 2 is 

negative, and numerically greater than ^, we infer that the 

conditions of the question are incompatible with each other. 

Suppose it is required to divide 6 into two parts such that 
their product shall be 10. 

Let X represent one of the parts, and 6— x the other part 

Then, by the conditions, 

a,C6-x)=10; 
whence x^—^x= —10, 

and ai=3±V — 1. 

The imaginary value pf a: indicfttes that it is impossible to 
find two numbers whose sum is 6 and product 10. Prom the 
preceding proposition, it appears that 9 is the greatest product 
which can be obtained by diviaing 6 into two parts and multi- 
plying them together. 

Discussion of Particular Problems. 

282. In discussing particular problems which involve equa- 
tions of the second degree, we meet with all the different cases 
which are presented by equations of the first degree, and some 

.peculiarities besides. All the different cases enumerated in 
Chapter X. are presented by Prob. 19, page 195, when we 
mate different suppositions upon the values of a, m, and n; 
but we need not dwell upon them. 

The peculiarities exhibited by equations of the second de- 
gree are double values of x, and imaginary values. 

283. Double Values of the Unhiovm Quantity. — We have seen 
that every equation of the second degree has two roots. Some- 
times both of these values are applicable to the problem which 
furnishes the equation. Thus, in Prob. 20, page 195, we obtain 
either 100 or 180 miles for the distance between the places C 
and D, 



Let E represent the position of A when B sets out on his 
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journey. Then, if we suppose CD equals 100 miles, ED will 
equal 55 miles, of which A will travel 30 miles (being 6 miles 
an hour for 5 hours), and B will travel 26 miles (being 5 miles 
an hour for 5 hours). 

If we suppose CD equals 180 miles, ED will equal 135 miles, 
of which A will travel 54 miles (being 6 miles an hour for 9 
Lours), and B will travel 81 miles (being 9 miles an hour for 
9 hours). 

This problem, therefore, admits of two positive answers, both 
equally applicable to the question. Problems 22 and 23, page 
196, are of the same kind. 

In Problem 18, page 195, one of the values of x is positive 
and the other negative. 



Let the weaker magnet be placed at A, and the stronger at 
B ; then C will represent the position of a needle equally at- 
tracted by both magnets. According to the first value, the 
distance AC = 8 inches, and CB=12 inches. Now, at tho dis- 
tance of 8 inches, the attraction of the weaker magnet will he 



traction of the other magnet will he represented by =^, and 
these two powers are eqnal ; for 



But there is another point, C, which equally satisfiea the 
conditions of the question ; and this point is 40 inches to the 
left of A, and therefore 60 inches to the left of B : for 



284. Imaginary Values of the Unhnovm Qiiafntiiy. — We have 
seen that an imaginary root indicates impossible conditions in 
the proposed question which furnished the equation. In sev- 
eral of the preceding problems tho values of x become imag- 
inary in particular cases, 
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"When will tte values of x m Prob. 6, page 192, be imag- 
inary? jins. When &>a^ 

What is the impossibility involved in this supposition? 

Ans. It is impossible that the product of two numbers can 
be greater than the square of half their sum. 

When will the values of x in Prob. 11, page 19i, be imag- 
inary ? Ans. When a^ > 6 ; or {^df > 4S. 

What is the impossibility involved in this supposition? 

Ans. The square of the sum of two numbers can not be 
greater than twice the sum of their squares. 

When will the values of x in Prob. 17, page 195, be imag- 
inary? ^)!s. When a^>&; or (2a)^>8(!'. 

What is the impossibility of this supposition 1 

Ans. The cube of the sum oi two numbers can not be great- 
er, than four times the sum of their cubes. 

When will the values of x in Prob. 4, page 180, be imag- 
inary, and what is the impossibility of this supposition? 

285. Oeometrical Construction of Eqaathns of ilie Second De- 
gree. — The roots of an equation of the second degree may be 
represented by a simple geometrical figure. This may be done 
for each of the four forms : 

First form. — The first form gives for x the two values 



iK=-|+\/,^+?, and x=--^~-~\/i^+q. 

Draw the line AB, and make it equal to -i^/q. Trom B draw 
,.--—-., BO perpendicular to AB, and malce it equal 

/ ^y^\ *'^ f ■ J°'" -^ ^^'3 ^ ; ^^^'^ -^^ ■win repre- 

^^\ ,/' sent the value oS\/^+q. For ACJ = 

A B ABs+BO^ (Geom., Prop. 11, Ek. lY.). 

With C as a centre, and GB as a radius, describe a circle 
cutting AC in D, and AC produced in E. For the first value 
of X the radical is positive, and is set off from A toward C ; 
then — ^ is set off from C to D ; and AD, estimated from A 
to D, represents the first value of x. 
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For tine second value of <c we begin at E, and set off EC 
^ ; we then set off the minus radical from C to A ; 



.2. ■ 



and EA, estimated from E to A, represents the second value 
of a;. 

Second form,.- — The second form gives for x the two values 

V /^ 1 P /p' . 

The first value of a: is represented by AE estimated from A 
to E. The second valae is -f-DO— CA, the latter being esti- 
mated from C to A. Honee the second value is represented 
by DA estimated from D to A. 

Tliirdform. — The third form gives for x the two values 

P P^ -\ P . fp'' 

Draw an indefinite line FA, and from any point, as A, set 
off a distance AB=— ^. We set off its 
value to the left, because ~ is negative. 

»"■ ■"'E A At B draw BC perpendicular to EA, and 

make it equal to V^. With C a.9 a centre, and a radius equal 
to ■^, describe an arc of a circle cutting EA in D and E. Now 

the value of \/4--2 '^'^ ^^ ^^ ^^ ^^- "^^^ ^^^^ ^^"^^ ^^ 
X will be represented by — AB'+EE, which is equal to —AE. 
The second will be represented by — -AB— BD, which is equal 
to —AD ; so that both of the roots are negative, and are esti- 
mated in the same direction, from A toward the left. 

Fourth form. — The fourth form gives for x the two values 

Construct the radical part of the value of x as in the last 
case. Then, since ^ is positive, we set off its value AB from 



Au. 
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A toward the right. To AB we add BD, 
which gives AD for the first value of x; 
and from AB we subtract BE, which leaves 
• ...-^ ^ AB for the second value of a;. Both val- 
ues are positive, and are estimated in the 
same direction, from A toward the right. 

M]ual Boots. — If the radius CE be taken ec[ual to CB, that 

is, if Vq is equal to ~, the arc described with the centre C will 

be tangent to AF, the two points D and E will unite, and the 
two values of x become equal to each other. In this case the 
radical part of tko value of x becomes zero. 

Imaginary Roots. — If the radius of the circle described with 
the centre be taken less than CB, it will not 
/ cut the line AF. In this case q is numerical- 
ly greater than ^, and the radical part of the 
■^ value of X is imaginary. 
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CHAPTER XV. 

EATIO ANB FEOPOKTIOW. 

286. Batio is the relation whicli one quantity bears to an- 
other with respect to magnitude Eatio is denoted by two 
poiniB like the colon ( : ) placed between the quantities com- 
pared. Thus the ratio of a to 6 is written a : b. 

The first quantity is called the aniecedeiil of the ratio, and 
■ the second the cmiseqtient. The two quantities compared are 
called the terms of the ratio, and together they form a couplet 
The quantities compared may be polynomials; nevertheless, 
each quantity is called one term of the ratio. 

287. A ratio is measured by the fraction whose numerator 
is the antecedent and whose denominator is the consequent of 

the ratio. Thus the ratio of « to & is measured by j. 

288. A compound ratio is the ratio arising from multiplying 
together the corresponding terms of two or more simple ratios. 
Thus the ratio of ts to fi compounded with the ratio of c to (^ 
becomes ac to bd. 

The ratio compounded of the ratios S .to 5 and 7 to 9 is 
21 to 45. 

289. The duplicate ratio of two quantities is the ratio of 
their squares. Thus the duplicate ratio of 2 to 3 is 4 to 9 ; 
the duplicate ratio of a to 5 is a^ to b^. 

290. The triplicate ratio of two quantities is the rfitio of their 
cubes. Thus the triplicate ratio of « to 6 is a' to b^. 

291. If the terms of a ratio are both multiplied or both divided 
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by die same quaniily, the value of the ratio remains unchanged. 

Tbc ratio of « to & is represented by the fraction j, and the 

value of a fraction is not changed if we multiply or divide 
both numerator and denominator fay the same quantity. Thus 



PEOPOETIOK 

292. P-roportion is an equality of ratios. Thus, if a, b, c, d 
are four quantities such that a when divided by b gives the 
same quotient as c when divided by d, these four quantities 
are called proportionals. This proportion may be written thus, 

a:b;:c:d, 
or a: h—c: d, 

"' f=i 

In either case the proportion is read aistohascistod. 

293. The terms of a proportion are the four quantities which 
are compared. Tho first and fourth terms are called the ex- 
iremes, the second and third the means. The first term is called 
the Jirsi antecedent, the second term the frst consequent, tho third 
term the second antecedent, and the fourth term the second con- 
seguent. 

294. When the first of a series of quantities has the same 
ratio to the second that the second has to the third, or the 
third to the fourth, and so on, these quantities are said to be in 
continued prc^ortion, and any one of them is a nwan propor- 
tional between the two adjacent ones. Thus, if 

a:b"b:c:: c:d::d:e, 
then a, b, c, d, and e arc in continued proportion, and 5 is a 
mean proportional between a and c, c is a mean proportional 
1 b and d, and so on. 
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295. AUernaiion is when antecedent is compared with ante- 
cedent and coasecLuent with consequent Thus, if 

a:b::c:d, 
then, by alternation, a:c::h:cL See Art. 301. 

296. Inversion is when antecedenis are made consequents, 
and consequents are made antecedents. Thus, if 

a'.b.:c:d, 
then, inversely, b:a::d:c. See Art. 302. 

297. Gom;posHion is when the sum of antecedent and conse- 
quent is compared with either antecedent or cpnBequent. 



Thus, if 

then, by composition, a+fc 

and aA-h 



b::e:d, 

a:: c-\-d: c, 

b::c-\-d:d. See Art. 304. 



18. Division is when the difference of antecedent and con- 
sequent is compared with either antecedent or consequent. 



Thus, if 

then, by division, 

and 



b-.:c:d, 

a::c-d:c, 

b::c-d:d. See Art.305. 



299. If four quantities are in prc^driion, the prodiwt of the ex- 
tremes is equal to the product of the means. 
Let a:b'.:c:d. 

Then ~ = ;§, Art. 292. 

b d 

Multiplying each of these equals by bd, we have ad— be. 

300 .°~ Conversely, if the product of two quantities is equalto the 
product of two otJier quantities, ike first two may be Tnade the ex- 
tremes, and Ike other two (Ae means of a proportion. 
Let ad^be. 

Dividing each of these equals by bd, we have 
a„ c 
h-d^ 
or a:b::c:d, Art. 292. 
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EXAMPLES. 
1, Given the first three terms of a proportion, 24, 15, and 
40, to find the fourth term, 

■ 2. Given the first three terms of a proportion, 3ab\ id^h^, 
and da% to find the fourth term. 

3. Given the last three terms of a proportion, 4a^i^, SaW, 
and 2a% to find the first term. 

4. Given the first, second, and fourth terms of a proportion, 
6y*, Ix^y^, and ^la^y, to find the third term. 

5. Given the first, third, and fourth terms of a proportion, 
a+b, cfi—h^, and {a—Vf, to find the second term. 

Which of the following proportions are correct, and which 
are incorrect? 

6. 3a+4&: 9(1+85 ::n-2S:Sa-4;'. 

,7. 9«.^-46':15a^-25ai+86'::15aH25a&+8i':26a3-16i^. 
-8. a^^l?:a'-\-¥:ia?-W:a-h. 
9. a^+i^ : a-\-h : : a=- o!'b+a%'^-a'h^+o}f-b'- : a^-¥. 

3 
301. Jf four qv/xntities are in pr(yportion, they will be in pro- 
portion when. taJcen alternately. 
Let a: b:: c: d; 

then T = -,- 

6 d 

Multiplying hy b, a = ^. 

Dividing bye, ^ ^ |, 

or a:c::b:d. 

ZG2,' If four quantities are in proportion, &ey will be in pro- 
portion when taken inversely. 
Let a:b::c:d; 

then ~ = -„ 

b d 

Divide unity by each of these ec[ual quantities, and we have 
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i - 

303. Ratios that are equal to the same ratio are equal to each 
other. 

If a:b::m:n, (1.) 

and c:d::m:n, (2.) 

then a:b::c:<i 

From proportion (1), ^ = — . 

From proportion (2), -; = — . 

Hence -^ — -, 



304. If four quantities are proportional, lliey loill he propor- 
tional hy c<ymposition. 
Let a-.hi-.c-.d; 

then T = -,■ 

a 

Add unity to each of these equals, and we have 



that is, 



a+h _c+d 
a+6: S:; c-^d: d. 



S05.' If four qmmtities are proportional, they iinll be propor- 
iional iy division. 
Let a: l)::c:d; 

then 1 =-^- 

d 

Subtract unity from each of these equals, and we have 



that is, 



a—b _c—d 
a—b: h:: c—d: i 
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306. If four quantities are proportional, the sum of the first 
and second is to their difference, m the sum of the third and fourth 
is to their difference. 

Let a;h::c:d. 

Hy composition, Art. 304, 

a+b:b::c + d: d. 
By alternation, Art, 301, 

a + b:c + d::b:d. 
Also by division, Art. 305, 

a — b: bi: c—d\ d; 
by alternation, a—i: c—d::b:d. 

By equality of ratios. Art 303, 

a-\-h: c-\-d,:\ a—b : c—d, 
or a+b: a—b::c-\-d: c—d. 

^Qt:' If four quantities are in propm-tion, any equimultiples of 
the first couplet will be proportional to any equimultiples of the 
second couplet. 

Let a:hr.c:d; 

then T — T ■ 

a 

Multiply both terms of the first fraction bj' m, and both 

terms of the second fraction by n, and we have 

ma _ ne 

mb ~ ncV 

or ma :mh::nc: nd. 

308. If four quantities are in propjoriion, any equimultiples of 
's will be proportional to any equimultiples of the con- 



Let a:b::c:d; 

then ^ __ ''- 

b~d' 
Multiply each of these equals" by m, and wc have 

ma _ mc 
~h'~~d' 



(by Google 



220 ALGEBRA. 

Divide each of these equals by n, 
ma _ mc 
nb ~ nd' 
or ma mbtimc: nd. 

309. Jf any number of quantities are pr(yportional, any one an- 
tecedent is to its consequent as the sum of all the antecedents is to 
the sum of all the consequents. 

Let a:b::c:d::e:f; 

then, since a:h:: c:d, 

ad^ihc; ' (1.) 

and, since a:b:ie:/, 

«/=fc; (2.) 

also ab — ha. (6.) 

Adding (1), (2), and (3), 

ab+ad+af=ha+bc+be; 
that is, a{b+d+f) = h{a+c+e). 

Hence, ^rt. 300, a:h::a-\-c+e:h+d+/. 

310. If the:)-e are two sets of proporlional quantities, the prod- 
ucts of the corresponding terms will he ^ 

Iiet a:b::c:d, 

and e:f::g:h; 

then ae:bf::cg:dh. 



For 




4 ' 


~ d' 






and 




7' 


4 






Multiplying 


together 


these 1 
ae 


iqual qiiantitiea, 


™ 


"™ 


or 




m:tf: 


; : cy : dh. 







311, If four quantities are in proportyin, like powers or roots 
of these quantities will also be in proportion. 
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Let o.:h::a:d; 

then T = -;■ 

b a 

Raising each of these equals to the wth power, we obtain 

that is, a" : 5" :: c" : d'^. 

In the same manner, wc And 

c(" : &" : : c" : rf«. 

312. If three quantities are in coniinv^d proportion, Hio product 
of the extremes is equal to the square of the mean. 

If a:h::i:c, 

then, by Art. 299, <ic=&&=6-. 

313. If three quantities are in continued proportion, the first is 
to the third in the dvplicate ratio of the first to the second 

Let a:l:: h:c; 

,, ah 

then ~h~ "' 

Multiply each of these equals by y, and we have 

a a _a b 



or ■ a:c::a^:bK 

314. If four quantities are in continued proportion, the first is 
to the fourth in the triplicate ratio of the first to the second. 

Let a:b::h:c:: c:d; 

a b ,_ .^ 

then 7 ^ -. (1-) 

and ? = £,- (2.) 

al,o 1 = 1 (3.) 
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Multiplying together (1), (2), and (3), we have 
a^ __ ahc __ a _ 
6^ bed ~~ d ' 
hence a:d::o?:b^. 

VARIATION. 

315. Proportions are often expressed in an ahridged form. 
Thus, if A and B represent two sums of money put out for 
one year at the same rate of interest, then 

A : B : : interest of A : interest of B. 
This is triefly expressed by saying that the interest varies as 
the principal. A peculiar character ( oc ) is used to denote this 
relation. Thus interest o: principal 

denotes that the interest varies as the principal. 

316. One quantity is said to vary directly as another when 
the two quantities increase or decrease together in the same 
ratio. Thus, in the above example, A varies directly as the 
interest of A. In such a case, either quantity is equal to the 
other multiplied by some constant number. 

Thus, if the interest varies as the principal, then the mterest 
eguals the product of the principal by some constant number, 
which ia the rate of interest, 

if A o: B, then A = mB. 

If the space (S) described by a falling body varies as the 
square of the time (T), then 

S = mT=, 
where m represents a constant multiplier, 

317. .One quantity may vary directly as the product of sev- 
eral oiliers. 

Thus, if a body moves with uniform velocity, the space de- 
scribed ia measured by the product of the time by the velocity. 
If we put S to represent the space described, T the time of 
motion, and V the uniform velocity, then we shall have 
S cc T X V. 
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Also the area of a rectangular figure varies as the product 
of its leugth and breadth. 

The weight of a stici: of timber varies as tie product of its 
length X its breadth x its depth x its density. 

318. One quantity is said to vary inversely as another when 
the first varies as the reciprocal of the second. Thus, if the 
area of a triangle be invariable, the altitude varies inversely as 
the base. 

If the product of two quantities is constant, then one varies 
inversely as the other. 

In uniform motion the space described is measured by the 
product of the time by the velocity; that is, 
SaTxV; 

whence Tccz^:. 

If the space be supposed to remain constant^ then 

that is, the time required to travel a given distance varies in- 
versely as the velocity. 

Conversely, if one quantity varies inversely as another, the 
product of the two quantities is constant 

Thus, if T a i 

then the product of T by Y is equal to a constant quantity. 

319. One quantity is said to vary directly as a second, and 
inversely as a third, when it varies as the product of the second 
by the reciprocal of the third. Thus, according to the New- 
tonian law of gravitation, the attraction (6) of any heavenly 
body varies directly as the quantity of matter (Q), and inverse- 
ly as the square of the distance (D). 

That is, *^ ^ -S- 
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EXAMPLES. 
1. Given ] ^+y-^'- ■ t to find x and y. 

Since x+y.x:: 5 : 3, 

by division, Art. 305, y:x::2:S. 
Hence Sy=2x, and y^-^-. 

Substituting this value of y in the second equation, we ob- 



Therefore x^±S, 

and ?/— ±2. 

2. Given I ^ ,3— kfi ' i" *° ^^^ ^ ^^^ ^' 
From the first equation, Art 30(>, 

2x:2y::i:2; 
whence x — 2y. 

Substituting this value of x in the second equation, we find 
y=% and x=4i. 

3. Given I <"'+!'>' ' ^""'-ll ^ ^ «* ' H to find « and y. 

By Ar(. 311, x+y : x-y : : 8 : 1. 

By ^ri. 306, 2a: : 2y : : 9 : 7. 

Hence sc = -if- 

Substituting this value of x in the second equation, we find 
y= ±7, and x= ±9. 

4 Given j ■^ ;:c5/=S20 f to find x and y. 

From the first equation, by division, Art. 305, 

Zxy{x—y) : {x—yY : : 60 : 1. 
Hence 960 : {x~yf : : 60 ; 1, 

or 16:{x-yy::l:l. 
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Therefore x— ^=±4. 

Hence x'^—1xy-{-y^ = 16, 

ind 'kcy=12^0. 

By addition, 3^+23:^+j/^^1296. 

Hence oi-\-y=-±.ZQ. 

Therefore !c=±20 or ±10, 

md ?/=±16or±20. 

5. Given { . n Mo find x and w. 



4 or 2. 




7. Given x+Vx:x-Vx:: 8 Vx+ 6 : 2 V^ to find re. 

'' Ans. it=9 or 4. 

8. What number is that to which if 1, 5, and 13 be severally 
added, the first sam shall be to the second as the second to the 
third? Ans. 3. 

9. What number is that to which if a, b, and c be severally 
added, the first sum shall be to the second as the second to the 
third? , h''-ac 

10. "What two numbers are as 2 to 3, to each of which if 4 
be added, the sums will be as 6 to 7 ? 

11. What two numbers are as m to jj, to each of which if a 
be added, the sums will be as^ to q? 

Ans. "''^(P-?) . «"-(j^-g) _ 
mq—np ' 7)iq—np ' 

12. What two numbers are those whose difference, sum, and 
product are as the numbers 2, 3, and 5 respectively ? 

Ans. 2 and 10. 
P 
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13. What two numbers are those whose difference, sum, and 
product are as the numbers m, n, andp? 

Ans. — ^ and — —. 
n+m n—m 

14. Find two numbers, the greater of which shall be to the 
less as their sam to 42, and s,s their difference to 6. 

Ans. 32 and 24. 

15. Find two numbers, the greater of which shaE be to the 
lesB as their sum to a and their difference to b. 



^{a+if , a+h 

16. There are two numbers which are m the ratio of 3 to 2, 
the diffbrence of whose fourth poweis is to the sum of their 
cubes as 26 to 7. Required the numbers. Ans. 6 and 4. 

17. What two numbers are in the ratio of m to w, the differ- 
ence of whose fourth powers is to the sum of their cubes as 
p to q? 1 , I 11 

Ans. ~-£x : - -^ , and -i- x—~-^. 
1 ■m'^-n* q vi'^^n" 

18. Two circular metallic plates, each an inch thick, whose 
diameters are 6 and 8 inches respectively, are melted and form- 
ed into a single circular plate 1 inch thick. Find its diameter, 
admitting that the area of a circle varies as the square of its 
diameter. ■ / .' ■'/' 

19. Find the radius of a sphere whose volume is equal to 
the sum of the volumes of three spheres whose radii are 3, 4, 
and 5 inches, admitting that the volume of a sphere varies as 
the cube of its radius. 

20. Find the radius of a sphere whose volume is equal to 
the sum of the volumes of three spheres whose radii are r, r', 
and r". 
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320. An ariihmeiical ^agression is a series of quantities which 
increase or decrease by a common difference. Thus the fol- 
lowing series are in arithmetical progression : 

1, 3, 6, 7, 9, . . . 

20, 17, 14, 11, 8, . . . 

a, a-i-d, a + 2d, a + 8d, . . . 

a, a~d, a~2d, a—Sd, . . . 
In the first example the common difference is -\-2, and the 
series forms an increasing arithmetical progression ; in the sec- 
ond example the common difference is — 3, and the series forms 
a decreasing arithmetical progression. In the third example the 
common difference is +d, and in the fourth example it is —d. 

321. In an arithmetical progression Laving a finite number 
of terms, there are five quantities to be considered, via., the first 
term, the last term, the number of terms, the common differ- 
ence, and the sum of the terms. When any three of them are 
given, the other two may be found. We will denote 

the first term by a, 

the last term by I, 

the number of terms by n, 

the common difference by d, 

and the sum of the terras by •«. 
The first term and the last terrii are called the extremes, and 
all the other terms are called aril^iynetical means. 

322. In an ai-itkmetical progression the last tenn is equal to the 
first term plus the product of Ike common difference hy the number 
of terms less one. 
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Let the terms of the seriea be represented by 
a, a-ird^ a-Y^d, a+3c?, a+4^d, etc. 

Since the coefficient of d in the second term is 1, in the third 
term 2, in the/our(A term 3, and so on, the nth term of the 
series will be 

or l=a-^in—l)d, 

in which d ia positive or negative according as the series is an 

increasing or a decreasing one. 

323. The sum of any number of terms in ariilimetical progres- 
sion is equal to one half the suin ofilie two extremes multiplied hy 
the number of terms. 

The term preceding the last will be l—d, the term preceding 
that l—^d, and so on. If the terms of the series be written in 
the reverse order, the sum will be the same as when written in 
the direct order. Hence we have 

s=a+{a-i-<^H(^+2d)-\-{a+Sd)+ +1, 

s=l-\-{l~d) + {l-2d) + {l-Sd)+ +a. 

Adding these eqnations term by term, wc have 

2s^(a + 0+C«+0+(«+0+ +(a+0. 

Here a-\-l is taken n times ; hence 

2s=nia+l), 

or s^^(a+0- 



324, In an arithmetical progression the sum of the extremes is 
equal to the sum of any two terms equidistant from the exiremes. 

This principle follows from the preceding demonstration. 
It may also be shown independently as follows : 
The mth term from the beginning is a.-\-{m~T]d. 
The mth term from the end is l—{m-~X)d. 

And the sum of these terms is a-\-l. 

325. To inseH any number of arithmetical means hetween two 
given fcrms. 

The whole number of terms in the series consists of the two 
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extremes and all the intermediate terras. If, then, m repre- 
sents the number of means, m+'2, will be the whole number 
of terms. 

Su,bstitutmg.m+2 for n in the formula, Art 822, we have 

or d^ -^the common difference, 

m+1 

whence the required means are easily obtained by addition. 
326. The two e 



contain five (juantities, a, I, n, d, s, of which any three being 
given, the other two can be found, "We may therefore have 
ten different cases, each requiring the determination of two dif- 
ferent formnlai. These formulas are exhibited in the following 
table, and should be verified by the student. ■ 



1. 



1, d, 



n, d, 3, 
I, n, 

0, d, I, 
,1, 

a,d, 

1, d, £, 



i=ii+(n-l)i;; 
a=l—(n~Y)d; 

i.-l' 

2s-2ara 

„(„-l)' 



»=~5-+li 



s=i)i[2(i+(»-l)c!]. 

S=l7.P'-(»-lM- 



^n 2 ■ 

_2ni-2» 

Jl+a){l^a+d) 



U 



2s 



l'- 
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1. The first term of an arithmetical progression is 2, and the 
common difference is 4; what is the lOtk term? 

A.ns. Sa 

2. The first term is 40, and the common difference — 3 ; what 
is the 10th term? 

3. The first term is 1, and the common difference f; what 
is the lOtk term ? 

4. The first term is 1, and the common difference — ^ ; what 
is the 10th term ? 

5. The first term is 5, the common difference is 10, a,nd the 
number of terms is 60 ; what is their sum ? 

Ans. 18000. 

6. The first term is 116, the eommon difference is —4, and 
the number of terms is 25 ; what is their sum ? 

7. The first term is 1, the common difference is J, and the 
number of terms is 12 ; what is their sum ? 

8. The first term is 1-|, the common difference is — | ; and 
the number of terms is 10 ; what is their sum ? 

9. Eequired the number of terms of a progression whose sum 
is 442, whose first term is 2, and common difference 3. 

Ans. 17. 

10. Eeq^uired the first term of a progression whose sum is 
99, whose last term is 19, and common diiference 2. 

11. The sum of a progression is 1455, the first term 6, and 
the last term 92; what is the common difference? 

12. Required the sum of 101 times of the series 

1, 3, 5, 7, 9, etc. Ans. 10201. 

13. Find the nth term of the series 

1, 3, 5, 7, 9, etc. Ans. 2n-l. 

14. Knd the sum of n terms of the series 

1, 3, 5, 7, 9, etc. Ans. n\ 

15. Find the sum of n terms of the series of numbers 

1, 2, 3, 4, 5, etc. 
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16. Tind the sum of k terms of the series 

2, 4, 6, 8, etc. Ans. n{n+l). 

17. Find 6 arithmetical means between 1 and 50, 

18. Find 7 arithmetical means between ^ and 3. 

19. A body falls 16 feet during the first second, and in each 
succeeding second S2 feet more than in the one immediately 
preceding ; if it continue falling for 20 seconds, how many feet 
will it pass over in the last second, and how many in the wbole 
time? ■ ' 

A71S. 624 feet in the last second, and 
6400 feet in the whole time, 

20. One hundred stones being placed on the ground in a 
straight line at the distance of two yards from each other, how 
far will a person travel who shall bring them one by one to a 
basket, which is placed two yards from the first stone? 

Ans. 20200 yards. 

PROBLEMS. 
327. When of the five quantities a, I, ?i, d, s, no three are 
directly given, it may be necessary to represent the series by 
the use of two unknown quantities. The form of the series 
which will be found most convenient will depend upon the 
conditions of the problem. If x denote the first term and y 
the common difference, then 

X, x+y, ai+2y,-x+Sy, etc., 
will represent a series in arithmetical progression. 

It will, however, generally be found most convenient to rep- 
resent the series in such a manner that the common difference 
may disappear in taking the snm of the terms. Thus a pro- 
gression of three terms may be represented by 

X-7J, X, x+y; 
one of four terms by x—3y, x—y, x+y, x-\-Zy;' 
one offive terms by x—2y, ^— 2/i "'t ^+^1 ic-i-2j', 

Prob, 1. A number consisting of three digits which are in 
arithmetical progression, being divided by the sum of its digits, 
gives a quotient 26 ; and if 198 be added to it, the digits will 
be inverted ; required the number. Atis. 234 
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Prob. 2. Find three numbers in arithmetical progression the 
aam of whose squares shall be 1232, and the sc^uare of the 
mean greater than the product of the two extremes by 16. 
Ans. 16, 20, aod 24. 

Prob. 3. Find three numbers iu arithmetical progression the 
sum of whose squares shall be a, and the square of the mean 
greater than the product of the two estremea by h. 

7^36 /T A^^ , /^^^ , /, 
Ans. V— g Vb; y-^; and V" 3- + "^^- 

Prob. 4. Find four numbers in arithmetical progression 
whose sum is 28, and continued product 685. 

Ans. 1, 5, 9, 13. 

Prob. 5. A sets out for a certain place, and travels 1 mile 
the first day, 2 the second, 3 the third, and so on. In five days 
afterward B sets out, and travels 12 miles a day. How long 
will A travel before he is overtaken by B ? • 

Ans. 8 or 15 days. 

This is another example of an equation of the second de- 
gree, in which the two roote are both positive. The following 
diagram exhibits the daily progress of each traveler. The di- 
visions above the horizontal line represent the distances trav- 
eled each day by A ; those below the line the distances trav- 
eled by B, 

A.123 4 5 6' 7 8 9 10 11 12 13 14 15 
I II I 1 I I I I I I I I I I 1 

l"~~i T i \ n I I \ \^\ 

B. 123456789 10 

It is readily seen from the figure that A is in advance of B 

until the end of his 8th day, when B overtakes and passes him. 

After the 12th day, A gains upon B, and passes him on the 

15th day, after which he is continually gaining upon B, and 

could not be again overtaken. 

Prob. 6. A goes 1 mile the first day, 2 the second, and so 

on. B starte a days later, and travels b miles per day. How 

long will A travel before he is overtaken by B ? 

. 2h-l±V{2i-iy~8ai -. 
Ans. -'^ '- days. 
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III what case would B ntver overtake A? 

For instance, in the preceding esample, if B had started one 
day later, he could never have overtaken A. 

Prob. 7. A traveler set out from a certain place and went 1 
mile the first day, S the second, 5 the third, and so on. After 
he had been gone three days, a second traveler sets out, and 
goes 12 miles the first day, 13 the second, and so on. After 
how many days wfil they be together ? 

Ans, In 2 or 9 days- 
Let the student Oluatrate this example by a diagram like the 
preceding. 

Prob. 8. A and B, 165 miles distant from each other, set out 
with a design to meet. A travels 1 mile the first day, 2 the 
second, 3 the third, and so on, B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will they meet? Ans. 10 or 33 daya 

GEOMETEIOAL PROGRESSION. 

328. A geometrical progresmn is a sei-ies of quantities each of 
which is equal to ike product of the preceding one h/ a constant 
factor. 

The constant factor is called the ratio of the series. 

329. When the first term is positive, and the ratio greater 
than unity, the series forms an increasing geometrical progres- 
sion, as 

2, 4, 8, 16, 32, etc., 
in which the ratio is 2. 

When the ratio is less than unity, the series forms a deareas' . 
ing geometrical progression, as 

81, 27, 9, 3, etc, 
in which the ratio is ■^, 

330. la a geometrical progression having a finite number 
of terms, there are Jive guaniities to be considered, viz., the first 
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term, tlie last term, the number of terms, the ratio, and the sum 

of the terms. When any three of these are given, the other 

two may be found. We will denote 

the first term by a, 

the last term by I, 

the number of terms by n, 

the ratio by )', 

and the sura of the terms by s. 
The first term and the last term are called the extremes, and 

all the other terms are called geometrical means. 

331, In a geometrical progo'ession, the last term is equal to the 
product of the first term hy that power of the ratio whose exponent 
is one less than the number of terms. 

According to the definition, the second term is equal to the 
first multiplied by r, that is, it is equal to ar ; the third term 
is equal to the second multiplied by r, that is, it is equal to 
ar^ ; the fourth term is equal to the third multiplied by r, that 
is, it is equal to ar^; and so on. Hence the nth term of the 
series will be equal to ar"~^\ hence we shall have 



332. To find the sum of any number of terms in geometrical 
progression, multiply the last term, hy the ratio, svhtract the first 
term, and divide the remainder hy the ratio less one. 
From the definition, we have 

s=a+ar->rar'^-'r .... -4-(6r"-^+nr""'. 
Multiplying this equation by r, we have 

rs=ar-^ar^^ -\-aT'^--^-^ar---^^-af\ 

Subtracting the first equation from the second, member from 
member, we have rs—s^ar'^—a. 

Hence s— — ; 

or, substituting the value of I already found, we have 
_ rl-a 
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If wc bad subtracted tbe second equation from tbe first, we 
should bave found 



■whicli is tbo most convenient formula when r is less than 
anity, and the series is, therefore, a decreasing one. 

333. To find the sum of a decreasing geometrical series 
when tbe number of terms is infinite, divide the first term, hy 
unity diminished hy the ratio. 

The sum of the terms of a decreasing series may be repre- 
sented by the formula 

_a~rl 

N'ow, in a decreasing series, each term is less than the pre- 
ceding, and the greater tbe number of terms, the smaller will 
be the last term of the series. If the number of terms be in- 
finite, the last term of the series will be less than any assigna- 
ble number, and rl may be neglected in comparison with a. 
In this ease the formula reduces to 

334. To find any numher of geometrical means hetween two given 
terms. 

In order to solve this problem, it is necessary to know the 
ratio. If m represent the number of means, m + 2 will be the 
whole number of tenm. Hence, putting to+2 for n in the 
formula, Art. 331, we have 



-T- 



whence we obtain 

That is, to find the ratio, divide the last term hy tJie first term, 
and extract Uie root which is denoted In/ the number of means phxs 
one. Having found the ratio, the required means may be ob- 
tained by continued multiplication. 
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335. The two equations 

7^ ^-1 _ (3.f'^—o. 

contain five quantities, a, Z, «, r, s, of which any three being 
given, the other two can be found. We may therefore have 
tew diffetr&nt cases, each requiring the determination of two quan- 
tities, thus giving rise to twenty different formulae. The first 
four of the following cases are readOy solved. The fifth and 
sixth cases involve the solution of equations of a higher degree 
than the second. When n ia not large, the value of the un- 
known quantity can generally be found by a few trials. The 
four remaining cases, when n is the quantity sought, involve 
the solution of an exponential equation. See Art^ 416. These 
different cases are all exhibited in the following table for con- 
venient reference. 



a,n,s, 




-ar 



"+i. 



o(s-o)"->=i(s-i)— >;(5-0i»-»>-"-'=-t 
'j-— « _]og, Z— log. a 

f:^' "~ log. 

■-» . .. . log.i-log.a 

,-r log.(«-o)-log.(s-i)- 

;^ » + («--l)' . ^^^ lOg. [»-H(.--l>]-l0g.» 

r ' log.!- 

-Ir-lr-n,- „-i£i=i2£fcfczM4 



¥1- 
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ESAMPLES. 

1. Find the 12th term of the series 1, 3, 9, 27, etc. 
"^e have ;=a7-»-i^3"^177147, Am. 

2. G-iven the first term 2, the ratio 3, and the number of 
terms 10 ; to find the last term. Atis. 39366. 

3. Findthesumoflitermsofthesericsl, 2, 4, 8, 16, etc. 

s=!^^^2"-l ^16383, Ans. 

4. Find the sum of 12 terms of the series 1, 3, 9, 27, etc. 

Ans. 265,720. 

5. Given the first term 1, the last term 512, and the sum of 
the terms 1023 ; to find the ratio, 

6. Given the last term 2048, the number of terms 12, and 
the ratio 2 ; to find the first term. 

7. Find the sum of 6 terms of the series 6, 4^, 3f , etc. 

Ans. 19|f|. 

8. Find the sum of 15 terms of the series 8, 4, 2, 1, etc. 

Ans. 16^^^. 

9. Find three geometrical means between 2 and 162. 

10. Find two geometrical means between 4 and 256, 

11. Find three geometrical means between a and b. 

Ans. Va^b, \^ab, \/cib^. 

12. Knd the value of l+i+i+i+, etc., to infinity. 



13. Find the value of l+-^+^+-;^+, etc., to infinity, 

Ans. %. 

14. Find the value ofl-i-i-i--^+-^-\-, etc., to infinity. 

15. Find the ratio of an infinite progression whose first term 
is 1, and the sum of the aeries -J. Ans. ^. 

16. Find the'first term of an infinite progression whose ratio 
is T^, and the sum %. Ans. %. 

17. Find the first term of an infinite progression of which 

1 n 

the ratio is -, and the sum ■ — -j. 

18. Find the value of the series 3 + 2+1+, etc., to infinity. 
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19. Find the value of tlie series ■3-4-1+4+, etc., to infinity. 

20. A gentleman, being asked to dispose of his horse, said 
lie would sell him on condition of receiving one cent for the 
first nail in his shoes, two cents for the second, and so on, 
doubling the price of every nail to 32, the number of nails in 
his foar shoes. What would the horse cost at that rate? 

Ans. $42,949,672.95. 



Prob. 1. Find three numbers in geometrical progression such 
that their sum shall be 21, and the sum of their squares 189. 
Denote the first term by x and tbe ratio by y ; tben 
X + xy + ayy^ —21, (I.) 

Transposing xy in Eq. (2), squaring, and reducing, wo have 
x^+x^y^ +x'y'' =^4Al—i2xy. (3.) 

Comparing (2) and (3), xy=Q, or x~-. 

Substituting this value of a; in Eq. (1), and reducing, we have 

* Whence y=2 or J, and x=S or 12. 

The terms are therefore 3, 6, and 12, or 12, 6, and 3. 

Prob, 2. Find four numbers in geometrical progression such 
that the sum of the first and second shall be 15, and the sum 
of the third and fourth 60. 

By the conditions, a;+3:!/=15, (1.) 

xf+xy^=m. (2.) 

Multiplying Eq. (1) by y^, we have 

xy^-\-xy'^16i^=6(i. 
Therefore J'^=4, and y= ±2. 

Also a;±2x^l5; 

therefore x=5 or —16. 

Taking the first value of x and the corresponding value of 
y, we obtain the scries 6, 10, 20, and 40. 

Taking the second value of a; and the corresponding value 
of ^, we obtain the series —15, +30, —60, and +120; 
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which numbers also perfectly satisfy the problem understood 
algebraically. If, however, it is re(^uired that the terms of the 
progression be positive, the last value of x would be inapplica- 
ble to the problem, though satisfying the algebraic equation. 

Several of the following problems also have two solutions, if ■ 
we admit negative values. 

Prob. 3. Find three mimhcrs in geometrical progression such 
that their sum shall be 210, and the last shall exceed the first 
by 90. Aas. 30, 60, and 120. 

Prob, 4 Find three numbers in geometrical progression such 
that their sum shall be 42, and the sum of the first and last 
shall be 34. A-ns. 2, 8, and 32. 

Prob. 5. Find three numbers in geometrical progression such 
that their continued product may be 64, and the sum of their 
cubes 584. Am. % 4, and 8. 

Prob, 6. Find four numbers in geometrical progression such 
that the difference between the first and second may be 4, and 
the difference between the third and fourth 36. 

, J.m. 2, 6, 18, and 54. 

Prob. 7. Find four numbers in geometrical progression such 
that the sum of the first and third may be a, and the sum of 
the second and fourth may be h. 

^"^- «m:s^' a^+^' ^^- ""<^ ^^^^- 

Prob. 8. Find four numbers in geometrical progression such 
that the fourth shall exceed the second by 24, and the sum of 
the extremes shall be to the sum of the means as 7 to 3. 

Ans. 1, 3, 9, and 27. 

Prob. 9. The sum of $700 was divided among four persons, 
whose shares were in geometrical progression, and the differ- 
ence between the greatest and least was to the difference be- 
tween the means as 37 to 12. What were their respective 
shares ? Ans. 108, 144, 192, and 256. 

Prob. 10. Find sis numbers in geometrical progression such 
that their sum shall be 1365, and the sum of the third and 
fourth shall be 80. Arcs. 1, 4, 16, 64, 256, and 1024. 
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CHAPTER XVII. 

CONTINUED FRACTIONS. — PEEMUrATIONS AND COMBINATIONS. 

336. A continued Jraction ia one wKose mimerator is tinity, 
and its denominator an integer plus a fraction, whose numera- 
tor is likewise unity, and ita denominator an integer plus a 
fraction, and so on. 

The general form of a continued fraction is 

1 

a+1 

b+l__ 
c+ 1 

d+, etc. 
When the number of terms a, b, c, etc., {sfiniis, the continued 
fraction is said to be ierminating ; such a continued fraction 
may be reduced to an ordinary fraction by performing the op- 
erations indicated. 

337. To convert any given fraction into a continued Jraclion. 
Let - be the given fraction ; divide m by n ; let A be the 

quotient, and j3 the remainder; thns, 

f^A+f=A4 

Divide nhj J); let a be the quotient, and q the remainder: 
thus, 

n a 1 

—=a+^=a-] — , 

P P P 

1 

Similarly, ^=J+-=&+-; 
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y that we have 



We see, then, that to convert a given fraction into a contin- 
ued fraction, we proceed as if we were finding the greatest com- 
mon divisor of the numerator and denominator; and we must, 
therefore, at last arrive at a point where the remainder is zero, 
and the operation terminates ; hence every rational fraction can 
be converted into a terminating continued fraction, 

Ex. 1, Transform ^-57 into a continued fraction. 



22 + 1 
l+h 
Ex. 2. Transform ^^^ into a continued fraction. 

Am. i-j^ 

1+1 

l + T,- 

Ex. 3. Transform ff^ into a continued fraction. 

1 + 1 

2+1 

l+irr- 
Ex. 4. Transform ^^ into a continued fraction. 
Ex. 5. Transform ^^ into a continued traction. 
Ex. 6. Transform ^^ info a continued fraction. 

338. Tojind ihe value of a terminating amtinued fiactifm. 
Ex. 1. Bind the value of the continued fraction 

1 

2 + 1 

S + i- 
Beginning with the last fraction, we have 

Q 



(b, Google 



Ex. 2. Find the value of the oontiaiicd fraction 

1 

3 + 1 

2 + 1 

4+i- 
Es. 3. Find tbe value of tlie continued fraction 

1 

2+1 

3+1 

2 + 1 

2+i. 
Es. i. ]?ind the value of the continued fraction 

1 

1 + 1 

2 + 1 

1 + 1 

1 + 1 

1 + tV 

339. To find iho value of an infinite coniinusd fraet'imi. 
Let the fraction be 

1 

o+l 

S+1 

c+, etc. 
An appixjsimate value of this fraction is obtained by omit- 
ting all its terms beyond any assumed fraction, and obtaining 
the value of the resulting fraction, as in the previous article. 
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CONTINUED FfiACTIOHS. 

B obuiii 



ab+1' 



2d approximate value, a-\-l = 
I 
1 
3d approximate value, a+1 , .. 

ith approximate vali 



--(ab+l)c+a 



' {ab + l)cd+ad+ab + l, eta. 

340. The fractions formed by taking one, two, three, eto., 
of the quotients of the continued fraction are called converging 
fractions, or convergefnts. 

The convergenta, taken in order, are all^malely less and great- 
er than the continued fraction. 

The first convergent - is too great, because the- denominator 
a is too small ; the second convergent , is too small, be- 
cause a+j is too great, and so on. 



341, When a fraction has been transformed into a continued 
fraction, its approximale value may be found by taking a few 
of the first terms of the continued fraction. 

Thus an approximate value of 4tt is ^i which is the first 
term of its continued fraction. 

By taking two terms, we obtain l^-, which is a nearer ap- 
proximation ; and three terms would give a still more accu- 
rate value. 

Ex. 1. Find approximate values of the fraction -prS^- 

Ans. i, I, 4|. 

Ex. 2. Find approximate values of the fraction ^^. 

Ex. 3. Find approximate values of the fraction ■^. 



(by Google 



244 ALGEBIU. 

34S. By the preceding method we are enabled to discover 
the approximate value of a fraction expressed iu large num- 
berSj and this principle has gome important applications, par- 
ticularly in Astronomy. 

Ex. 4, The ratio of the circumference of a circle to its diam- 
ter is 3.1415926. Find approximate values for this ratio. 

Arts. ^, Y^f, tt4-- 

Ex. 5. The length of the tropical year is 36od 5A. 48m. 48s. 
Find approximate values for the ratio of bh. 48m, 485. to 24 
hours. 

AnS. i, -gV, -is, TBT- 

Ex. 6. In 87969 years the earth makes 277287 conjunctions 
with Mercury. Find approximate values for the ratio of 87969 
to 277287. 

Ans. % -Y^, ^, ^, -n^. 
Ex. 7. In 57551 years the earth makes 36000 conjunctions 
with Yenus, Find approximate values for the Katio of 57551 
to 36000. 

Ans. "I, -fly- 
Ex. 8. In 295306 years the moon makes 3652422 aynodical 
revolutions. Find an approximate value for the ratio of 295^06 
tO'3652422. ' Ans. -J^%. 

Ex. 9. One French metro is equal to 3.2809 English feet. 
Find approximate values for the ratio of a metre to a foot. 

Ex, 10. One French kilogramme is equal to 2.2046 pounds 
avoirdupois. Find approximate values for the ratio of a kilo- 
gramme to a pound. 

Ex. 11. One French litre is equal to 0.2201 English gallons. 
Find approximate values for the ratio of a litre to a gallon. 

PERMUTATIONS AND COMBINATIONS. 
343. The different orders in which things can be arranged 
are called their permutatioTis. In forming permutations, all of 
the things or a part only may be taken at a time. 

Thus the permutations of the three letters a, b, c, taken all 
together, are 

ahc, ad), hac, bca. cab, cha. 
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The permutations of the same letters taken two at a time are 

ah, ac, ha, he, ca, ch. 
The permutations of the same letters taken one at a time are 



344. 2Re nuniber of permutaiiona ofn things taken m.ata time 
i3 equal to the anitinued product of ike nataral series of numhera 
from n down to n— m-f 1. 

Suppose the things to be n letters, a,h,c,d 

The number of permutations of n letters, taken singly or 
one at a time, is evidently equal to the number of letters, oi' 
to n. 

If we wish to form all the permutations of n letters taken ■ 
two at ■ a time, we must write after each letter each of the 
w— 1 remaining letters. We shall thus obtain n{n~l) permu- 
tations. 

If we wish to form all the permutations of n letters taken 
three at a time, we most write after each of the permutations 
ofn letters taken two at a time each of then— 2 remaining let- 
ters. We shall thus obtain n{n—l){n—%) permutations. 

In the same manner we shall find that the number of permu- 
tations of n letters taken four at a time is 
„(„_l)(„_2)(„-3). 

Hence we may conclude that the number of permutations 
of n letters taken m. at a time is 

»{»-l)(»^2)C»-3) .... (»-m+l). 

345. The nwmher of permutations of n tilings taken all together 
is equal to the continued proiiuct of the natural series (f numbers 
from 1 to n. 

If we suppose that each permutation comprehends all the n 
letters ; that is, if m^n, the preceding formula becomes 

m(n-l)(jj-2) 3x2x1; 

or, inverting the order of the factors, 

1.2.3.4 {n^l)n, 

which expresses the number of permutations ofn things taken 
all together. 
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For the sake of brevity, 1.2.3.4 ... , {n—l)n is often de- 
noted by \n; that is, \n denotes the product of the natural num- 
bers from 1 to n inclusiva 

346. The combinaiions of things are the different collections 
which can be formed out of them without regarding the ordo- 
in which the things are placed. 

Thus the three letters a, b, c, taken all together, form but one 
combination, abc 

Taken two and two, they form three combinations, d>, ac, he. 

347. 1%e numher of comMnadons ofn things, taken, jnata time, 
is equal to the cofi tinned product of the naturtd series of numbers 
from n down to Ji— m+1 divided by ike continued product of the 
natural series of numbers from 1 to m. 

The number of combinations of n letters taken separately, 
or one at a time, is evidently n. 

The number of combinations of n letters taken two at a 

time is ^ . 

For the number of permutations of n letters taken two at a 
time is n{n—V), and there are two permutations {ab, ba) corre- 
sponding to one combination of two letters ; therefore the num- 
ber of combinations vfill be found by dividing the number of 
permutations by 2. 

The number of combinations of n letters taken three at a 

For the number of permutations of n letters taken three at 
a time is n{n—l){n—2), and there are 1.2.3 permutations for 
one combination of these letters ; therefore the number of com- 
binations will be found by dividing the number of permuta- 
tions by 1.2.3. 

In the same manner we shall find the number of combina- 
tions of n letters taken m at a time to be 

„(^_l)(^-2).... {n-m+1) 
1.2.3 m 
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ESAMPLES. 

1. How many different permutations may he formed of 8 
letters taken 5 at a time? Ans. 8.7.6.5.43=6720. 

2, How many different permutations may be formed of the 
26 letters of the alphabet taken 4 at a time ? 



3. How many different permutations may be formed of 12 
letters taken 6 at a time? Ans. 665280. 

4. How many different permutations may be formed of 8 
things taken all together ? 

Ans. l.,2. 3. 4. 5. 6. 7. 8^40320. 

5. How many different permutations may be made of the 
letters in the word Soma taken all together? 

6. How many different permutations may be made of the 
letters in the word virtue taken all together? 

7. What is the number of different arrangements whieh can 
be formed of 12 persons at a dinner-table 7 

. ■ Ans. 479001600. 

8. How many different combinations may be formed of 6 
letters taken 3 at a time? 

9. How many different combinations may be formed of 8 
letters taken 4 at a time? Ana. 70. 

10. How many different combinations may he formed of 10 
letters taken 6 at a time? Ans. 210. 

11. A telegraph has m arms, and each arm is capable ofn 
distinct positions ; find the total number of signals which can 
be made with the telegraph. 

12. How many different numbers can bo formed with the 
digits 1, 2, 3, 4, 5, 6, 7, 8, 9, eachof these digits occurring once, 
and only once, in each number? 
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CHAPTER SVin. 

BINOMIAL THEOREM. 

348. The binomial theorem, or hincnnial formula, is a formula 
discovered by Ne-wton, by means of wbich we may obtain any 
power of a binomial x+a, without obtaining the preceding 
powers. 

349. By aetnal multiplication, we find the successive powers 
of a;+a to be as follows: 

(x-\-df=3?-\-2ax-\-a'^, 

(a; + a)* — a^ + 403^ + 6a^a;2 + 4a^a;+ ffl', 

The powers of x—a, found in the same manner, are as fol- 
lows: 

(a;— a)*=ii?'— 4niE^+6aV— 4a'a;+c[*, 
{x—af =^-5a3^ + 10a^3 - lOaV + 5a^- a=. 
On comparing the powers of x-\-a with those of x—a, we 
perceive tliat they only differ in the signs of certain terms. In 
the powers of a;+<i, all the terms are positive. In the powers 
of x—a, the terms containing the odd powers of a have tho sign 
minus, while the terms containing the even powers have the 
sign plus. The reason of this is obvious ; for, since —a is the 
only negative term of the root, the terms of the power can only 
be rendered negative by a. A term which contains the factor 
—a an even number of times will therefore be positive; if it 
contain it an odd number of times it must be negative. Hence 
it appears that it is only necessary to seek for a method of ob- 
taining the'^powers of x+a, for these will become the powers 
of x—a by simply changing the signs of the alternate terms. 
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350. Law of the Exponents.— Th.Q exponents of ic and of a in 
the different powers follow a simple law. In the first term of 
each power, a; is raised to the required power of the binomial ; 
and in the following terms the exponents of x continually de- 
crease bj unity to zero, while the exponents of a increase by 
unity from zero up to the required power of the binomial. 

351 . Law of the Goeffidents. — The coefficient of the first term 
is unity ; that of the second term is the exponent of the power ; 
and the coefficients of terms equidistant from the extremes are 
equal to each other ; but after the first two terms it is not ob- 
vious how to obtain the coefficients of the fourth and higher 
powers. 

In order to discover thp law of the coefEicifcnts, we will form 
the product of several binomial factors whose second terms are 
all different ; thus, 

(a;+(t)(55+6)=a:^4-(t jiE+«5. 

W\ 

(3;+Q)(a:+&)(a:+c)^xHa 

+6 



7?+ ah 


X+abc. 


+ae 




+hc 




a?+ah 


x^+abc 


+ ac 


+ abd 


+bc 


->t-acd 


+ad 


+ bcd 


+bd 




+cd 





{x+a){x+b){x+c){x+d)=x''+a 

+b 



In each of these products the exponent of x in the first term 
is equal to the number of binomial factors, and in the follow- 
ing terms continually decreases by one. The coefficimt of tho 
first te^-m is unity; ihe coefficient of the second term is the sum of 
ikesecond terms of ike binomial factors ; the coefficient of the third 
term is the sum of all their products iahm two and two, and so on. 
The last term is the product of the second terms of the binomial 
factors. 
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352. We will now prove tliat if Uie laim of formation just 
stated are true for any ]wvji!r,i!ieij will also hold true for the forma- 
lion of the next higher ^vxr. 

Suppose that we have found tlie product of m binomials 

ic+a, x-^h w-^k. Let Pj denote the sum of the second 

terms of the binomials, Pg the sum of the different products of 
these second terms taken two and two, P, the sum of their 
products taken three and three, and so on ; and let P™ denote 
the prodnet of all these second terms. The product of the 
given binomials will then be 

a,m + p^^m-l + p^^™-2 + p^^m-3.... +p^. 

Multiplying this polynomial by a new binomial, x+l^ we ob- 
tain the following product: 

+ ; I +;pj +;pj +2Pm-ii +?P^. 

The law of the exponents of x remains the same. The co- 
efficient of the first term is still equal to unity, and that of the 
second term is the sum of the second terms of the m+1 bino- 
mials. The coefficient of the third term consists of the sum 
of the products of the second terms of the m binomial factors 
taken two and two, increased by the sum of the same second 
terms multiplied by ?, which is equivalent to the sum of the 
products of the second terms of the m+1 binomials taken two 
and two. The coefficient of the fourth term consists of the sum 
of the products of the second terms of the m factors of the first 
product taken three and three, inereased by the sum of the 
products of their second terms taken two and two multiplied 
by I, which is equivalent to the sum ©f the products of the sec- 
ond terms of the m+1 binomials taken three and three, and 
so on. The last term is equal to the product of the second 
terms of the m binomial factors multiplied by I, which is equiv- 
alent to the product of the second terms of the m+1 binomials. 

Hence the law which was supposed true for m factors is true 
for w^+l factors; and therefore, since it has been verified for 
two factors, it is true for three ; being true for three factors, it 
is also true for four, and so on; therefore the law is general. 
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353, Powers of a Binomial. — If now, in the preceding bino- 
mial factors, we suppose the second terms to be all equal to a, 
the prodnct of these binomials -will become the mth power of 
x+a. 

The coefficient of the second term of the product becomes 
equal to a multiplied by the number of factore ; that is, it is 
equal to ma. 

The -coefficient of the third term reduces to o? repeated as 
many times as there are different combinations of m letters 

taken two and two ; that is, to ■ — ^— „ — -a^. 

The coefficient of the fourth term reduces to a^ repeated as 
many times as there are. different combinations of m letters 

, , , - m(m— l){m— 2) , T 
taken three and three; that is — ^ — .. ' a ^« , and so on. 

The last term will be a™. 

Hence the mth power of a^+a may be expressed as follows: 

m(OT-l)(m-2) 3 „ 



1.2.S 



+a™. 



354. We perceive that if the coefficient of any term he multi- 
plied hy the exponetU ofxin thai term, and the product he divided 
hy ike exponent of a in that term, increased hy unity, it wiU give the 
coefficient of the succeeding term. 

jorming thus the seventh power of x+a, we obtain 
(x+ay=x''-{-7acc^+21aV+S5a^ic^+Z5a^3^-\-21a^a?+'7a^x+d'. 
We have thus deduced 

Sir Isaac Nevjiot^s Binomial Theorem. 

355. In any power of a binomial x-\-a, the exponent ofx legins 
in ike first term with the exponent of the power, and in the follow- 
ing terms coniinudUy decreases hy one. The exponent of a com- 
mences wilh one in Hie second term of the power, and continually 

The coefficient of the first term is one, thai of the second is the ex- 
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+ 3^. 



ponent of (he power ; and if ike coefficient of any term he multi- 
plied by the ea^onmt ofxin Hiat term, and divided hy the exponent 
of a increased by one, ii will give (he coefficient of the succeeding term. 

356. The coefficient of the nth iermfrom (he beginning is equal 
(0 the coefficient oftlie nth iermfrom the end. 

If we change the places of x and a, we shall have, by the law 
of formation, 

{a+a:T=a'^+mxa«-^+-^^^x''a'"-^+ 

1.2.3 

The second member of tliis equation is the same as the sec- 
ond member of the equation in Art. 353, but taken m a reverse 
order. Comparing the two, wo see that the coefficient of the 
second term from the beginning is equal to tbe coefficient of 
the second term from the end ; the coefficient of the tbird from 
the beginning is equal to tiiat of the third from the end, and 
BO on. Hence, in forming any power of a binomial, it is only 
necessary to compute the coefficients for half tbe terms ; we 
then repeat the same numbers in a reverse order. 

357. The mth power ofx+a contains m+1 terms. This ap- 
pears from the law of formation of the powers of a binomial 
developed in Art. 352. Thus the fourth power of x+a con- 
tains five terms; the sixth power contains seven terms, etc , 

358. The sum of the coefficients of the terms in the nA power of 
x-i-a is equal to the nth power of 2. 

i'or, suppose x=l and «='l, then each term of the formula 
without the coefficients reduces to unity, and tbe sum of the 
terms is simply the sum of the coeflicients. In this case 
{x+a)™ becomes (l+l)™, or 2*". 
Thus the coefficients of the 

second power are 1 + 2 + 1= 4=2^, 

third " l+3+3 + li^ 8=2^ 

fourth " l+4+6+4+l = 16=2^ etc 



(by Google 



BINOMIAL THEOREM. 263 

359, To obtain the development of {x -af, it ia sufficient to 
change +a into —a in the developmeEt of {x+a)™. In con- 
sequence of this substitution, the terms which contain the odd 
powers of a will have the minus sign, while the signs of the re- 
maining terms will be unchanged. We shall therefore have 

/ ^ ™ 1 . m{ni— 1) , ™, o 

(x — a)™ =x™— mffic™-^-! — > ■■■ ■ ' a^x"^-' — 

1.2.3 "^ 

EXAMPLES. 

1. Find the sixth power of a+£. 
The terms without the coefficients are 

«», a%, a*b\ a^¥, a%\ ah^, b\ 
The coefficients are 

fi i^ !■'>>< 4 20x8 15x2 6x1 

that is, 1, 6, 15, 20, 15, 6, 1. 
Prefixing the coefficients, we obtain 

2. Find the ninth power of a—b. 
The terms without the coefficients are 

(jf, a%, a'b\ aW, a'h\ a'b\ aW, aW, a¥, ¥. 
The coefficients are 

9x8 36x7 84x6 126x5 126x4 84x3 36x2 9x1 . 
l,y, 2'3'4' 5' 6'7'8'9' 
that is, 
1, 9, 36, 84, 126, 126, 84, 36, 9, 1. 
Prefixing the coeffioienta, we obtain 
(a_6)«^a*-9a«5-l-36a'6^-84«W+126a*&'-126a''fi'+84c!;W 
-ma'W+Ub^-W. 
It should bo remembered that it is only necessary to com- 
pute the coefficients of Ad^the terms independently. 

3. Find the seventh power of a—x. 

4. Find the third term of (a-|-6)'^ 

5. Find the forty-ninth term of {h— a;)™. 

6. Find the middle term of (a -l-x)^". 
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360. A Binomial with Coefficients.— 1? tlie terms of the given 
binomial have coefficients or exponents, wc may obtain any 
power of it by means of the binomial fommla. For this pur- 
pose, each term must be raised to its proper power denoted by 
the exponents in the binomial formula, 

7. Find the fourth power of Ssc+Sa. 

For convenience, let us substitute y for 2a: and b for 8(S. 
Then fe + &)' = 2/^ + ^y^b + ^yW + 4i/6= 4- b*. 

Restoring the values of ^ and i, 
the first term will be (2a:)*^16a:*, 

the second term will be 4i^xf x Stt— 96x^ff, 
tbe third term will be &{^xfy.{fidf='2.1&x'^a^, 
the fourth term will be 4(2a;}x(3af =216cra^, 
the fifth term will be (3a)'=81a*. 

Therefore (2«4-Sffi)*=163^ + 96a;3a+216ai%H2163:a3+81a*. 

It is recommended to write the three factors of each term in 
a vertical column, and then perform the multiplication as indi- 
cated below : 

Coefficients, 1+4 +6 +4 +1 

Powers of 23;, lQ'jf+ Sx^ + ^j? + 2x + 1 
Powera of 3a, 1 + 3a + &a^ + 27a^ +81a* 
(2a;+ So)* =16x' +96x^a + 21 ftr V + 2 16fl;a' + 81a*. 

8. Find the fifth power of 2aa;— 35. 

Coefficients, l+S +10 +10 4-5+1 

Powers of ani, S2a^x^+ WaV + &aV + 4tt=a:= + Soa; -(- 1 
Powei'3 of -3i, 1 - 3i + 9i° - 2Ti^ + SW -2436' 
(2a3;-3i)'=32o'aH'-2*0a't£'i+720aVi"-1080o'3;'6'+ei0itei'-243i^ 

9. Find the fourth power of 2a;4-5a= 

Am. lQa*+U0a^a?+S0Ox^a''+l()OOxa^+625a^ 

10. Find the fourth power of x^+4y^. 

11. Find the sixth power of M^+3a5. 

Ans. <i'^-(-18a^'t+135a'*&^+540a'W 
+1215<i"'6*+1458ftW+729a«58. 

12. Find the seventh power of 2a— 35. 

Ans. 12Sa"-1344ae6+6048a*6=-15120a^5» 

.+ 22680a^i^- 20412a'?i^ + I0206ah^-2l87b''. 

13. Find the fifth power of 5a^—4xV 
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14. Find tlie sixth power of a^x-\-by^. 

15. Fittd the fifth power of ax-1. 
la Find tke fifth term of {a^~¥y\ 

17. Find the fifth term of {Sx^—iy^f. 

18. Find the sixth power of 5—^. 

Powers and Soots of Polynomials. 

361. If it is required to raise & polynow/ial to any power, we 
may, by substituting other letters, reduce it to the form of a 
binomial. We obtain the power of this binomial by the gen- 
eral formula ; then, restoring the original letters, and perform- 
ing the operations indicated, we obtain the required power of 
the proposed polynomial. 

Ex.1. Let it be required to raise a+i+c to the third power. 
If we put 6-f c=;m, we shall have 

{a+h+cy = (a + mf^.a^+§a^+Sam.^+m\ 
or a?+Sa\b-\-c)+Ba{i+cy+{h + cf. 

Developing the powers of the binomial 6+c, and performing 
the operations indicated, we obtain 

(a+b+cf=a^+da?b+8a^c+8ab^+eabc+3ac^+i^-[-Sh'^c 

Ex. 2. Find the fifth power of x+a+b. 
Ex. 3. Find the fourth power of a^—ab+b^. 

Ans. a^-ia'b+10a%^-Wa''I>^+lQa^b'^ 
-iea^b^ + 10a^b^-4:ah'' + b\ 
Ex.4. Find the fifth power of H-23:+3a]^. 
Ex. 5. Find the sixth power of a+h + c 

Am. a«+6a^5+6tt^c+15a^6*+30a'5c+15a*c^+20a=6^ 
+ eOa'b^G + aOa'bc^ + 20a'c» + 15ts^S* + QOa'b^e + 
90a^J^c^ + 60a'5c3 + 16a^(^ + 6a¥ + ZOab'c + QOab^c^ 
+ 60aiV-l-30aS(^+6ac=+5^+65'c+156V+20Z.V 
+ 15EV4'6&c»+£^. 

362. The binomial theorem will inform ns how to extract 
any root of a polynomial We know that the mth power of 
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x+ais oi^+mcix^-' + othor terms. The first term of the root 
is, therefore, the mth root of the first term of the polynomial. 
Also the second term of the root may be found by dividing the 
second terra of the polynomial by maf^^^ ; that is, the iirst term 
of the root raised to the next inferior power, and multiplied 
by the exponent of the given power. Hence, for extracting 
any root of a polynomial, we have the following 

RULE. 

Arrange the terms according to the powers of one of the letters, 
and take Ike mih root of the first term for the first term of the re- 
quired root. 

Subtract the mih power of this term of the root from, the given 
polynomial, and divide the first term of the remainder iy m times 
ike {m— 1) poioer of this root ; the qmtient mil he &te second term 
of the root. 

/Subtract ike mth power of the terms already f>undfivm ike given 
polynomial, and, using the same divisor, proceed in like manner to 
find the remaining terms of the root 

Ex. 1. I'ind the fourth root of 

16a*-96ffi=ic4-216a'^=-216cKc3+81a:^ 

16a*-96A4-216a%=-216a3;^+8l3^(2a-33; 

Here we take the fourth root of 16a*, which is 2a, for the 
first term of the required root, subtract its fourth power, and 
bring down the first term of the remainder, —96a^x. For a 
divisor, we raise the first term of the root to the third power 
and multiply it by 4, making 32ffl^ Dividing, we obtain —3a:; 
for the second term of the root. The quantity 2a— 3x, being 
raised to the fourth power, is feund to be equal to the proposed 
polynomial, 

Ex. 2. Find the fifth root of 

80:c3+S2ar'-80a:*-403;^+103;-l. 

Ans. 2^—1. 
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Ex. 3. Find the fourtli root of 

336x^+81x«-216a;'-56(x*+16-224(c3+64x. 

Ans. Sx^—^x—i. 

363. To extract any Hoot of a Numhe>: — The preceding meth- 
■od may be applied to the extraction of any root of a number. 
Let n be the index of the root, n being any whole number. 
For a reason similar to that given for the square and cube roots, 
■we must first divide the number into periods of n figures each, 
beginning at the right. The left-hand period may contain less 
than n figures. Then the first figure of the required root will 
be the nth root of the greatest nth power contained in the first 
period on the left. If we subtract the nth power of this root 
from the given number, and divide the remainder by n times 
the (?i— l)th power of the first figure, regardieg its local value, 
the quotient will he the second figure of the root, or possibly 
a figure too large. The result may be tested by raising the 
whole root now found to the sitb power ; and if there are other 
figures they may be found in the same manner. 

In the extraction of the nth. root of an integer, if there is 
still a remainder after we have obtained the units' figure of the 
root, it indicates that the proposed number has not an exact nth 
root. "We may, if we please, proceed with the approximation 
to any desired extent by annexing any number of perioda of 
n ciphers each, and continuing the operation. Wo thus ob- 
tain a decimal part to be added to the integral part already 
found. 

So, also, if a decimal number haa no exact nth root, we may 
annex ciphers, and proceed with the approximation to any de- 
sired extent, dividing the number into periods commencing 
with the decimal point, 

Ex. 1. Pind the fifth root of S3554432. 

385.544:32 (§2 

243 

5.3*=405) 925 
32== 33554432. 

Ex. 2. Find the fifth root of 4984209207. 
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Es. 3. Find the fifth root of 10. 

Ex. 4. Find the fifth root of |. Ans. .922. 

364, When the mdex of the required root is composed of 
two factm'S, we may obtain the root required by the successive 
extraction of simpler roots, Art. 217. For the mnth root of 
any number is equal to the mth root of the nth root of that 
number. 

Thus we may obtain ih^ fourth root by extracting the square 
root of the square root. 

"We may obtain the sixiJi, root by extracting the cube root 
of the square root, or the square root of the cube root. It is, 
however, best to extract the roots of the lowest degrees &st, 
because the operation is less laboiioua. 

"We may obtain the eigh^ root by extracting the square root 
€vree tiroes sueeeasively. We may obtain the nin^ root by ex- 
tracting the cube root twice successively. 

Ex. 1. Find the fourth root of 

Qa%^ + a* — 'ka^b - Aalfl -\- If. 

Ex. 2. I'ind the sixth root of 

Ex. 3. Mnd the eighth root of 
1024x'2/+1792:cy+256a;'+1120a^j/*+1792a^i/H448xY 
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CHAPTER XIX. 

SERIES. 

366. A sei-ies is a succession of terms each of which is de- 
rived from one or more of the preceding ones by a fixed law. 
This law is called the law of the series. The number of terms 
of the series is generally unlimited. Arithmetical and geomet- 
rical progressions afford examples of series. 

366. A converging series is one in which the sum of the first 
n terms can not numerically exceed some finite quantity, how- 
ever great n may be. 

Thus, 1, ^, ^, ^, ^, etc., is a converging series. 

367. A diverging series is one in which n can be taken so 
large that the sum of the first n terms is numerically greater 
than any finite quantity. 

Thus, 1, 2, 8, 4, 5, 6, etc., is a diverging series. 

368. "When a certain number of terms are given, and the 
law of the series is known, we mayfind any term of the series, 
or the sum of any number of terms. ■ This may generally be 
done by the method of differences. 

369. To find the several orders of differences for any sei-ies: 
Subtract the first term from the second, the second from the 

third, the third from the fourth, etc. ; we shall thus form a new 
series, which is called ike first order of differences. 

Subtract the first term of this new series from the second, the 
second from the third, etc. ; we shall thus form a third series, 
called the second order of differences. 

Proceed in like manner for the third, fourth, etc, orders of 
differences, and so on till they terminate, or are carried as far 
as may be thought n 
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Ex. 1. Find the several orders of differences of the series of 
square numbers 1, 4, 9, 16, etc. 



latDlff. 


2a ME 


s 




5 


2 


1 


2 


9 


2 




2 



Ex. 2. Fiud the several orders of differeuces of the series of 
cube numbers 1, 8, 27, etc. 



Ul«3. 


latDiff. 


U Diff. 


3a Diff. 


1 
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12 ' 




27 


19 


18 


6 


64 


37 


24: 


6 


25 


61 


30 


6 


.18 


91 


36 


« 




Ex. 3. Find the several orders of differences of the series of 

fourth powere 1, 16, 81, 256, 625, 1296, etc 

Ex. 4. Find the several orders of differences' of the series of 

fifth powers 1, 32, 243, 1024, 3125, 7776, 16807, etc. 

Ex. 5. Find the several orders of differences of the scries of 

numbers 1, 3, 6, 10, 15, 21, etc. 

370. To find the nth term of any series : 

Let a, h, c, d, e, etc., represent the proposed series. If we 
subtract each term from the next succeeding one, we shall ob- 
tain the first order of differences ; if we subtract each term of 
this new series from the succeeding term, we shall obtain the 
second order of differences, and so on, as exhibited in the fol- 
lowing table ; 



2S+0 


2»+J 


2d+o 



d-8c+8b-a 
e-8d+8o~b 
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Let D', D", D'", Ti"", etc., represent the first terms of the 
several orders of diUbrences. Then we shall have 

J)'—b—a, whence J — a-t-D'. 

J)"=c-'2.h+a, " c=a+2D'+D". 

J)"'=d-Zc+m-a, " d=a+3U'+3D"+D"'. 

D""^e-M+6c-4:b+a, " e^a+4Jy + 6D"+4J)"'+D"", 
etc., etc. 

The coefficients of the value of c, the tJiird term of the pro- 
posed series, are 1, 2, 1, which are the coefficients of the second 
power of a binomial ; the coefficients of the value of d, the 
fourth term, are 1, 3, 3, 1, which are the coef&eients of the third 
power of a bmomiaJ, and so on. Hence weinfer that the co- 
efficients of the ?ith term of the series are the coefficients of the 
(jz— l)th power of a binomial. If we denote the nth term of 
the series by T,,, we shall have 
T„^.+(n-l)D-+ ("-^<"-^ )D"+fe -')("-f''-% "' 

+ , etc 
Ex. 1. Find the 12th term of the series 2, 6, 12, 20, 30, etc. 
The first order of differences, 4, 6, 8, 10, etc. 
" second order of differences, 2, 2, 2, etc. 
" third order of differences, 0, 0. 

Here I)'=4, D"^2, and D"'=0. Also o=2 and n-1% 
Hence Tj,=2-MlD'+55D"=2+44+110=156, Ans. 
Es. 2. Find the twentieth term of the series 

1, 3, 6, 10, 15, 21, etc. 
Here D'=2, D" = l, a=l, and n=20. 
Therefore T3oz^l+19D'-l-171D"^l + 38+171=210,^ns. 
Ex. 3. Find the thirteenth term of the series 

1, 5, 14, 80, 55, 91, etc. 
Ex. 4. Find the fifteenth term of the aeries 

1, 4, 9, 16, 25, 36, etc 
Ex. 5. Find the twentieth term of the series 

1, 8, 27, 64, 125, etc. 
Ex. 6. Find the rtth term of the series 1, 3, 6, 10, i'5, 21, etc. 
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Ex. 7. Pind the nth term of the series 1, 4, 10, 20, 35, etc. 
An.. M .+l)(«+2 ). 

Ex. 8. Fiad the rath terra of the series 1, 5, 15, 35, 70, 126, ete 
^(»+l)(ra + 2)(ra+3) 

''»»• s • 

371. To find the sum ofn terms of any series: 
Let us assume the series 

0, a, a+h, a+b+c, a + h+c-{-d, etc. (1.) 
Subtracting each term from the next succeeding, we obtain 
the first order of differences, 

a, b, c, d, etc. (2.) 

Now it is clear that the sum of n terms of the series (2) is 
equal to the (M4-l)th term of series (1) ; and the nth order of 
differences in series (2) is the (n+l)tli order in series (1), If, 
then, we denote the sum ofn terms of series (2) by S, which is 
the same as the (5i+l)th term of (1), we may obtain the value 
of S from the formula of the preceding article by substituting 
for a, 
n+X for n,. 
a for D', 
D' for D", etc. 
Hence 

When any one of the successive ordeia of differeoces be- 
comes zero, this formula gives the exact sum of the terms. 
When no order of differences becomes zero, the formula may 
still give approximate results, which will, in general, be nearer 
the truth the greater the number of terms employed. 

EXAMPLES. 
1. Find the sum of 15 terms of the series 

1, 3, fi, 10, 15, 21, etc. 
Here ra=l, D'=2, D"=:l, D'"=0. 
Therefore 3=15+15.14+5.7.13 = 680, Ans. 
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2. Find tlie sum of 20 terms of Ae series 

1, 4, 10, 20, 35, etc. 

3. Find the sum of n terms of the scries 

1, 2, 3, 4, 5, 6, etc. 

i. Find the sum of n terms of the series 

1", 2", 3", i', P, etc. . 

^^^ »(^+l)1:2»+l) ^ 

5. Find the sum ofn terms of the series 
13, 23, S3, 43, 6^ ete. 



Ans. 



("'+'■)' 



6. Find the sum of n terms of the series 

1, 3, 6, 10, 15, etc. . 

^„^ .(„4-^l)(n+2) 

7. Find the sum of n terms of the series 

1.2, 2.3, 3.4, 4.5, 5.6, etc. 

^^^ „(„+lK„+2) . 

8. Find the sum of ra terms of the series 

■ 1, 4, 10, 20, 36, etc. 

„(«+l)(«+2)(«+3) 
^™- 2X1 

372. InierpoJalion is the process by 'which, when we have 
given a certain number of terms of a series, we compute inter- 
mediate terms which conform to the law of the series. 

Interpolation may, in most cases, be effected by the use of 
the formula of Art. 370. If in this formula we substitute n+1 
for n, we shall have 

T,H.i=<t+«D'+!^JfcSD"+ "<"~^'><"'^> D"'+, ete., 

which expresses the value of that term of the series which has 
n terms before it Wben n is a fraction less than unity, T^i 
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Stands for a term between the first and second of the given 
terms. "When n is greater than 1 and less than 2, the inter- 
mediate term will lie between the second and third of the given 
terms, and so on. In general, the preceding formula will give 
the value of such intermediate terms. 



to 3.9] 
■ 8.936497, 



EXAMPLES, 

1. Givcp the cube root of 60 equal 
" 61 " 



" 63 " 3.979057, 
64 " 4.000000, 
to Irnd the cube root of 60.25. 
Here D' = + . 021629, D"=-.000235, D"'=+.OOO007, etc, 

0=3.914868, and ii=.25. 
Substituting the value of n in the formula, we havo 



T»n=(i+iD'-AI'"+T 



,D'" 



The value of the 1st term is 

" 2d 

" 3d 

" " 4th " 

Hence the euhe root of 60.25 is 

2. Find the cube root of 60.5. 

3. Find the cube root of 60.75. 

4. Find the cube root of 60.6. 

' 5. Find the cube root of 60.33. 



+ 3.914868, 
+ .006407, 
+ .000022, 
+ .000000 . 
3.920297, 



etc. 



Am. 3.925712. 
Ant. 3.931112. 
Ans. 3.927874 
Am. 3.922031. 



6. Given the square root of 30 equal to 5.477226, 



31 



33 
34 



to iind the square r^ot of 30.3 

7. Find the square root of 30.4. 

8. Pind the square root of 30.5. 

9. Find the square root of 30.6. 
10. Find the square root of 30.8. 



5.567764, 
6.666854, 
6.744563, 
6.830952, 

Am. 5.604544. 

Am. 5.613619. 

Am. 6.622681. 

Am. 6.631727. 

Am. 6.649776. 



(b, Google 



Development of Algebraic Eaypressions into Series. 
373, An irreducible fraction may be converted into an in- 
finite series by dividing tlie numerator by the denominator, ac- 
cording to the usual method of division. 

!^s. 1. Expand rr — ■ into an infinite series, 

l-cc)l {l+x+x^+x'+x*^, etc. 
1-x 



Hence z =l+x+x^+a:^-\-af+a:?+, etc., to infinity. 

Suppose x=^, we shall thea have 

j-^=j^=2 = l-fi+i+i+TV+, etc. 
Suppose x—^, we shall then have 

Ex. 2. Convert into an infinite series. 

Am. l—x+x^—x^+x''—x^+, etc. 
Suppose a;— ^, we shall then have 

^=f =l-i+i-i+-^-^V+, etc. 
Ex. 3. Convert into an infinite series. 



Ex. 4. Convert into an infinite s 
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Ex. 5. Convert :j into an infinite scries. 

Ex. 6. Convert into an infinite series. 

a—x 

Ans. l-\ 1 — =--! — 3—1 — T-+, etc. 

a a' a' or 

Ex. 7. Convert --— into an infinite series. 

Ans. l+sc— x^— 3!*4-n^+rc''— , etc. 



1— x+a!^ 

Ans. 'X—x^—a?+x^-\-x''—a?—, etc. 

Ex. 9. Convert q = into an infinite series. 

Ans. l+2;z+3a;^+5x^+8a^+133;s+, etc. 

374. An algebraic expression which is not a perfect square 
may he developed into an infinite series hy extracting its square 
root according to the method of Art 198. 

Ex. 1, Develop the square root of 1 +3; into an infinite series. 

■'"2~8"^16~i28''" 



a? x^ :c? x*^ 

"8"'"16~64"^266 

&x* x^ x^ 

~l4 64"256' 
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Hence the scLuare root of 1 +x is equal to 
^ X x^ 3P Sa^ 
^+2-8 +16-128 + ' *• 
Suppose x=l, we shall have 

V2=l+i-i+TV-Tl^+, etc. 
Ex 2. Develop the square root of M^ +3! into an infinite series. 
, X x^ a? fix* 

Ex.3. Develop the square root of tt'+a; into an infinite series. 
Ex. 4. Develop the square root of a*—x into an infinite series. 
Ex.5. Develop the square root of a^+x' into an infinite 



Method of Undetermined C 

375. One of the most useful methods of developing algebraic 
expressions into scries is the method of undetermined coefficients. 
It consists in assuming the required development in the form 
of a series with unknown coefficients, and afterward finding the 
value of these coelficients. This method is founded upon the 
properties of identical equations. 

376. An identical equation is one in which the. two members 
are identical, or may be reduced to identity by performing the 
operations indicated in them. As 

ax+h=:ax-i-h. 



377. It follows from the definition that an i 
is satisfied hy each and every value which may he assigned to a let- 
ter which it contains, provided that value is the same in both 
members of the equation. 

Every identical equatKin containing but one unknown quan- 
tity can be reduced to the form of 

A+'Bx + Gx'+J)x''+, etc.=A' + B'a:-l-GV+DV+, etc. 
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378. If an equation of the form 

A+Ba; + Car' + , eto.=A' -\-B'x-\-Q'x^-\-, etc., 
nmst he satisfied for each and every value given to x, then ike co- 
efficients of the like powers of x in the (too memiers are equal each 
to eabh. 

For, since this equation must be satisfied for every yalue of 
X, it must be satisfied when a;=0. But upon this supposition 
all the terms vanish except two, and we have 
A=A'. 
Suppressing these two equal terms, we have 

Ba3+03^ + , eta = B'x + CV + , etc. 
Dividing each terra by x, we obtain 

B+Ca; + , ete. = B' + C'3; + , etc. 
Since this equation must be satisfied for every value of x, it 
must be satisfied when x— 0. But upon this supposition 
E^B'. 
In the same manner we can prove that 
= 0', 
D=D', etc. 

379, Whenever we have an equation ofihef<yrm 

M+Na;-J-Px^+Q3;3 + , etc.=0, 
which is true for every value of x, all the coefficients of x are equal 
lom-o. 

For, if we transpose all the terms of the equation in the last 
article to the left-hand member, we shall have 

A-A' + (B-B> + (C-CX+(D-DV + , etc.=0. 
But it has been shown that A=:A', B=B', etc.; whence 
A— A'=0, B— B'=0, etc. If we substitute M for A— A', and 
N for B— E', etc., the equation "will be 

M+Nx+P3^4-Qfl:3+, etc.=0. 
whence M=0, ]S]"=Q, P=0, etc. 

Ex. 1. Expand the fraction ^j — — info an infinite series. 

It is plain that this development is possible, for we may divide 
the numerator by the denominator, as explained in Art. 373. 
Let us, then, assume the identical equation 
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l±f=A+Bx+Cx^+'Qa^+'&x' + , etc., 
1— Sa:; 

where the coefficients A, B, 0, D arc supposed to be independ- 
ent of X, but dependent on the known terms of the fraction. 

In order to obtain the valaes of these coefficients, let us clear 
this equation of fractions, and ttc shall have 

l+2a;=A+(E-3A)^-!-(0-3E}x^4-(D-3C)ar'+ 

(E-3D)x'+, etc. 

Now, since this is supposed to be an identical equation, the 

coefficients of the like powers of x in the two members are 

equal each to each. 

Therefore A = l. 

B-3A=2, whence B=5; 
C-3B=0, " 0=15; 
D-gC=.0, " B=45; 
E-.3D=0, " E==136, etc. 
Substituting these values of the coefficients in the assumed 
series, we obtain 

l±^^lj^&x+15x'+4:5x'-^U6x'+, etc., 
l — 6x 

where the coefficient of each term after the second is three 

times the coefficient of the preceding terra. 

380. The method thus exemplified is expressed in the fol- 
lowing 

EULB. 

Assume the proposed expression equal to a series of iJie form 
A-j-Ecc+Ca;^-!-, eta; clear the equation of fractions, or raise it to 
its proper power, and place ike coeffidenls of the like powers ofx in 
ike two member's equal each to each Then find from these equa- 
tions the values of A, B, C, etc., and substitute these values in the 
assumed development. 

Ex. 2. Expand the fraction - — into an infinite series. 



Clearing of fractions, we have 



Assume- — -5 = A+Ba!+Ca:^-|-Di2^+E3;*+, etc. 

1— 2a;+a;'' 
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l.= A+(B-2A)cc+(C-2E + A)iC^+(D_2C+B)3;= 
+{E-2D + C)a^+, etc. 
Therefore we must have 
A=l, 



B-2A=0, 
C-2B + A:=0, 
D-2G+B=0, 
E-2D+C=0, 



whence B=2A=2; 
" C=:2B-A^3; 
" D=2C-E==4; 
" E = 2D-.C=5, etc, 

l+2a:+ 3x^^+4x3+53^+, etc. 



1— 2a:+a:^ 

Ex. S, Expand the fraction - — ^^^-^ into an infinite series, 

Ans. l + 3x+4x^+1x'+llx*+18a^+29x^+, etc., 
wliere tte coefficient of each term is equal tO' the sum of the 
eoeffieients of the two p 



Ex. 4. Expand ~--| 



- into an infinite s 



~2x-8x^ . 
Aias. l+a;+535^+13ir'+4W+121ic^+, etc. 
What is the law of the coefficients in this series ? 
Ex. 5. Expand Vl— a; into an infinite 
X a? 3? 
~2~8~16~128~256' 



Am. \-t-tL _ ^^ etc 




-23;+a^+a;^— 2a;^+a^+a;^— , etc. 
into an infinite scries, 

381. Pro'per Form of the assumed Series. — In applying the 
method of undetermined coefficients to develop algebraic ex- 
pressions into series, we should determine what power of the 
variable will be contained in the first term of the development, 
and assume a corresponding series of terms. Generally the 
first term of the development is constant, or contains a;" ; but 
the first term of the series may contain x with any exponent 
either positive or negative. If the assumed development com- 
3 with a power of a; loioer than is necessary, no error will 
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result, for the coefficients of the redundant terms will reduce 
to zero. But if the assumed development comracECes with a 
power of X higher than it should, the fact will be indicated by 
an absurdity in one of the resulting equations. 

The form of the series which should be adopted in each case 
may be determined by putting ai=0, and observing the nature 
of the result. If in this case the proposed expression becomes 
equal to a finite quantity, the first term of the series will not 
contain x. If the expression reduces to zero, the first term will 

contain x; and if the expression reduces to the form — , then 

the first term of the development must contain x with a nega- 
tive exponent. 

Let it be required to develop -^ ^ into a series. 

Assume ~ -■=A+'&x-\-Cx^-{-J)x^-\-, etc. 

6X — a? 

Clearing of fractions, we have 

1^3Aa;+(3B-A}xH, etc., 
whence, according to Att. 378, wo obtain 1—0, which is ab- 
surd, and shows that the assumed form is not applicable in the 
present case. 

Let lis, however, assume 



Clearing of fractions, we have 

1^3A+(3B-A)a;+(3C~B)a:^+(3I)-C)a;=+, etc. 

Therefore SA~1, whence A— -J^; 

. 3B-A^0, " B:=i; 

8C-B = 0, " G^ir\ 

SD-C=0, " D=-^. 

Substituting these values, we find 

1 x-'^ 'X" , X %''' , 
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To Resolve a Fraction into Simpler Fractions. 
382. When tlie denominator of a fraction can be resolved 
into faetors, the principles now developed enable us to resolve 
the fraction itself into two or more simpler fractions, having these 
factors for denominators. In such a case, the given fraction is 
the sum of the partial fractions. 

Ex. 1. Resolve the fraction -= — ^ - - into partial fractions. 

a;^— 5a;+6 ^ 

We perceive that a^— 5a;+6 = (a;— 2)(a^-3). 

5x-12 A B 
Assume -i—^~rs= ttH ^r. 

in which the values of A and B are to he determined. 
Clearing of fractions, wo have 

5x-12^{A+'B)x-{SA+2B). 
By the principle of Art. 378, A + B=5, 
and 3A+2B = 12. 

Prom which we obtain A=2 and B = 3. 

Substituting in the assumed equation, we have 
5^-12 _ 2 3 

Ex. 2. Eesolve — ^ — j into partial fractions. 



5x— 19 
Ex. 3. Eesolve -i: — tt ir^ into partial fractions. 



A 3,2 

Ex. 4. Resolve — ^ ■ into partial fractions. 

A 1.11 

x+1 a:— 1 X 

2a;3 6x4-^ 

Ex. 5. Resolve ■ . ■■■■ ^. ■■ ^ jrr-, ^r into partial fractiona. 



{x~l){^-2){x-S) 
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(x+l)(a;-l)(2x+l) 
Ans. 



into partial fractious. 



Es. 7. Eesolve - -._k. a .4^4 ' ™*° partial firactions. 



0/" Series. 

383. ?^e reversion of a series is the finding the value of the 
unknown quantity contained in an infinite series by means of 
another series involving the powers of some other quantity. 

This may be accomplished by the method of undetermined 
coefficieats in a mode similar to that employed in Art. 379. 

Es. 1. Given the series y=x+x^+a?+, etc., to find the value 
of X in terms of p. 

Assume x=Ay+'By'''+Cy^-\-I>y*^+, etc. 

Knd, by involution, the values of x', x% ic*, and a", carrying 
each result only to the term containing y^. Then, substituting 
these values for x, x'^, x^, etc., in the given equation, we shall have 



?/^As'+B \y^+G U^+D 

+ A=| +2AB +2A0 
+ A' 1 +B^ 

+3A^E 
+ A^ 



f+, etc. 



+ 2 AD 
+2B0 
+3ASC 
+SAB^ 
+4A3B 
+A^ 
Since this is an identical equation, we place the coefficients 
of the like powers of y in the two members equal to each other, 
and we obtain 

A=+l, B-:-l, 0=4-1, D=-l, B = +l, etc. 
Hence we have x=y~y^+y^—'i^-i-y^—, etc., Ans. 

Ex.2. Given the series i/=a:- 

value of ic in terms of y. 



+-j — -3-+, etc., to find the 



Am. ^-;/+|-+|-+|-+, etc. 
S 
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Ex. 3. Given the series y=x—^+-g—-T-+-r — , etc., to find 
the value of x in terms of y. 

An,. «=y+^+J^+^+jJl-g+, etc 
Ex. 4. G-iven the series y=x+ar'+x^+aP-\-x^+, etc., to find 
the value of x in terms of y. 

An^. x—y—y^+iy^—5y''-\-l'^y^~-, etc. 
Ex. 5. Given the series y=x+Zx^+&ay'+1c^+2x^+, etc., to 
find the value of a; in terms of y. 

Ans. a;=2/-%=-l-13j/^-672/*+381j/^-, etc. 

384, When the sum of aserics ia known, we may sometimes 
■ obtain the approximate value of the unknown quantity by re- 
verting the series. 

Ex.1. Given i<c+^^+A^+u4-¥^*+B^4F^+i elc.=^, to 
find the value of x. 

If we call s the sum of the series, and proceed as in the last 
article, we shall Have 

- a;=25— s^+l*^— is*+|s^ — , etc. 

Substituting the value of s, we find 

a;=i— -iV+inr— TT7+T^— , etc., or cc=0.446S54 nearly. 

Ex. 2. Given 23;+33:^+4a^+5x' + , etc.=-J:, to find the valuo 
<^^ ^- , 5 Ss^ , 19s^ 152s^ 

or !^=i— TTg+-¥ o-fl — T^T+i etc.=0.2300 nearly. 

Ex.3. Given ic— 5-+-^— ^+, etc.=^, tofind thevalue ofx 

^3'''15'^351^ 
3;=i+^+^T+T^T^+, eto. = .84625 nearly. 

4^ 



An.. x=,-^+|j-^+j^-jjj+, etc, 

^=?~ir!r+T5Tr— iii^u + a75^ouo — iia&uouu +i etc, 
x=0.1812693 nearly. 



(b, Google 



275 

Binomial Theorem. 
■ 385. In Art. 353 the binomial theorem was demonstrated 
for the ease in which m is a positive whole number. By means 
of the method of undetermined coefficients we can prove that 
this formula is trne, whether m is ^positive or negative, entire or 
fractional. The demonstration of this theorem depends upon 
the following proposition : 

386. The value of — — 5-, wJieji a~b, is m aU cases na'^"^. 

wheiker n is positive or negative, integral or Jraotional. 

Mrat, It was shown in Art. 83 that when n is a positive 
whole number, «"— J" is esaetly divisible by a—h, and the 

quotient is <f'-^-\-a^^%^cC^-^h'^-\- +i"-^. The number of 

terms in this quotient is equal to n; for & is contained in all the 
terms except the first, and the exponents of h are 1, 2, 3, etc., 
to n—l, so that the number of terms contaiuing b is n— 1, and 
the whole number of terms is equal to n. Now, when a—h, 
each term of the above quotient becomes a"~\ and, since there 
are n terms in the quotient, this quotient reduces to «tt"-^. 

Second. Suppose n to be a positive fraation, or n=—, where 
p and q are positive whole numbers. 

Let a'^—x, whence a'^^x^, and a=afl. 

1 p 

Also, let b'i=.y, whence h'i—y'^, and b='\f. 

Then, substituting, we have 



But^ and q are positive integers ; therefore, when a=J, and, 
consequently, ie=y, according to case first, the numerator of 
the last fraction becomes ^sc''^*, and the denominator 1; 
jLCfi-^ ; that is, the fraction reduces to 

St:', or £x.-.. 
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Substituting for k its value «', the fraction reduces to 

— a V ,OT -a^ , ornffl"-\ 
q ' q ' 
Third. Suppose n to be negative, and either integral or frac- 
tional; or let n — —m. Then we shall have 

a-b a~b a-h aFb"^' a-b ^ o^'b^' a-b ' 

Now, when a=b, the first factor of the last expression re- 
duces to — 2^, or — 1[-^™, and the second factor (by one of the 

preceding cases) reduces to ma™-'. Hence the expression be- 
comes — (s-^ X Wia'"~', or — ma-™— ^ or ^a"-^. 

387. It is required to obtain a. general formula expressing the 
value of{x+a)™, whether m be positive or negative, integral or 
fractional. 

Now 3;4-ffl=icll-| — J; therefore (K4-«)™—a:™(H-'-| . 

If then we obtain the development of I1 + -J , we have 
only to multiply it by a?" to obtain that of {x+a)™. 

Let -~z; then, to develop (1 + s)™, assume 

(l + s)™=A+Bs+a*+D2'+, etc., (i.) 

in which A, B, 0, D, etc., are coefficienta independent of s, and 
wc arc to determine their values. 

Now this equation must be true for any value of s; it must 
therefore be true when s=0, in which case A=l. 

Substituting this value of A in Eq. (1), it becomes 

(H-s)™=l+Bs+0s=i+3)a=+, etc. (2.) 

Since Eq. (2) is to be true for all values of s, let s=!i ; then 
(2) becomes 

(l + ?i)™^l+Bn+C?i^+D"-'+, etc. (3.) 

Subtracting (3) from (2), member from member, we have 
(l+zr-{l+nr=.B{z-~n) + G{^-n'')+D{^~n^+, etc. (4) 
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Dividing the first member of (4) by (I+2)— (1+ra), and the 
second by its equal s— m, we have 

Bufwhen e=n,oi H-s=:l+n, the first member of equation 
(5) becomes mQ. + '^y^K 

Also, =z+n, when z=n, becomes 2s. 

' s—n 

— — =;s^4-sM+n^, when a=n, becomes 3s^, etc. 

These values substituted in (5) give 

m{H-s)™-^=B+2Ca+3Ds^H4Ea3+, etc (6,) 

Multiplying both members of Eq. (6) by 1+s, we have 
m(l+2f=B+(20+B>+(8D+2Cy4-(4^+3I)>= + ,etc. (7.) 
If we multiply Eq. (2) by m, we have 

m(l+a)'"=m+mBa+mC3'^+mDs^+, etc. (8.) 

The first members of Eq, (7) and (8) are equal ; hence their 
second members are also equal, and we have 

TO+mBs+mOa^+mIte^+, etc.= 
E+(2C+B)2+(SD+2C)s^+(4E+3D)sH,etc. (9.) 
This equation is an identical equation ; that is, it is true for 
all values of z. Therefore the coefficients of the like powers 
of 2- in the two members are equal each to each, and we have 
B=m. 
2C+B=mB, whence c;^ "^(^-l) . 

SD+20^mC, " D= ^'^''^-^ \i^!}^, etc. 
Substituting these values in (2), we have 
(l+.)-=l+»+=^^=+=fc^i^."+,elc. (10.) 

If in this equation we restore the value of s, which is |, we 
have 



(b, Google 



and mnltiplyiiig both members hj x^, we obtain 
in{m—l) ^_2 2 



(X + O)-: 






2.3 



2 
"%^ + , eta, 



(11.) 



which is the general formula for the development of any bino- 
mial (ic+d)™, whatever be the values of x and a, and whether 
m be positive or negative, integral or fractional ; and this for- 
mula is known as the £inomial Theorem <^iSir Isaac Newton. 

-, 888. When the Series is Mnile.—1he preceding development 
is a series of an iniinite number of terms ; but when m is a pos- 
itive integer, the series will terminate at the (m + l)th term, 
and all the succeeding terms will become zero. For the second 
term of Eq. (11) contains the factor m, the third term the factor 
m— 1, the fourth term the factor m— 2, and the (m-f2)d term 
contains the factor m—m, or 0, which reduces that term to 0; 
and since ail the succeeding terms also contain the same factor, 
they also become 0. There will therefore remain only m + 1 
terms. 

When m. is not a positive integer, it is evident that no one 
of tho factors m, m— 1, m— 2, m— 3, etc., can be equal to 0, 
so that in that case the development will be an infinite series. 

389. Expansion ofSinomials unlh negative integral Exponents. 
This is effected by substitution in formula (11). 



Bx.l. 



i+b 



r (a+J)-^ into an infinite s 



In (11) let m= — 1, and we f 



second 


term is —1, 


third 


„ ,^lx-2 


fourth 


„ . -j-lx-3 
"* 3 


fifth 


„ i„--lx-<l 
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Hence we have 

(a+f>)-^=ffl-'-(i-^5+a-%2-ffl-^5= + , etc., 
1 1 b h^ h\ . 

or — rT= 1+-3 — 4+' 6*°-i 

a+b a a' a^ a^ ' 

which IB an infinite series, and the law of the series is olDvious, 
We might have obtained tlie same result by the ordinary meth- 
od of division. 

Ex. 2. Expand r tt^ or (a+b)-^ into an infinite series. 

Ans. a-^—2a-^b+3a--^b'^-,4ar^b^+5a-^b^—, etc., 
" 1 26 , Sb^ iP 55* 

where the law of the series is obvious, 

Ex. 3. Expand — j or {a— 5)~^ into an infinite series. 

Ans. a-''^+a'-'^b+a-^b^+a-^i^ + , etc. 

Ex. 4 Expand -r tt^ or (a— &)-^ into an infinite series. 

Ex. 5. Expand (a-f &)~^ into an infinite series, . 

Ans. a-^-Sa-^b+6a-^b^-l0a-^b'' + 15a-''b*~, etc 
Ex. 6. Expand {a~b)-* into an infinite series. 

Ans. a-*+4a-55 + 10a-W+20a-^63+35a-8S*+, etc, 
Ex. 7. Expand {l+2a;)~^ into an infinite series. 

Ans. l-103;+60a]^-280a;3+, etc. 

390. Expansion of Binomials wilh positive Fractional Mi^onetits. 

Ex. 1. Expand Va+b or (ra+6) into an infinite series. 
Represent the coefficients of the different terms by A, B, C, 
D, etc. ; then 

A= +1, 

B= n =+i, 

^-Ox-s— +2X6' 



E=D>! 



1.3.5 
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Hence we have 

-h 1 -f,„, 1.3 -|„ 1.3.5 --I,, 

+ , etc. 
The factors which form the coefficients are kept distinct, in 
order to show more clearly the law of the series. The numer- 
ators of the coefficients contain the series of odd numbers, 1, 3, 
5, 7, etc., while the denominators contain the even numbers, 
2, 4, 6, 8, etc. 

Bx. 2. Expand (x—o)^ into an infinite series. 
Es, 3. Expand {a'+xj^ into an infinite series. 

A«. „+_^_^^+^^_j^^^+, etc 
X x^ Zx^ Z.bx^ 

Ex. i. Expand {a+hy into an infinite series. 



Ex, 5. Expand {a?—}^Y into an infinite series. 
Ex. 6. Expand {a+xf into an infinite series. 



Ex. 7. Expand (a— S)^ into an infinite 



i( h J&^ 3.7S3 3.7.m^ 1 

_,.„. a |i_^^_^^^^ 4. 8. 12^3 4.8.12.16a* 'I 

Ex. 8. Expand (1— a:)^ into an infinite series. 

. . X 4x^ 4.9a;^ 4.9.14x^ 
'^"'■■^~6~O0"'6.10.15 5.10.15.20"' 

391. Expansion of Binomials with negative Fractional Expo- 
lents. 

Ex. 1. Expand — — -j- 
{a+bf 
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SEEIES. 

The terms without the coefficients are 

a"*, a%, arh\ a~h^, a^h\ etc 
Represent the coefficients by A, B, C, B, etc. ; then 
A= +1, 

B^ n ^^4, 



B=D 



n-3 , 1.3.5.7 



Hence we obtain 
2 



3.5.78* 
''2.4.6.80' 

Ex. 2. Expand {a^—xy^ into an infinite series. 

1 X l.Sie' 1.3.5rJ 1.3. 6 . Tie* 
o'''2(i""''2.4o'^2.4.6o''''2.4.6.8a" 

Ex. 3. ■ Expand . into an infinite series. 

, mi, a', 1.3a" 1.3.5o" , l,S.5,7o>" 



' 2.4cii' ■ 2.4.6: 



Ex. 4. Expand (a+a:) into an infinite series, 
-i 1 -# ,1.4-1, 1.4.7 -V- ,, 1.4.7.10 - 



:. 5. Expand (a^—o;^) * into an infinite series. 



(1 4-ic) ^ into an infinite series. 
Q! &c' 6,11a;' 6.11.161' 
6''"5.10 5. 10. 16 "'"6. 10. 15. 20 
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392, Uxtraction of any Boot of a Surd Number. — The appros- 
imate, value of a surd root may be found by tbe binomial 
theorem by dividing tbe number into two parts, and consider- 
ing it as a binomial. 

Ex. 1. Find the square root of 10. 

If, in Ex. 8, Art. 390, we make a^=% and x— 1, wc sball have 



The value of the first term is 
second " -\ 
third ' 
fourth ' 

fifth 

sixth ' 
seventh ' 



t.OOOOOOO 



- .0046296 
+ .0002572 

- .0000179 
■ + .0000014 

- .0000001 
3.1622777, 



which is the square root of 10 correct to seven decimal places 
Ex. 2. rind the square root of 99. 

V99 = -\/l00-l=(10O-l)* 
Substituting in Ex. 3, Art. 390, we have 
./ss ,„ 1 1 8 



' 


2.10 2.4.10* 


2.4.6.10*^ 


The value of the first term is IC 


0000000 


U i 


second " — 


0500000 


li I 


third " ~ 


0001250 


u i 


fourth " — 


0000006 


Their sum is 


9 


9498744, 



which is tbe square root of 99 correct to seven decimal places. 

393. The method here exemplified for finding the nth root 
of any number is expressed in the following 

RULE. 

Mnd, hy trial, ike nearest integral root (a), and divide tke given 
into two parts, one ofiohidi is iJie nthpmver of (a), (hn- 
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si'&J' lji£se ivmparl3 as the terms of a hinomml, and deveioj} it into 

a series ly the binomial theorem. 

Ex. 8. Find the cube root of 9 to seven decimal places. 

, „ , 1 2 , 2.5 2.5.8 , , 

rf-2^ 3.6.2* 3.0.9.2' 3.6.9.12.2" 

= 2.0800838. 

Ex. 4. Find the cuhe root of 31 to seven decimal places. 

I 4 2.4= 2.6.4" 2.6.8.4' 1 

Jm. d I l+j-j^-j-j^jp+j-g-g^,-g-jj^2:2p+, etc.,| 

= 3.1413806. 
Ex. 5. Find the iiflh root of 30 to seven decimal places. 
, 2 2.4 2.4.9 

=1.9743606. 
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CHAPTER XX. 

LOGARITHMS. 

394. The logarithm of a number is the exponent of the power 
to which a constant numher must be raised in order to be ecLual 
to the proposed number. The constant number is called the 
hase of the system,. 

Thus, if a denote any positive number except unity, and 
<t^=m, then 2 is the exponent of the power to which a must 
be raised to equal m; that is, 2 is the logarithm of m in the 
system whose base is a. If a*=m, then x is the logarithm of 
m in the system whose base is" a. 



395. If we suppose a to remain constant while m assumes in 
succession every value from zero to infinity, the corresponding 
values of x will constitute a system of logarithms. 

Since an indefinite number of different values may be attrib- 
uted to a, it follows that there may he an indefmii^ number of sys- 
tems of logarithms. Only two systems, towever, have come into 
general use, viz., that system whose base is 10, called Briggs's 
system, or the common system of logarithms ; and that system 
whose base is 2.718 +, called the Naperian system, or hyperbolic 
system of logarithms. 

Properties of Logarithms in general. 

396. The logariihTn of the product of two or more numbers is 
equal to the sum of the logarithms of those numbers. 

Let a denote the base of the system ; also, let m and n be 
any two numbers, and x and y their logarithms. Thenf by the 
definition of logarithms, we have 

a^=m, (1.) 

ay=n. (2.) 

Multiplying together equations (1) and (2) member by mem- 
ber, we have O'+^'—mn. 
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Therefore, according to the definition of logarithms, cc+y is 
the logarithm of inn, since it is the esponeat of that power of 
the base which is equal to mn. 

For convenience, we will use log. to denote logarithm, and 
we have 

x+y-log. mn^log.m+log.n. 

Hence we see that if it is required to multiply two or more 
numbers together, we have only to take their logarithms from 
a table and add them together; then find the number corre- 
sponding to the resulting logarithm, and it will be the product 
required. 

397. The logarithm of the quotient of two numbers -is equal to 
the logarithm o/t/ie dividend diminished hy that ofihs divisor. 
If we divide Eq. (1) by Eq. (2), member by member, we shall 



Therefore, according to the definition, x—y is the logarithm 
of — , since it is the exponent of that power of the base a -which 
is equal to — . That is, 

x—y~\og. (— j=;:log, m— log. n. 

Hence we see that if we wish to divide one number by an- 
other, we have only to take their logarithms from the table and 
subtract the logarithm of the divisor from that of the dividend ; 
then find the number corresponding to the resulting logarithm, 
and it will be the quotient required. 

398. The hgariOvin of any poiver of a nuviher is equal to Hie 
logarithm of Utat number multiplied hy the exponent of the poiver. 

If wo raise both members of Eq. (1) to any power denoted 
by^, we have a^=:mP. 

Therefore, according to the definition, ^a; is the logarithm of 
niP, since it is the exponent of that power of the base which is 
equal to mP. That is, 

j)a;=log. (mP)=_p log. m. 
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Therefore, to involve a given number to any power, we 
multiply the logarithm of the number by the exponent of the 
power; the product is the logarithm of the required power. 

399. The logarithm of any root of a number is equal to the log- 
arithm ofiliat number divided hy the index of the root 

If we extract the rth root of both members of Eq. (1), we 

shall have a'—^frii. 

Therefore, according to the definition, - is the logarithm of 
'i/m. That is 

!=log.VS=l2£I2. 

Therefore, to extract any root of a number, we divide the 
logarithm of the number by the index of the root ; the quotient 
is the logarithm of the required root. 

400. The following examples will show the application of 
the preceding principles: 

Ex. 1. log. {abcd)=log. «+Iog. S+log. c+log. d. 

;■ (^j =log- «+iog. &+log. c-\o^. d— log. e. 
5. (a™6"c'')=7« log. a+n log. &+j5 log. c. 
(^:r) =™ ^°S- «+" ^og. h-p log. c. 



Ex.2, log. 
Ex. 

Ex.4 log. 
Ex. 5. log. 
Ex. 6. log. 

Ex. 7. log. 
Ex, 

Ex. 9. log. 
Ex. 10. log. 



sJ'^^Wog. «+2 log. &+i log. c-5 log. d\. 

((i^V^)=log.(a^)=Ylog.«. 
.(a^— a;^=Iog.{(a+a;)(((— a;}}=lo8.((<+3:)+log.(n-.c).' 
\/o?—a?=^ log. {a+x)+^ log. {a—x). 

'^■|^)-4 log. 3+i log. 4-* log. ^-1 log. 2. 
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401. In all systems of logarithms, the hgaritJim of unity is zero. 
For in the ecLuation a''—n, 

if we make n—1, the corresponding value of x will be 0, since 
.a°=l,Art.75; that is, log.l=0. 

402, In all systems of logaritlvms, the hgariihm of the base is 
unity. 

For, a'=a; 

that is, log. t[=l. 

Common Logari&inis. 

403, Sinco the base of the common system of logaritbma is 
10, all numbers in this system are to bo regarded sajiowers of 
10. Thus, since 

10"=1, webave log. 1=0; 

lO'^lO, " log. 10= 

10^=100, " log. 100- 

103=1000, " log. 1000=3, etc. 
From this it appears that in Eriggs's system the logarithm 
of any number between 1 and 10 is some number between 
and 1 ; that is, it ia a fraction less than unity, and is generally 
expressed as a decimal. The logarithm of any number between 
10 and 100 is some number between 1 and 2 ; that is, it is equal 
ia 1 plus a decimal. The logarithm of any number between 
100 and 1000 is some number between 2 and 3 ; that is, it is 
equal to 2 plus a decimal ; and so on. 

404. The same principle may be extended to fractions by 
means of negative exponents. Thus, since 

10-^=^ or 0.1, we have 'log. 0.1 = - 
10-^^Tw or 0.01, " log, 0.01 = - 

10-^--nnnr or 0.001, " log. 0.001 = -3 ; 

10-4=-r,fi^ or 0.0001, " log. 0.0001^-4, etc. 
Hence it appears that the logarithm of evciy number be- 
tween 1 and 0.1 is some number between and —1, or may be 
represented hy —1 pi^us a decimal. The logarithm of every 
number between 0.1 and 0.01 is some number between —1 and 



(by Google 



—2, or may be represented by —2 plus a decimal. The loga- 
rithm of every number between 0.01 and 0.001 ia some number 
between —2 and —3, or may be represented by —3 jj^us a 
decimal, and so on. 

405. Hence we see that the logarithms of most numbers must 
consist of two parts, an integral part and a decimal part. The 
former part is called the characterisiic or index of the logarithm. 
The characteristic may always be determined by the following 

EULE. 

The characterisiio of the loga/riihm, of any nv/mber is equal to 
the number of places hy which tlie first significant figure of that 
number is removed from (he unifs place, and is positive when this 
figure is to ike left, negative wkm it is to ike nght, and zero when 
it is in the unit's place. 

Thus the characteristic of the logarithm of 397 is +2, and 
that of 5673 is +3, while the characteristic of the logarithm 
of 0.0046 is -3. 

406. The same decimal part is common to the logariHims of 
all numbers composed of ike same significant figures. 

For, since the logarithm of 10 is 1, it follows from Art. 397 
that if a number be divided by 10, its logarithm will be dimin- 
ished by 1, the decimal part remaining unchanged. Thus, if 
we denote the decimal part of the logarithm of 3456 by m, we 
shall have 



log. 3456 ^3+m. 
log. 345.6=2+«i. 
log. 3456=l-fm. 
log. 3.456=0+TO. 



.M56=-l+m. 

.03456= -2 + m. 

.003456= ~3+m. 

.0003456= -4+m. 



Table of Logarithms. 
407. The table on pages 290, 291, contains the decimal part 
of the common logarithm of the series of natural numbers from 
100, to 999, carried to four decimal places. Since these num- 
bers are all decimals, the decimal point is omitted, and the char- 
acteristic ia to be supplied according to the rule in Art. 405. 
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408. To find the logarithm of any number consisting of not 
more than three figures.— Ijoo]£ on one of the pages of the ta- 
ble, along the left-hand column marked No., for the two left- 
hand figure, and the third figure at the head of one of the 
other columns. Opposite to the flrat two figures, and in the 
column under the third figure, will be found the decimal part 
of its logarithm. To this must be prefixed the characteristic, 
according to the rule in Art. 405. Thus 

the logarithm of 347 is 2.5403 ; 
" 871 is 2.9400. 

The logarithm of 63, or 63.0, is 1.7993; 
5, or 5.00, ia £.6990; 
0.235 is 1.3711. 
The minus sign is here placed over the characteristic, to show 
that that alone is negative, while the decimal part of the loga- 
rithm is positive. 

409. To find the logarithm of any number containing more 
than three figures. — ^By inspecting the table, we shall find that 
within certain limits the differences of logarithms are propor- 
tional to the differences oftheir corresponding numbers. Thus 

the logarithm of 216 is 2.3345 ; 
" 217 is 2.3365; 

218 is 2.3385. 
Here the difference between the successive logarithms, called 
the tabular difference, is constantly 20, corresponding to a differ- 
ence of unity in the natural numbers. If, then, we suppose the 
logarithms to increase at the same rate as their corresponding 
numbers (as they do nearly), a difference of 0.1 in the numbers 
should correspond to a difference of 2 in the logarithms ; a dif- 
ference of 0.2 in the numbers shortld correspond to a differ- 
ence of 4 in the logarithms, etc. Hence 

the logarithm of 216.1 must be 2.3347 : 

" 216.2 " 2.3349,' etc. 

In order to facilitate the computation, there is given, on the 

right margin of each page, the proportional part for the fourth 

figure of the natural number, corresponding to tabular differ- 

T 
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292 ALGEBRA. 

ences from 43 to 4. Thus, on page 291, near the top, we see 
that wlien the tabular difference is 20, the corrections for .1, 
.2, .3, etc., are 2, 4, 6, etc. 

It is ob'vioiis that the correction for a figure in the fifth place 
of the natural number must be one tenth of the correction for 
the same figure if it stood in the fourth place. Such a correc- 
tion would, however, generally be inappreciable in logarithms 
which extend only to four decimal places. 





EXAMPLES. 




ind the logarithm 


of 4576. 


Ans. 8.6605. 


" " 


13.78. 


Ans. 1,1392. 


" " 


1.682. 


Ans. 0.2258. 


" " 


.03211. 


Ans. 2.5066. 


.1 (I 


.4735. 


Am. 1.6763. 


" " 


15983. 


Ans. 4.2036. 



The logarithms here given are only approximate. We can 
obtain the exact logarithm of vciy few numbers ; but by taking 
a sufficient number of decimals we can approach as nearly as 
we please to the true logarithm. 

410. To find &ie iiatitral number corresponding to any loga- 
rilhm. — ^Look in the table for the decimal part of the loga- 
rithm, neglecting the characteristic ; and if the decimal is ex- 
actly found, the first two figures of the corresponding natural 
number will be found opposite to it in the column headed Wo., 
and tho third figure will be found at the top of the page. This 
number must be made to correspond with the characteristic by 
pointing off decimals or annexing ciphers. Thus 
the natural number belonging to the logarithm 3.3692 is 2340* 
" " 1.5378 is 34.5. 

If the decimal part of the logarithm is not exactly contained 
in the table, look for the nearest less logarithm, and take out 
the three figures of the corresponding natural number as be- 
fore. The additional figure or figures may be obtained by 
means of the proportional parts on the margin of the page. 

Eind the number corresponding to the logarithm 3.3685. 
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LOGABITHMS. W6 

Tho next less logarithm in the table ia .3674, and the three 
corresponding figures of the natural number are 233. Their 
logarithm is less than the one proposed by 11, and the tabular 
difference is 18. Ey referring to the margin of page 291, we 
find that, with a diflerence of 18, the figure corresponding to 
the proportional part 11 is 6. Hence, since the characteristic 
of the proposed logarithm is 8, the required natural number is 
2336. 

EXAMPLES. 

1. Find the number corresponding to the logarithm 2.5386. 

Ans. 3i5.6. 

2. Find the number corresponding to the logarithm 0.2345. 

Am. 1.716. 

3. Find the number corresponding to the logarithm 1.9946. 

Ans. 98.76. 

4. Find the number corresponding to the logarithm 1.6478. 

Ans. 0.4444. 

411. Multiplication by LogaTiUims. — According to Art. 396, 
to find the product of two numbers we have the following 

RULE. 

Add the logarithms of the factors ; the swrn, will be &ie logarithm, 
of the product. 

The word sum, is here to be understood in its algebraic sense. 
The decimal part of a logarithm is invariably positive ; but the 
characteristic may be either positive or negative. 

Ex. 1. Find the product of 57.98 by 3.12. 

The logarithm of 57.98 is 1.7633. 

" 3.12 is 0.4942. 

The log. of the product 180.9 is 2.2675. 

Ex. 2. Find the product of 0.00563 by 172.5. 

The logarithm of 0.00563 is 3".7505. 
" 172.5 is 2.2368. 

The log. of the product 0.971 is L9873. 

Ex. 3. Find the product of 54.32 by 6.543. 

Ex. 4. Find the product of 3.854 by 0.5761. 
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412. Division by Logwithms.—Aomrdmg to Art. 397, to find 
the quotient of two numbers we have the following 

RULE. 

IVom ihe logarithm of the dividend subtract the hgariilim of 
. ike divisor ; the difference vnll ie the logarithm of the quotient. 

The word difference ia here to be understood in its algebraic 
sense; the decimal part of the logarithm being invariably pos- 
itive, while the diaracteristic may be either positive or nega- 
tive. 

Ex. 1. Find the quotient of 888.7 divided by 42.24. 

The logarithm of 888.7 ia 2.9488. 

42,24 is 1.6257 . 

The quotient is 21.04, whose log. is 1.3231. 

Ex. 2. Find the quotient of 0.8692 divided by 42.32. 

The logarithm of 0.8692 is L9391. 

" 42.32 ia 1.6265 . 

The quotient is 0.002054, whose log. is 2!3126. 

Ex. 3. Find the quotient of 380.7 divided by 13.75. 

Ex. 4. Find the quotient of 24.93 divided by .0785. 

413. Involution hy Logarithms.^ According to Art. 398, to 
involve a number to any power we have the following 

RULE. 

Multiply the hgariilim of the number by the exponent of the 
power required. 

It should be remembered that .what is carried from the deci- 
mal part of the logarithm ia positive, whether the characteris- 
tic be positive or negative. 

Ex. 1. Find the fifth power of 2.846. 

The logarithm of 2.846 is 0.4542. 

5 
The fifth power is 186.66, whose log. is 2.2710. 
Ex. 2. Find the cube of .07654. 
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LOGARITHMS. 295 

The logarithm of .07664 is 278839. 

3 

The cube is 0.0004484, whose log. is 5:6517. 
Ex. 3. Find the 20th power of 1.06. 
Ex.4. Find the seventh power of 0.8952. 

414. Evolution by Logarithms. — According to Art. 399, to 
extract any root of a number we hSvo the following 

IIULE. 

Divide the hgariihm, of (he number by the index of the root re- 
quired. 

Ex. 1. Fiiid the cube root of 482.4. 

The logarithm of 482.4 is 2.6834. 

Dividing by 3, we have 0.8945, which corresponds to 7.848, 
which is therefore the root required. 

Ex. 2. Find the 100th root of 365. Ans. 1.061. 

Whcri the characteristic of the logarithm is negative, and is 
not divisible by the given divisor, we may increase the charac- 
teristic by any number which will make it exactly divisible, 
provided we prefix an equal positive number to the decimal 
part of the logarithm. 

Ex. 3." Find the seventh root of 0.005846. 

The logarithm of 0.005846 is "3.7669, which may be written 
7+4.7669. 

Dividing by 7, we have 1,6810, which is the logarithm of 
.4797, which is therefore the root required. 

Ex. 4. Find the 10th root of 0.007815. 

■ ; 416. Proportion by Logariihras. — The fourth term of a pro- 
portion is found by multiplying together the second and third 
terms and dividing by the first. Hence, to find the fourth term 
of a proportion by logarithms, we have the following 
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RULE. 

Add iJie hgarithms ofihe second and ihird terms, and from iheir 
sum svbtract the logarithm of the first term. 

Ex. 1. Find a fourth proportional to 72.34, 2.519, and 357.5. 

Ans. 12.45. 
Ex. 2. Pind a fourth proportional to 43.17, 275, and 5.762. 
Ex. 3. Find a fourth proportional to 5.745, 781.2, and 54.27. 

Exponential Hguaiions. 
416. An exponential equation is one in which the unknown 
i^uaniily occurs as an ea^onent. Thus, 

is an exponential equation, from -which, when a and b arc 
known, the value of x may be found. If a=2 and 6^8, the 
equation becomes 2^=8, 

in which the value of a; is evidently S, since 2^ — 8. 
If (1=16 and 6=2, the equation becomes 
16''=2, 



417. Solution by Logariihriis. — When h is not an exact power 
or root of a, the equation is most readily solved by means of 
logarithms. Taking the logarithm of each member of the 
equation a*=&, we have 

3;log. ra^log. ?., 

whence a^^ , - - . 

log. a 

Ex. 1. Solve the equation 3''^20. 

log. 20 1.3010 „_„„ . 

"=^birr==:4m^2-^^^^^"'^^y- 

Ex. 2. Solve the equation 5'°=12. 
Ex. 3, Solve the equation (-1 — ;|. 
Ex, 4. Solve the equation 10* =7. 



Ex. 5. Solve the equation 12*=3. 
Ex 6. Solve the equation 12"'=7. 
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418. Interest is money paid foT the use of money. When the 
interest, as soon as it hecomea due, is added ix) the principal, and 
interest is charged upon the whole, it is ca,lled compound interest. 

419. To find the aTnouni of a given sum. in any time at com- 
pound interest It is evident that $1.00 at 5 per cent interest 
becomes at the end of the year a principal of $1.05 ; ■ and, since 
the amount at the end of each year must he proportioned to 
the principal at the beginning of the year, the amount at the 
end of two years will be given by the proportion 

1.00: 1.05:: 1.05 :(1.05y. 
The sum (1.05^) must now be considered as the principal, 
and the amount at the end of three years will be given by the 
proportion 

1.00:1.06i:(1.05)^:(1.05)^ 
In the same manner, we find that the amount of $1.00 for 
n years at 5 per cent, compound interest is (1.05)", 

For the same reason, the amount for n years at 6 per cent, is 
(1.06)", It is also evident that the amount of P dollars for a 
given time must be P times the amo^tnt of one dollar. 
Hence, if we put 

P to represent the principal, 
r the interest of one dollar for one year, 
n the number of years for which interest is taken, 
A the amount of the given principal for n years, 
we shall have A = P (1 + ?■)". 

This equation contains four quantities, A, P, n, r, any three 
of which being given, the fourth may be found. The .compu- 
tation is most readily performed by means of logarithms. Tak- 
ing the logarithms of both members of the preceding equation 
and reducing, we find 

log. A = log. V+nx'[og.{l + r), 

log P -log. A-nxlog. a-hr), 

log.(l+.)^l2SL_A=l£SLZ, 

_log. A— log. P 
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Ex. 1. How much would 500 dollars amoiint to in five years 
at 6 per cent, compound interest? 
The log. of 1.06 is 0.0253 



The log. of 50.0 is 2.6990 

The amount is $669.10, whose log. is 2.8255. 

Ex. 2. What principal at 6 per cent, compound interest will 
amount to 500 dollars in seven years? Ans. $332.60. 

Ex. 3. At what rate per cent, must 600 dollars be put out at 
compound interest so that it may amount to $680.30 in seven 
years ? Ans. 4^ pur cent. 

Ex. 4. In what time will 500 dollars amount to 900 dollars 
at 6 per cent, compound interest? Ans. 10-i-V years. 

Ex. 5, How much would 400 dollars amount to in nine years 
at 5 per cent, compound interest ? 

Ex. 6. What principal at 5 per cent, compound interest -will 
amount to 400 dollars in eight years? 

Ez. 7. At what rate per cent, must 400 dollars be put out 
at compound interest so that it may amount to $620.70 in nine 
years? 

Ex. 8. In wliat time will a sum of money double at 6 per 
cent, compound interest? 

Ex. 9. In what time will a sum of money douhle at 6 per 
cent, compound interest? 

Annuities. 

420. An annuity is a sum of money stipulated to be paid an- 
nually, and to continue for a given number of years, for life, 
or forever. 

421. To find the amount of an annuity left unpaid for any num- 
ber oft/ears, aUmving compound interest. 

Let a denote the annuity, n the number of years, r the in- 
terest of one dollar for one year, and A the required amount. 
The amount due at the end of the first year is a. 
At the end of the second year the amount of the Jirst an- 
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nuity is tt(l+r), and a second payment becomes due; hence 
the whole sum due at the end of the second year isa+«(l+J-). 

At the end of the third year a third payment a becomes due, 
together with the interest on a+a(l+r); hence the whole sum 
due at the end of the third year is a-'ra{l-\-r)+a(l+Tf, or 
a{l + {l + r)+{l+rY], and so on. 

Hence the amount due at the end of n years is 

oil + (l + r)+(l+f)'+(l+'-)'+.... +(!+'■)"-■!• 

These terms form a geometrical progression in which the ratio 
is 1+n Eenee, by Art. 332, the sum of the series is 



422. To find the present value of an annuity, io continue for a 
certain number of years, allowing compound interest. 

The present value of the annuity must ho such a sum as, 
if put out to interest for n years at the rate r, would amount 
to the same as the amount of the annuity at the end of that 
period. 

If P denote the present value of the annuity, then the amount 
of the annuity will be P(l+r)", which must be equal to 



Therefore 



(i+.-)--i 



>■■ (l+r)" ■ 

Ex. 1. How much will an annuity of 500 dollars amount to 
in 15 years at four per cent, compound interest? 
(l+rf =1.7987 

(l+rf_l=: .7987, whose log. is 19024 
thelog. of .04is2".6021 

rsoos 

the log. of 500 is 2.6990 
The amount is $9983, whose log. is 3^9993. 

Ex. 2. What is the present value of an annuity of 500 dol- 
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lars to continue for 20 years, interest being allowed at the late 
of four per cent, per annum ? 
(l+r)" ^2.188 

(l+r)"-l = 1.188, whose log. ia 0.0748 

the log. of (1 +?■)■' is Q.340Q 

17348 

-=12500, whose log. is 4.0969 

The present value is $67S7, whose log. is 3.8817. 

Ex. 3. How much will an annuity of 600 dollars amount to 
in 12 years at three per cent, compound interest? 

Ex. 4. What is the present value of an annuity of 600 dollars 
to continue for 12 years at three per cent, compound interest? 

Ex. 5. In what time will an annuitj of 500 dollars amount 
to 5000 dollars at 4 per cent, coinpound interest? 

Ans. In 8|- years. 

Increase of Population. 

423. The natural increase of population in a country is some- 
times computed in the same way as compound interest. Know- 
ing the population at two different dates, we compute the I'ate 
of increase by Art. 419, and from this we may compute the pop- 
ulation at any future time on the supposition of a uniform rate 
of increase. Such computations, however, are not very reliable, 
for in some countries the population is stationary, and in others 
it is decreasing. 

Ex, 1, The number of the inhabitants of the United States 
in 1790 was 3,930,000, and in 1860 it was 31,445,000. What 
was the average increase for every ten years ? 

Ans. 34§ per cent. 

Ex. 2. Suppose the rate of increase to remain the same for 
the next ten years, what would be the number of inhabitants 
in 1870? ^?zs. 42,330,000. 

Ex. 3. At the same rate, in what time would the number in 
1860 be doubled ? Ans. 23i years. 

Ex. 4. At the same rate, in what time would the number in 
1860 be tripled? 
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To find die LogariUmi of any given Number. 
424. If m and n denote any two numbers, and x and y their 
logarithms, then ■■ " will bo the logarithm of -y/mn. For, ac- 
cording to Art. 396, oi'^=mn, and, taking the square root of 

£ty ■ x+y 

each member, we have a " =vmji. Therefore, ■ ■ ■■ is the 

logarithm of Vmn, since it is the exponent of that power of 
the base which is equal to Vmri,. 

Now, in Briggs's system, the logarithm of 10 is 1, of 100 is 

2, etc. Hence the logarithm 

.mof31.6228isl.5. 



2 

the logarithm of 17.7828 is 1.25, and so on for any number of 
logarithms. 

In this manner were the first logarithmic tables computed; 
but more expeditious methods have since been discovered. It 
is found more convenient to express the logarithm of a number 
in the form of a series. 

425. Logariihrrts computed iy Series. — The computation of log- 
arithms by series requires the solution of the equation 

in which a is the base of the system, n any number, and x is 
the logarithm of that number. In order that a and n may be 
expanded into a series by the binomial theorem, we will con- 
vert them into binomials, and assume a=l+& and n—l-\-m; 
then we shall have 

(l+5)'^=l+m, 
where x is the logarithm of 1-fm, to the base 1-fJ, or a. 

Involving each member to a power denoted by y, we have 
(l+4)-=(l + ™)». 

Expanding both members by the binomial theorem, we have 
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l+y„+^<ti)rf+2fc^fc^'»-+, etc. 
Canceling unity from both members and dividing by y, we 
have 

This equation is true for all values of y ; it will therefore be 
true wben y=(i. Upon this supposition, the equation becomes 

whence a: =: log. (1 + m) — ^ — y.^ . 

If we put M= — jf-p , 

the last equation becomes 

a;=log.n=log.(l+m)=M{m-^+^-,etc.}. (1.) 

We have thus obtained an expression for the logarithm of 
the number 1+m or n. This expression consists of two fac- 
tors, viz., the quantity M, which is constant, since it depends 
simply upon the base of the system ; and the quantity within 
the parenthesis, which depends upon the proposed number. 
The constant factor M is called the modulus of the system, 

426. To determine the Base of Napier's Syslem.- — In Napier's 
system of logaiithms the modulus is assumed equal to unity. 
From this condition the base may be determined. Equation 
(1), Art. 425, in this case becomes 

x=m—'^+— -+, etc, 
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Reverting this series, Art, 383, Ex. 3, we obtain 

But, by hypothesis, a^—n—l+m; therefore 

"■-l+^+f +24+2^4 + ' '"°- 
If ic be taken ec^ual to unity, we have 

»=2+S+r5+2X3;+'* 

Bj' taking nine terms of this aeries, we find 
a=2.V18282, 
which is the base of Napier's system. 

427. The logarithm of a iiumhsr in any system is equal to ihe 
modulus of that system multiplied iy ilie Naperian logarithm of the 



If wo designate !Naperian logarithms by Nap. log., and log- 
arithms in any other system by log., then, sioee the modulns 
of Napier's system is unity, we have 

\og.O.+m)^M{m-"^+~^, etc.), 

Nap.log.(l + ??i)=m— — + -g — , etc. 
Hence log. (H-m)zz:MxNap.log. (1+m), 



M=^ 



;.a+^») 



Nap.Iog.(l+™y 
where 1+m, may designate any number whatever. 

428. To render Hie Logarithmic Series converging.— The for- 
mula of Art. 425, 

log.{l+m}=M(m-^V^'~,ete.), . (I.) 

can not be employed for the computation of logarithms when 
m, is greater than unity, because the series does not converge. 
TJjis .series may, however, be transformed into a converging 
series in the following manner: 
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Substitute — m for m, and wc shall have 

log.(l- 
Siibtractiiig I 

-.iog.(i-™)=: 



~m 


= M(- 




,eto.). 


(2-) 


l-(2) 


from Eq. (1), observing tkat 


log. (! + ».) 


1 + m 


shall have 






1-7r 


-=2M(i 




eto). 





Now, since this is true for every value of m, put 

1 , 1+m p+1 
m—;;— — IT, whence — ■■ ■ ■■ ■■ ■ , 

2p + l 1— TO p 

and the preceding series, by substitution, becomes 



-=log. (p4-l)-bg. p=2m(^^- 



3(ap + 17^5(2ji+l)'^ 



429. This series converges rapidly, and may be employed 
for the computation of logarithms in the Naperian or the com- 
mon systems. It is only necessary to compute the logarithms 
of pnme numbers directly, since the logarithm of any other 
number may be obtained bj' adding the logarithms of its sev- 
eral factors. Making^— 1, 2, 4, 6, etc., successively, we obtain 
the following 

Naperian or HyperhoUc Logarithms. 

n 



'°i!'2 Hs + b.3-+6.3= + 7.3' + --j 




= 0.893147 


l„g.3-log.2 + 2(l + 3l^.+^l^.+,l^, + . 
log. 4=2 log. 2 


•) 


=1.098612 
= 1.386294 


log.B=log.4+2(l+jl,+A,+J5,+ ,. 
log.6=Iog.3+log.2 


■■) 


= 1.609438 
= 1.791759 


l''S-''-l°"5-'!+Kl3 + 3.18. + 6.18= + 7.13 
Iog.8=3 1og. 2 
log.9^2 1og. 3 
log.l0^1og.5+log.2 


+. 


.) = 1.946910 
=2.079442 
=2.197226 
=2.302585 
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430. To construct a Table of Common Loganihms. — In order 
to compute logarithms of the common system, we must first 
determine the value of the modulus. In Art. 427, we found 

j^j^ log.(l + TO) 

Nap. log. (1+m)' 
If !+«!=«, the base of the system, then log. ft=l, and we 
have 



Nap. log. a ' 

that is, the .modulus of o,ny system, is ^e reciprocal of the Naperian 
logarithm of the base of Die system. 

The base of the common system is iO, whose Naperiau log- 
arithm is 2.302585. Hence 

which is the modulus of the common system. 

We can now compute ,the common logarithms by multiply- 
ing the corresponding Naperian logarithms by .434294, Art. 
427. In this manner -was the table on pages 290-1 computed. 

431. Hesults. — The base of Eriggs's system is 10. 

" Napier's " 2.71828. 

The modulus of Eriggs's system is 0.43429, 
" Napier's " 1. 

Since, in Eriggs's system, all numbers are to be regarded as 
powers of 10, we have 

100.301:^2, 

10"-*" ^3, 
10o.TO^4_ etc. 
In Napier's system, all numbers are to be regarded as powers 
of 2.71828. Thus, 

2.718''-«^=2, 
2.718»-o^=3, 
2.718i-«^^4, etc 
U 
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CHAPTEE XXI. 

GENERAL THEORY OF EQUATIONS. 
432. A czibic equaiion with one unknown quantity is an 
equation in which the highest power of this quantity is of the 
third degree, as, for example, x^— 6a^+8ic— 15 — 0. All equa- 
tions of the third degree with one unknown quantity may be 
reduced to the form 

A higuadralic equation with one unknown quantity is an 
equation in which the highest power of this quantity is of the 
fourth degree, aS|for example, x'—6a:^+7a;^+5x— 4=0. Every 
equation of the fourth degree with one unknown quantity may 
be reduced to the form 

x^+anf-^-bx^+cx+d^O. 

The general form of an equation of the fifth degree with one 
unknown quantity is 

and the general form of an equation of the ?ith degree with one 
unknown quantity is 

a]»+Aa;»-^+Bcc''-»+Ca;''-^+.... +T;r+V=0. (1.) 

This equation will be frequently referred to hereafter by the 
name of the general equaiion of ike nth degree, or simply as 
Equation (1). 

An equation not given in this form may be reduced to it by 
transposing all the terms to the first member, arranging them 
according to the descending powers of the unknown quantity, 
and dividing by the coefficient of the first term. In thia equa- 
tion n is a positive whole number, but the coefficients A, B, C, 
etc., may be either positive or negative, entire or fractional, 
rational or irrational, real or imaginary. The term V may be 
regarded as the coefficient of aP, and is called the absolute term 
of the equation. 

It is obvious that if we could solve this equation we should 
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haye the solution of every equition that could be proposed. 
Unfoi'tuaately, no geneial boLution liaf> ever been discovered ; 
yet many important properties aie known wMch enable us to 
solve any nureierical eq^Udtiou 

433. Any expression, either numerical or algebraic, real or 
imaginary, which, being substituted for x in Equation (1), will 
satisfy it, that is, make the two members equ^, is called a root 
of the eguaiion. 

It is assumed that Eq, (1) has at least one root; for, since the 
first member is equal to zero, it will be so for some viJue of 
X, either real or imaginary, and this value of a; is by definition 
a root. 

434. If a is a root of the general equation of the nth degree, its 
first memier can he exactly divided hy x—a. 

Eor we may divide the first member by x—a, according to 
the usual rule for division, and continue the operation until a 
remainder is found which does not contain x. Let Q denote 
the quotient, and E the remainder, if there be oao. Then we 
shall have 

cc"+Ax"-HBa;''-^+.... +Tx+V-Q(ic-«)+It. (2.) 

Now, if ra is a root of the proposed equation, it will reduce 
the first member of (2) to 0; it will also reduce Q(a;— a) to 0; 
hence E is also equal to 0. But, by hypothesis, E, does not 
contain x; it is therefore equal to 0, whatever value be attrib- 
uted to x, and, consei^uently, the first member is exactly di- 
visible by x—a. 

435. Jfthejlrsl member of the general elation of the nSi de- 
gree is exactly divisible hy x—a, then a is a root of the equation. 

For suppose the division performed, and let Q denote the 
quotient; then we shall have 

a;"+Aa;"-i+Ba;"-^+ .... -{-Tx+Y=Q{x-a). 

If, in this equation, we make x=za, the second member re- 
duces to ; consequently the first member reduces to ; and, 
therefore, a is a root of the equation. 
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1. Prove that 1 is a root of tlie equation 

The first member is divisible by a;— 1, and gives a:^—6a;+ 6=0. 

2. Prove that 2 is a took of the equation 

The first member is divisible by a;— 2, and gives a:^+2a;+ 3=0. 

3. Prove that 2 is a root of the equation 

4.. Prove that 4 is a root of the equation 

5. Prove that —1 is a root of the equation 

ic*-38(c3+210(C'^+5383;+289=0. 

6. Prove that —5 is a root of the equation 

afi+6x'-10aP~112x'-207x-lW=0. 

7. Prove that 3 is a root of the equation 

436. Every equation of (he nth degree containing but one un- 
known qitantiiy lias n roots and no more. 

Since the equation has at least one root, denote that root by 
a; then will the first member be divisible by a;— «, and the quo- 
tient will be of the form 

ic"-i+ A'ic"-«+B'3;"-^+ .... +Tw+Y', 
and the given equation may be written under the form 

{x-a){3f~^+A'x''-^+ .... +T'cc+Y')=0. (3.) 

Kow equation (3) may be satisfied by supposing either of its 
factors equal to zero. If the second factor equals zero, we 
shall have 

a:"-i+A'3:"-^+B'a!''-s+ .... +T'^+V'^0. (4.) 

Now equation (4) has at least one root ; denote that root by 
b; then will the first member be divisible by x~i, and equation 
(4) can be written under the form 

(a^-&)(a;''-HA'V-H .... +T"a;+V")=0, 
which reduces Eq. (3) to the form of 

{x-a){x~h)(x''-^+A"x''-''^+ .... T"a:+V")=0. 
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By coritimiing this process, it may be shown that the first 
member will ultimately be resolved into n binomial factors of 
the form x—a, os—b, x—c, etc. Hence equation (1) may be 
■written under the form 

{x~a){x-b){x-c){x-d).... {x-h){x-l)=0. (5.) 

This equation may be satisfied by any one of the n values, 
x~a, x=b, 3;=c, etc., and, consequentJy, these values are the 
roots of the equation. 

The equation has no more than n roots, because if we ascribe 
to a; a value which is not one of the n values a, b, c, etc., this 
value will not cause any one of the factors of Eq. (5) to be zero, 
and the product of several factors can not be zero when neither 
of the factors is zero. 

If both members of Eq. (5) be divided by either of the fac- 
tors x—a, x—b, etc., it will be reduced to an equation of the 
next inferior degree; and if we can depress any equation to a 
quadratic, its roots can be determined by methods already ex- 
plained. 

Ex. 1. One root of the equation . 

is 1 ; what are the other roots ? 
Ex. 2. Two roots of the equation 

3:^-103:3+353:^-50^+24^0 
are 1 and 3 ; what are the other roots? 
Ex. 3. Two roots of the equation 

a^-12ai3+48ai=-68a;+15=0 
are 3 and 5; what are the other roots? Arts. 2±V'3. 

Ex. 4. Two roots of the equation 

are 2 and 3 ; what are the other roots ? — 3 ± Vb 
Ans. ^ . 

Ex. 5. Two roots of the equation 

x'— 6x'+24a:— 16^0 
areSand- 2; what are the other roots? Ans.Z±Vb. 

437. The n roots of an equation of the nth degree are not 
necessarily aU different &om each other. Any nwmber, and, in- 
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deed^ all of them, may he equal. When we sa,j that an equation 
of the jith degree has n roots, we simply mean that its first 
member can be resolved into n binomial factors, ccLual or vin- 
eqtia], and each factor contains one root. 

Thus the equation it?—Qix?+12x—8=0 ca,n be resolved into 
the factors {x-2){x-2){x—2)=0, or (3;— 2)^=0; whence it 
appears that the three roots of this equation arc 2, 2, 2. But, 
in general, the several roots of an equation differ from each 
other numerically. 

The equation x'=^8 has apparently but one root, viz., 2, but 
by the method of the preceding article we can discover two 
other roots. Dividing cc^— S ty x~2, wc obtain 3:^+2cc+4=0. 
Solving this equation, we £nd x^ —1 ± V— 3. Thus, the three 
roots of the equation a;^=8 are - 

2; -l + V^; -1-V^. 

The student should verify the last two values by actual mul- 
tiplication. 

Ex. 1. Find the foar roots of the equation a;*— 81=0. 

Ex. 2. Find the sis roots of the equation ic^— 64=0. 

438. The coefficknt of the second term in the equation of the nth 
degree is equal to the algebraic sum of the wots with their signs 
changed. 

The coefficient of the third term is equal to the algebraic sum of 
ike products of all the roots, taken in sets of two. 

The coeffident of the fourth term is equal to the algelraic sum of 
the products of all the roots, taken in sets of three, wi^c their signs 
changed. 

The last term is eqital to the continued produet of all the roots 
with their signs- changed. 

Let a,i,c,d,.... I, represent the roots of an equation of the 
nth degree. This equation will accordingly contain the factors 
x—a, x—h, etc. ; that is, we shall have 

(x-a)(x-i){x-c){x-d) .... (x~l) = 0. 

If we perform the multiplication as in Art 351, we shall 
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x^-'^+ah 


x^-^-abc 


+ ac 


~oM 


+ad 


— acd 


+bd 


-bed 


+cd 


etc. 


etc. 





... O'^O; 



which results are seen to conform to the laws above stated. By 
the method employed in Art. 352 it may be proved that if these 
laws hold true for the product of n binomial factors, they will 
also hold true for the product of n+1 binomial factors. But 
we have found by actual multiphcation that these laws are true 
for the product of four factors, hence they arc true for the 
product of five factors. Being true for five, they must be true 
for sis, and so on for any number of factors. 

It will be perceived that these properties include those of 
quadratic equations mentioned on pages 203-5. 

If the roota are all negative, the signs of all the terms of the 
equation will be positive, because all the signs of the factors 
of which the equation is composed are positive. 

If the roots are all positive, the signs of the terms will be 
alternately positive and negative. 

If the sum of the positive roots is numerically equal to the 
sum of the negative roots, their algebraic sum will be zero ; 
consequently the coef&cient of the second term of the equation 
will be zero, and that term will disappear from the equation. 
Conversely, if the second term of the equation is wanting, the 
sum of the positive roots is numerically equal to the sum of 
the negative roots. 

Ex. 1. Form the equation whose roots are 1, 2, and 3. 

For this purpose we must .multiply together the factors 
a:— 1, x—2, x-B, and we obtain x^~6x^+llx—d=0. 

This example conforms to the rules above given for the co- 
efficients. Thus the coefBcient of the second term is equal to 
the sum of all the roots, 1+2+3, with their signs changed. 

The coefficient of the third term is the sum of the products 
of the roots taken two and two ; thus, 

1x2+1x3+2x3 = 11. 
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Tiie last term ia the product of all the roots, 1x2x3, with 
their signs changed. 
Ex, 2. Formthe ecLOatioa whose roots are 2, 3, 5, and —6. 

Ans. ai'-4s^-2Qx'+l&Sx~l80=0. 
Show how these coefficients conform to the laws above given. 
Ex. 3. Form the ecLuation whose roots' are 

1, 1, 1, -1, and -2. 
Ex, 4. Form the ecLuation whose roots are 
1, 3, 5, _2, -4, and -6. 
Ans.afi-i-5x'-'ilaf-87a^+i00x'-'i44ix:~720=0. 
Ex. 5. Form the equation whose roots are 

1±-/^ and 2±i/^^. 
Ex. 6. Form the equation whose roots are 
ld:V^and2±V3. 

439. Since the last term is the continued product of all the 
roots of an equation, tt must be exactly divisible by each of them. . 

For example, take the equation 3:^—3;;— 6—0. Its roots must 
all be divisors of the last term, 6 ; hence, if the equation has a 
rational root, it must be one of the- numbers 1, 2, 3, or 6, either 
positive or negative ; and, by trial, we can easily ascertain 
whether either of these numbers wiU satisfy the equation. We 
thus find that +2 is one of the roots, and, by the method of 
Art 436j we find the remaining roots to be — li:-/— 2. 

If the last term of an equation vanishes, as in the example 
x^+2x^+Sx^+Qx~0, the equation is divisible by x—0, and 
consequently is one of its roots. If the last two terms van- 
ish, then two of its roots are equal to zera 

440. Jf ffie coefficients of an eguatton are whole numbers, and 
ike coefficient of its first term unity, the equation can not have a 
root which i 



Suppose, if possible, that ? is a root of the general equation 
of the «th degree, where y represents a rational fraction ex- 
pressed in its lowest terms. Substitute this value for x in the 
given equation, and we have 
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Multiplying each term by 5"~^, and transposing, we obtain 

Now, by supposition, a, h. A, B, C, etc., arc whole numbers; 
bence the right-band member of the equation ia a whole num- 
ber. 

But, by hypothesis, j is an irreducible fraction; that is, a 
and b contain no common factor. Consequently, a" and h wiU 
contain no common factor; that is, ^ is a fraction in its low- 



est terms. Hence the supposition that the irreducible fraction 
f is a root of the equation leads to this absurdity, that an irre- 
ducible fraction is equal to a whole, number. 

This proposition only asserts that even/ commensurable root 
* must he an integer. The roots can not be of the form of |, 4, 
■I, etc. The equation may have other roots which are incom- 
mensurable or imaginary, as 2± V3, l±:-\/--2. 

441. Any equation having Jractdonal coefficients can be trans- 
formed info another which has all its coefficients integers, and the 
coefficient of its first term unity. 

Eeduce the equation to the form 

Aa:"-fEa;"-i + 0a;»-8-|-.... -fTa;+T^O, 
in which A, B, C, etc., are all integers, either positive or neg- 
ative. 

Substitute for x the value ^=-t> 
and the equation becomes 



which, multiplied by A"-^ 

j"+By"->+ACs»-'+ .... + A— "Tiz+A— '¥=0, 
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in which the coefficients are all integers, and that of the first 
term unity. 

The substitution of ~ for x ia not always the one which leads 

to tlie most simple result ; but when A containa two or more 
equal factors, each factor need scarcely ever be repeated more 
than once. 

3x^ &x 2 
Ex. 1. Transform the equation x^ — 9~'^~a~q~^ ^°*° ^'^' 

other whose coefficients are integers, and that of the first term 
unity. 

Clearing of fractions, we have 

S&x^-54a^+4ax-B-0. 

Substituting ^ for x, the transformed equation is 

g--g-+-g— 8 -0, 
or y^—9y''+4:t>y— 48=0, 

Transform the following equations into others whose coeffi- 
cients are integers, and that of the first term unity. 
, X 1 



Ex.2. 


»'+2!t"+j-i = 0. An 


. f+n-f+9y-2i=0. 


Ex. 8. 


i"+~-|+2=0. An 


. s' + 2s^-9y+432=0. 


Ex. 4. 


x'+21x.+?-i=0. 




Ex.6. 
Ex.6. 







442. ^in any complete equation involving but one unhnovm 
quantity the signs of the alternate terms he changed, the signs of all 
the roots will be changed. 

Take the general equation of the Jith degree, 

a^+Aa!''-^ + Ba;''-s+Oa^-s+ =0. (1.) 

in which the signs may foUow each other in any order whatever. 
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If we change the signs of the alternate terms, we shall have 

a;"— Aa;''-^ + Ea;''-^-Ca;''-=i+ -0. (2.) 

or, changing the sign of every term of the last equation, 

-a;"+ A3;"-i-Ba;''-HCcc"-3- .... =0. (3.) 

Now, substituting +a for x in equation (1) will give the 
same result as substituting —a in equation (2), if ?i be an even. 
number; or substituting —a in equation (3), if 9i be an odd 
number. If, then, « is a root of equation (1), —a will be a root 
of equation (2), and, of course, a root of equation (3), which is 
identical with it. 

Henee we see that the positive roots may be changed into 
negative roots, and the reverse, by simply changing the signs 
of the alternate terms ; so that the finding the real roots of any 
equation is reduced to finding positive roots only. 

This rule assumes that the proposed equation is complete; 
that is, that it has all the terms which can occur in an equation 
of its degree. If the equation be incomplete, we must intro- 
duce any missing term with zero for its coefficient, 

Ex. 1. The roots of the equation a^— 2a;^— 5a;+6— are 1, 
3, and —2 ; what are the roots of the equation 

Ex. 2. The roots of the equation a;= — 6a:^4-lla;— 6=0 are 1, 
2, and 3 ; what are the roots of the equation 

Ex.3. The roots of the equation x^—Q^-\-5x^-\-'2x—l(i=l) 
are —1, +5, 1 + V— 1, and 1— V— 1; what are the roots of 
the equation a^4-6a;3 4-5a?— 2a;-10=0? 

443. Jf an equation whose coefficients are all real contains im- 
aginary roots, the number of these roots must be even. 

If an equation whose coefficients are a ll real has a root of 
the form a+bV~l, then will a—bV — l be also a root of the 
equation. Eor, let a-\-hV—l be substituted for x in the equa- 
tion, the result wiU consist of a series of terms, of which those 
involving only the powers of a and the even powers ofbV~l 
will be real, and those which involve the odd powers of hV — 1 
wiU be imaginary. 
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If we denote the sum of the real terms by P, and the sum 
of the imaginary terms by QV— 1, the equation becomes 
P+Qa/3i=0. 

But, aoeoTding to Art. 243, this equation can only be true 
when we have separately P=0 and Q=0, 

If we substitute «~tV — 1 for x in the proposed equation, 
the result will differ from the preceding only in the signs of 
the odd powers of &V— 1, so that the result will be P—QV — 1. 
But we have found that P=0 and Q=0 ; hence P— QV—l — 0. 
Therefore a—hV—'i-, when substituted for x, satisfies the equa- 
tion, and, oonsequently,' it is a root of the equation. 

It may be proved in a similar manner that if aa equation 
whose coeificients are all raiional,hRS a root of the form a+Vb, 
then will a— Vh be also a root of the equation. 

Ex.1. One root of the equation x^~2x+4:=0 is 1+ v'— 1; 
what are the other roots? 

Ex. 2, One root of the equation ic^ ■— x^ ~ 7a; + 15 = is 
2-}- V— 1; what are the other roots? 

Ex.3, One root of the equation cc^ — x^ -{'Bx + 5 = is 
l + 2i/--l i what are the other roots? 

Ex. 4. One root of the equation x* — 4^ + 4ai — 1 = is 
2-I-V3; what are the other roots? 

Ex. 5. Two roots of the equation 

x^+2x^+4^+4:X^~&x^-16x~S2=0 
arc —l-j-V— 1 and 1~V—S; what are the other six roots ? 

444. Any equation involving hut one unknown quantity may be 
transformed into another whose roots differ from those of the pro- 
posed equation by any given quantity. 

Let it be required to transform the general equation of the 
nth. degree into another whose roots shall be less than those of 
the proposed equation by a constant difference 7i. 

Assume y=x-~h, whence x=y-\-h. 

Substituting y+h for x in the proposed equation, we have 



(by Google 



;/"--'+, etc."! 

0, 
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Developing the different powers of y-^-h by the binomial 
formula, and arranging according to the powers oiy, we have 

+a| +(n-l)A/i +i(n-l)(n-2)AA^ 

+b| ^{n-%)m 

+ C 

which equation satisfies the proposed condition, since y is less 
than X by h. If we assume y—x+h, or x=y—k, we shall ob- 
tain in the same manner an equation whose roots are greater 
than those of the given equation by h. 

Ex. 1. Find the equation whoao roots are greater by 1 than 
ttose of the equation 3:^ + 8a;^— -4x-|-l = 0. 
We must here substitute y—1 in place of a;. 

Am. y^—7y+7=0. 
Ex. 2. Find the equation whose roots are less by 1 than those 
of the equation a;*— 2a:^+3a;— 4=0. 

Ans.f+f+2y~2 = 0. 
Ex. 3. Find the equation whose roots are greater by 3 than 
those of the equation s!'+9x^+12d'—lix=0. 

Ans. y*—Zy^—15y^+i9y~12=0. 
Ex. 4 IFind the equation whose roots are less by 2 than those 
of the equation 6ai^-12x^+Saf+4a:-6=0. 

Am. By^+28f+51f+32y-l=0. 
Ex. 5. Find the equation whose roots are greater by 2 than 
those of the equation ar'+10cc*+423;^+86a^+70a;+12^0. 

Ans. f+2f-^y^-10y+8=0. 

445. Any complete equation may he transformed into another 
whose second term is wanting. 

Since h in the preceding article may be assumed of any 
value, we may put «A-|- A=0, which will cause the second term 
of the general development to disappear. Hence li= , and 



wants the second term, svhstitute for the unhiovm quantity a new 
unknown quantity minus ike coefficient of the second term a 
by IM highest ea^onent of the unknown quantity. 
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Ex. 1. TraEsform the equation ai^—GiC^+Sic— 2—0 into an- 
other whose second term is wanting. 

Put x=y+2.- Ans. y^—4^y— 2—0. 

Ex.2. Transform the equation ai'—16x^—6x+16—0 into 
another whose second term is wanting. 

Put x=y+4:. Ans. y^—96i/^~-518y-177=0. 

Ex. 3. Transform the equation 

into another whose second term ia wanting. 

Am. y^-78y3+il2f-157y +4:01^0. 

Ex. 4. Transform the equation a:^--83;^+5=0 into another 
whose second term is wanting. 

According to Art. 438, when the second term of an equation 
is wanting, the sum of the positive roots is numerically equal 
to the sum of the negative roots. 

446. If two numbers, suhstitutedfor Ihe unhnown quantity in an 
equation, give results with contrary signs, there rmtst he at least one 
real root included between those numbers. 

Let ua denote the real roots of the general equation of the 
nth degree hy a, b, c, etc, and suppose them arranged in the 
order of their magnitude, a being algebraically the smallest, 
that is, nearest to — cc ; 5 the next smallest, and so on. The 
equation may be written under the following form, 
{x^a){x^l){x-c)(x-d) =0. 

Now let us suppose x to increase from — cc toward + a , 
assuming, in succession, every possible value. As long as a: is 
less than a, every factor of the above expression will ho nega- 
tive, and the entire product will be positive or negative accord- 
ing as the number of factors is even or odd. When x becomes 
equal to a, the whole product becomes equal to 0. But if cc be 
greater than a and less than b, the factor x—-a will be positive, 
while all the other factors will be negative. Hence, when x 
change from a value less than a to a value greater than a and 
less than b, the sign of the whole product changes from + to — 
or from — to +. When x becomes equal to.S, the product 
again becomes zero ; and as x increases from btoc, the factor 
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x~b becomes positive, and the sign of the product changes 
again from — to + or from + to — ; and, in general, the prod- 
uct changes its sign as often as the value of x passes over a real 
root of the equation. 

Hence, if two numbers substituted for x in an equation give 
results with contrary signs, there must be some intermediate 
number which reduces the first member to 0, and this number 
is a root of the equation. 

If the two numbers -which give results with contrary signs 
differ from each other only by unity, it is plain that we have 
found the integral part of a root. 

If two numbers, substituted for a; In an equation, give results 
with like signs, then between these numbers there wiU either 
be no root, or some even number of roots. The last case may 
include imaginary roots. 

Forifa+Z)V— 1 be a root of the equation, then will a—hV — 1 
be also a root. ISTow 

{x—a~bV^^){x—a+bV^^)={cc—af+b'^, 
a result which is always positive ; that is, the quadratic factor 
corresponding to a pair of imaginary roots of an equation whose 
coefficients are real, is always positive. 

Ex, 1. Find the first figure of one of tho roots of the equa- 
tion 3;^+a:'^+^- 100=0. 

When fl;=4, the first member of the equation reduces to 
—16; and when x—&, it reduces to 4-55. Hence there must 
be a root between 4 and 5 ; that is, 4 is the first figure of one 
of the roots. 

Ex, 2. Eind the first figure of one of the roots of the equa- 
tion 3;^-6a;'i+9a;- 10-^0. 

Ex. 8. Find the first figure of each of the roots of the equa- 
tion a^— 4a;^-6a;-f 8=0. 

447, In a series of terms, two successive signs constitute a 
permanence when the signs are alike, and a variatio'a when they 
areunlike. Thus,intheeq at'o —23:^— 5a;+6— 0, thesigna 
of the first two terms co st tute i variation, the signs of the 
second and third con tt te a je rianence, and those of the 
third and fo^trth also i vi lit o 



(by Google 



Descartes's Rule of Signs. 

448. Evert/ equation must have as many variations of sign as 
it has ^positive roots, and as many ^permanences of sign as it has 
negative roots. 

According to Art. 436, tho first member of the general equa- 
tion of the wth degree may be regarded as the product of ra bi- 
nomial factors of the form tc—a, x—h, etc. The above theorem 
will then be demonstrated if we prove that the multiphcation 
of a polynomial by a new factor, x~a, corresponding to &pos- 
itive root, will introduce at leaat one variation, and that the mul- 
tiplication by a factor, x-^-a, will iatroduce at least on^perma- 
nence. 

Suppose, for example, that the signs of the terms in the 

original polynomial are + H 1 1 [-, and we have 

to multiply the polynomial by a binomial in which the signs 
of the terms are -| — . If we write down simply the sighs 
which occur in the process and in the result, wc have 

+ + + „ + __ + 

+ - 



+ + + - + -- + 



+±-±±+_+-±+_ 

We perceive that the signs in the upper line of the partial 
products must all be the same as in the given polynomial ; but 
those in the lower line are all contraiy to those of the given 
polynomial, and advanced one. term toward the right. When 
the corresponding terms of the two partial products have dif- 
ferent signs, the sign of that term in the result will depend 
upon the relative magnitude of the two terms, and may be 
either -f or — . Such terms have been indicated by the doubk' 
sign ± ; and it will be observed that the permanences in the 
given polynomial are changed into signs of ambiguity. Hence, 
take the ambiguous sign as you will, the permanences in the 
final product are not increased by the introduction of the posi- 
tive root -fa, but the number of signs is increased by one, and 
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therefore the number of variations must be increased by one. 
Hence each factor corresponding to a positive root must intro- 
duce at least one new variation, so that there must be as many 
variations as there are positive roots. 

In the same manner we may prove that the mnltipHcation 
by a factor, x-\-a, corresponding to a negative root, must intro- 
duce at least one nevf j)ermanence ; so that there must be as 
many permanences as there are negative roots. 

If all the roots of an equation are real, the number of posi- 
tive roots is equal to the number of variations, and the number 
of negative roots is equal to the number of permanences. If 
the equation is incomplete, we must supply the place of any 
deficient term with ±0 before applying the preceding rule. 

Ex. 1. The equation a^-3x'-6x^+15x'^+ix-12=0 has 
five real roots ; how many of them are positive ? 

Ex.2. The equation tc*— 3a;^— 153!=+49a;-12 = has four 
real roots; how many of them are negative? 

Ex. 3. The equation 

an- 3a^ - 41a;*- 87a^ + 400^:= + 444a;- 720 = 
has six real roots; how many of them are positive? 

, Derived Polynomials. 
449, If we take the general equation of the nth degree, and 
substitute y+h in place of a^, it becomes 

(j,+4)-+A(y+A)"-'+B(y+4)-'+.... +V=0. 
Developing the powers of the binomial y+h, and arranging 
in the order of the powers of h, we have 



+Ay"->+(B_l)Ay' 
+Br-'+(»-2)B!,-" 



+(»-l)("-2)A!,"- 
+ (n-2){»-3)Bs-- 



O^ 



+Ty +T 

+T 

The part of this development which is independent of A is 

of the same form as the original polynomial, and we will des- 

X 
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ignate it by S. We "will denote the coefficient of h by Sj, the 
coefficient of tj— ^ by X^, etc. The preceding development may 
then be written 

450. The polynomials X,, X^, etc., arc called derived foly- ■ 
norrdals, or simply derivatives. X, is called the first derivaiive 
of X, Xj the second derivative, and so on. X is called the ^im- 
itive polynomial. Mich derived polynomial is deduced from the 
p)-eceding by -multiplying each term hy Ike exp<ment of the leading 
letter in thai term, and then, diminishing the expotient of the had- 
ing letter by unity. 

Ex. 1. What are the successive derivatives of 

rlst. Sa;''-143:+8. 
Ans. } 2d. 6x~U. 
i 3d. 6. 
Ex. 2. What arc the successive deriviitivcs of 

Ex. B. What are the successive derivatives of 

Ex. i. What is the first ijerivative of 

a?'+Aa?'-i+Bai»-'^+ +TiE+V? 

Equal Boots. 

461. We have seen, Art. 4S6, that if a, I, c, etc., are the roots 
of the general equation of the nth. degree, the equation may be 
written 

X=={x-a)ix-h){cc-c). . . . {x-k){x~l)^0. 

When the equation has two roots equal to a, there will be 
two factors equal to x—a; that is, the first member wiU he di- 
visible by {x—ay-, when there are three roots equal to «, the 
first member will be divisible by {x—af; and if there are n 
roots equal to a, the first member will contain the factor {x— a)". 
The first derivative will contain the factor n{x~aY-^ ; that is. 
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x—a occurs (ra— 1) times as a factor in the first derivative. 
The greatest common divisor of the primitive polynomial, and 
its first derivative, must therefore contain the factor x~a, re- 
peated once less than in the primitive polynomial. 

Hence, to determine whether an equation has equal roots, we 
have the following 

EULE. 

Mnd t/te greatest common divisor between the given ^polynomial 
and its first derivative. IftJiere is no common divisor the equation 
has no equal roots. If there is a common divisor, place this equal 
to zero, arid solve Hie resulting equation. 

Bs. 1. Find the equal roots of the equation 
a;3_8a:^+21a;-18=0. 

The first derivative is 3x^— 16a;-|-21. 

The greatest common divisor between this and the given 
polynomial is a:— 3, 

Hence the equation has two roots, each equal to 3. 

Ex. 2. Find the equal roots of the equation 

Aiis. Two roots equal to 5. 
Es. 3." Find the equal roots of the equation 

Ans. Two roots equal to 2. 
Ex. 4. Find the equal roots of the equation 
a^'_6a:3— 8ic-3 = 0. 

Ans. Two roots equal to —1. 
Ex. 5. Find the equal roots of the equation 

k3_3ccS_9^_^27=0. 
Ex. 6. Find the equal roots of tho equation 
x'^^x^+IOx+XQ^Q. 

Sturm^s Theorem.. 

452. The direct of Sturm^s theorem is to determine the number 
of the real roots of an equation, and likewise the situation of 
these roots, or their initial figures when the roots are irrational. 

According to Art. 446, if wc suppose x to assume in succes- 
sion every possible value from — cc to + a, and determine the 
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324 ALGEBRA. 

number of times that tke first member of the equation changes 
its sign, we shall have the number of real roots, and, conse- 
quently, the number of imaginary roots in the equation, since 
the real and imaginary roots are together equal in number to 
the degree of the equation, Sturm's theorem enables us easily 
to determine the number of such changes of sign. 

453. Sturm's Functions. — Let the first member of the general 
equation of the ^th degree, after having been freed from its 
equal roots, bo denoted by X, and let its first derivative be de- 
noted by Xj. Wc now apply to X and Xj the process of find- 
ing their greatest common divisor, with this modification, that 
we change the sign of each remainder before taking it as a di- 
visor ; that is, divide X by X^, aiid denote the remainder with 
its sign changed by R ; also, divide Xj by E, and denote the 
remainder with its sign changed by Rj, and so on to E„, which 
will be a numerical remainder independent of x, since, by hy- 
pothesis, the equation X— has no equal roots. 

We thus obtain the scries of quantities 

X, X,, R, Ej, xvj, .... En, 
each of which is of a lower degree with respect to x than the 
preceding; and the last is altogether independent of a^ that is, 
does not contain x. 

We now substitute for x in the above functions any two 
numbers, p and j, of which p is less than q. The substitution 
of^ will give results either positive or negative. If we only 
take account of the signs of the results, we shall obtain a cer- 
tain number of variations and a certain number of perma- 
nences. 

The substitution of q for x will give a second series of signs, 
presenting a certain number of variations and permanences. 
The following, then, is the Theorem of Sturm. 

454. If, in the series of functions X, X„ E, E^, . , , . E„, we 
s^jhstituie in place of x any two numbers, p and q, either positive 
or negative, and note Hie signs of ike results, the difference between 
the number of variations of sign when x=p and when x=q is equal 
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to the nuinber of real roots qfiheequaiion X=0 comprised hetween 
p and q. 

Let Q, Qi, Qg, . . . . Qb, denote the quotients in the success- 
ive divisions. Now, since the dividend is equal to the product 
of the divisor and quotient ji?«s the remainder, or minus the 
remainder with its sign changed, we must have the following 



X=X,Q-E, 


(1.) 


X,=EQ, -E„ 


C2-) 


E=E,Q,-E„ 


(3.) 



From these equations we deduce the following conclusions : 

455, ^, in the series ofjunciimiB X, Xj, R, eta, any number he 
suhstiiuied for x, Iwo consecutive functions can not r.educe to zero at 
ike same time. 

Eor, if possible, suppose Xj=0 and E=0; then, by Eq. (2), 
we shall have lt^=0. Also, since B=0 and E,— 0, by Eq. (3) 
we must have E^— 0; and from the next equation Il3=0, and 
. so on to the last equation, which will give En=0, which is im- 
possible, since it was shown that this final remainder is inde- 
pendent of a:, and must therefore remain unchanged for every 
value of X. 

456, TFAen, by the substitution of any number for x, any one of 
. these functions becomes zero, ike two adjacent functions must kave 

contrary signs for the same value ofw. 

For, suppose Ej in Eq. (3) becomes equal to zero, then this 
equation will reduce to R= — E^; that is, E and E^ have con- 
trary signs. 

457, If a is a root of the equation X=0, the signs ofK. and X^ 
will constitute a variation for a value ofx which is a little less than 
a, and a permanence for a value ofx which is a Utile greater than a. 

Let h denote a positive quantity as small as we please, and 
let us substitute a+A for a; in the equation S^^O. According 
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to Art. 449, the development will be of tlie form 

S+X^A+Xg— +other terms involving higher powers of A. 

Now, if ct is a Toot of the proposed equation, it must reduce 
the polynomial X to aero, and the development becomes 



or A{X,+X2^+, etc.}- 

Also, if we substitute a-^h for x in the first derived polyno- 
mial, the development will be of the foim 

Xj+X^A + other terms involving higher powers of ft. 

Kqw a value may be assigned to h so small that the first 
term of each of these developments shall be greater than the 
sum of all the subsequent terms. For if h be made iadefiuitely 
small, then wiU X/j be indefinitely small in comparison with 
X^, which is finite; and, since the following terms contain 
higher powers of ft than the first, each will be indefinitely small 
in comparison with the preceding term ; and, since the number 
of terms is finite, the first term must be greater than the sum 
of the subsequent terms. Hence, when ft is taken indefinitely 
small, the sum of the terms of the two developments must have 
the same sign as their first terms, 

Xjft and X,. 

When ft is positive, these terms must both have the same 
sign ; and when ft is negative, they must have contrary signs ; 
that is, the signs of the two functions X and X^ constitute a 
variation when x—a—li, and a permanence when a;=a+7i, 

458. Derm/yasiration of Sturmh Tfteo rem. —Suppose all the real 
roots of the equations 

X=0, Xj = 0, E=.0, Ei=0, etc., 
to be arranged in a series in the order of magnitude, beginning 
with the least Let p be less than the least of these roots, and 
let it increase continually until it becomes equal to y, which we 
suppose to be greater than the greatest of these roots. Now, 
so long OB pis less than any of the roots, no change of sign will 



(by Google 



GBNEEAL THEOET OP BQUATIOITS. 327 

occur from the substitution of _^ for x in any of these functions, 
Art. 446. But suppose j* to pass from a number a little small- 
er to a number a little greater than a root of the equation X=0, 
the sign of X will be changed from + to — or from — to +, 
Art. 446. The signs of X and Xj constitute a variation before 
the change, and a permanence after the change, Art. 457; that 
13, there is a variation lost or changed into a permanence. 

Again, while ja increases from a number a little smaller to a 
number a little greater than another root of the equation X=0, 
a second variation will be changed into a permanence, and so 
on for the other roots of the given equation. 

But when j> arrives at a root of any of the other functions 
Xj, E, E,, its substitution for x reduces that polynomial to 
zero, and neither the preceding nor succeeding functions can 
vamsh for the same value of x, Art. 455 ; and these two adja- 
cent functions have contrary signs, Art. 456. Hence the en- 
tire number of variations of sign is not affected by the vanish- 
ing of any function intermediate between X and E„, for the 
three adjacent functions must reduce to -f 0— or — 0+. 

Here is one variation, and there will also be one variation 
if we supply the place of the with either + or — ; thus, 
-f ±— or — ±+. 

Thus we have proved that during all the changes of ^, 
Sturm's functions never lose a variation except whenjp passes 
through a root of the equation X=0, and they never gai-n a 
variation. Hence the number of variations lost while x in- 
creases from J) to g is equal to the number of the roots of the 
equation X=0, which lie between p and q. 

Now, since all the real roots must be comprised within the 
lirnits — cc and + a , if we substitute these values for x in the 
series of functions X, Xj, etc., the number of variations lost 
will indicate the whole number of real roots. A third suppo- 
sition that oi— will show how many of these roots are posi- 
tive and how many negative; and if we wish to determine 
smaller limits of the roots, we must try other numbers. It is 
generally best in the first instance to make trial of such num- 
bers as are most convenient in computation, as 1, 2, 10, etc 
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EXAMPLES. 

1. Find the number and situation of the real roots of the 
equation a^—Bx'^—ix+lS^O. 

Hero we have X=x^—3x>—4x+lS, and X,=3x2-6a;-4. 
Dividing X by X„ we find for a remainder — 14cc+35. In- 
jecting the factor 7, and changing the sign of the result, we 
have E=2ic— 5, Multiplying Xj by 4, and dividing by R, we 
find for a remainder —1. Changing the sign, we have Ej = + 1. 

Hence we have 

Xi=:3x^— 6a;-4, 

Ei=+1. 

If we substitute ~ cc for x in the polynomial X, the sign of 
the result is — ; if we substitute — oo for icin the polynomial 
Xj, the sign of the result is + ; if we substitute — cc for iE in 
the expression 23;— 5, the sign of the result is — ; and Rj, being 
independent of x, will remain + for every value of cc, so that, 
by supposing x= — cc, we obtain the series of signs 
- + - +. 

Proceeding in the same manner for other assumed values of 
X, we shall obtain the following results : 
Asfiumeil Values of x. Eesultiug Signs. Variations. 

— cc — ^ „ _], giving 3 variations. 



+ + - 
+ - - 



2^ + 

3 + + + + 

+ o: + + + + 

We perceive that no change of sign in either function occurs 

by the substitution for x of any number less than ~3 ; but, in 

passing from —3 to —2, the function X changes its sign from 

— to +, by which one variation is lost. In passing from 2 



(by Google 



GENEEAL THEORY OF EQUATIOKS. 329 

to 2^, the function X again change its sign, and a second va- 
riation of sign is lost. Also, in passing from 2^ to 3, the fanc- 
tion X again changes its sign, and a third variation is lost ; and 
there are no farther changes of sign arising from the substitu- 
tion of any number between 3 and + a. 

Hence the given equation has 3 real roots ; one situated be- 
tween —2 and —3, one between 2 and 24, and a third between 
2^ ^d 3. The initial figures of the roots are therefore —2, 
+ 2, and +2. 

There are three changes of sign of the primitive fnnctfon, 
iv:o of the first derived function, and one of the second derived 
function ; but no variation is lost by the change of sign of 
either of the derived functions ; while every change of sign of 
the primitive function occasions a loss of one variation. 

2. rind the number and situation of the real roots of the 
equation 3?—bx^+^x^\=0. 

Here we have 

Xj^3cc«-10fl!+8, 
E:z.23;-31, 
E,^-229o. 

When x=— a, the signs are — 1 , giving 2 variations, 

x=+-x, " + + + -, " 1_ " 

Hence this equation has but one reaJ root, and, consequently, 
must have two imaginary roots. Moreover, it is easily proved 
that the real reot lies between and +1. 

3. Find the number and situation of the real roots of the 
equation x" - 2x^ — 7a? + 10a; + 10 = 0. 

Here we have 

^K^x^—^x^—lx^ + Wx+lO, 

X,=4^-Gx^-lix+10, or 2a^~Sx^—7x+o, 

E = 17a;2-23a:-45, 

E,^152a;-S05, 

E,= +524535. 
When x= — x, the signs are + — H {-, giving 4 variations, 

x^+<x, " + + + + +, " " 

Hence the four roots of this equation are real. 
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Substituting different values for x, we find that 

when X— —3, the signs are H [ \-, giving 4 variations, 

- + + -+, 
x^-1, " -+ + - 

+ + — 



x=+l, 
x=+2, 
x=+2l 
x^+S, 



- + 



+ +, 

-0- + +, 

+ + + + +, 
s equation has one negative root between —2 and 
— 3, one negative root between and —1, one positive root 
between 2 and 2^, and another positive root between 2^ and 3. 

4. Find the number and situation of the real roots of the 
equation cc^ — 7ai + 7 = 0. 

Ans. Three ; via., one between —3 and, —4, one be- 
tween 1 and 1^, and the other between 1^ and 2. 

5. Find the number and situation of the real roots of the 
equation 2a;^— 203;+19 = 0. 

Ans. Two; viz., one between —3 and —4, the other 
between 2 and 3. 

6. Find the number and situation of the real roots of the 
equation 3^+2ar'+3iK'+4ic2+5ic— 20=0. 

Am. One, situated between 1 and 2. 

7. Find "the number and situation of the real roots of the 
equation a:^+3a;^+53;— 178=0. 

Ans. One, situated between 4 and 5. 

8. Find the number and situation of the real roots of the 
equation ci^—12x^+12x—S = 0. 

Ans. Four; viz., one between —3 and —4, one be- 
tween and ^, one between ^ and 1, and the 
other between 2 and 3. 

9. Find the number and situation of the real roots of the 
equation x*— 8x^+14x^+43:— 8=0. 

Ans. Four; viz., one between —1 and 0, one between 
and +1, one between 3 and 4, and the other 
between 5 and 6. 
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Soluti(m of Simultaneous EgvMwns of any Degree, 

459. One of the most general methods for the elimiEation 
of unknown quantities from a system of ecLuations, depends 
upon ihs principle of the greatest c&mmon divism: 

Suppose we have two equations involving a, and y. We 
first transpose all the terms to one member, so that the equa- 
tions wiU be of the form 

A=0, B=0. 

We arrange the terms in the order of the powers of x, and 
we will suppose that the polynomial B is not of a higher de- 
gree than A. We divide A by B, as ic the method of finding 
the greatest common divisor, Art 95, and continue the opera- 
tion as far as possible without introducing fractional qnotienta 
having x in the denominator, Let Q represent the quotient, 
and E the remainder ; we shall then have 
A^BQ+R 

But, since A and B are each equal to zero, it follows that E 
must be equal to zero. If, then, there are certain values of x 
and y which render A and B equal to zero, these values should 
be the roots of the equations 

B=0, K=0. 

We now divide B by E, and continue the operation as far as 
possible without introducing fractional quotients having x in 
the denominator. Let R' denote the remainder after this divi- 
sion. I"or the same reason as before, E' must equal zero, and 
wc thus obtain the two equations 

E^O, E'-:0, 
■whose roots must satisfy the equations A =0, B=0. If we con- 
tinue to divide each remainder by the succeeding, and suppose 
that each remainder is of a lower degree with respect to x than 
the divisor, we shall at last obtain a remainder which does 
. not contain x. Let K" denote this remainder. The equation 
E"=;0 will furnish the values oiy, and the equation E'=0 will 
furnish the corresponding values of a;. 

If we have three equations involving three unknown quan- 
tities, we commence by reducing them to two equations with 
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two unknown quantities, and subsequently to a single final 
equation by a process similar to tkat above explained. 

Ex. 1. Solve the two equations -j ^ K—f\ 

Divide the first polynoniial by the second, as follows: 
x'+y''—13 I CC+1/—5 
a?-[-{i/—5)x\ x~y+5 
-{y-6)x+ y^-lB 
-{y-5)x- 3/^+ 1 0?/-25 

2t/^—10y + 12, the remainder. 
This remainder must be equal to zero ; that is, 

whence y—2 or 3. 

When y=2,x=8; 

y=S, x=2. 

Ex. 2, Solve the equations \ .^-,c.~^' 
^ , {xy+xy^— 12=0. 

Multiply the first polynomial by y, to malte its first term di- 
visible, and proceed as follows : 

xy{l+y^)-18y ] a!y{l+y)-n 

xy{l+y^)—12{l—y+y') 1 1—y+y^ 

12— 30i/+12?/2, the remainder. 
Hence n-30y+12y^=0; 

therefore ^=2 or |. 

When y^2, x=2, 

y=i, x^ie. 

! x^y''-—a^+xy+x-—Q=0, 
■.-3 = 0. 

The first remainder is Sj/— 3, which, being placed equal to 
0, gives y = l, whence x=Z. 
Ex. 4. Solve the equations 

a?—3x^y+x{3y'^—y-\-T)—y^+y'^—2y=0, 
x?—%xy +y'^—y=0. 
The remainder after the first division is x—2y, and after the 
second division y^—y. Hence we conclude 
x—2y=0., and y^—y=Q. 



(by Google 



GENERAL THEORY OP EQUATIONS, 333 

Whence we have ^=1 or 0, 

a!-2 or 0. 

Ex.6. Solve the eq»tio™ f:+t'7l^)+!^~?+^'=°' 

The remainder after the first division is 
iE(12s'-12)-122/+12. 
Hence we have 12^— l){o;— 1)=0, which equation may be 
satisfied by supposing y—l—O or a:— 1=0. 
When 37=1, 2/= -lor 0, 

y=l, x= 2 or 3. 

Ex.6. Solve theequations {^,_^2^^^^2/-5^-|l3io. 
The first division gives a remainder x{y—2)+y''—4:, whence 
wc have 

(y~2)(x+y+2)^0; 
and we may have either 

p-2=:0, or x+y+2=0. 
If we divide the first member of the second equation by 
x+y+2, wo obtain the remainder y^—5y+Q, which also equals 
zero; whence y~2 or S. 

When y—2,x^—4or0, 

y-3,x=-6. 
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CHAPTER XXII. 

SOLUTION OF NUMERICAL EQUATIONS OF HIGHER DEGBEE9. 

461. Equations of the third and fourth degrees can some- 
times be solved by direct methods ; but these methods are com- 
plicated, and are of limited application. No general solution 
of an equation higher than the fourth degree baa yet been dis- 
covered. To obtain the roots of numerical equations of degrees 
higher than the second, we must generally employ tentative 
methods, or methods whicb involve approximation. 

462. Commensurable Soots of an ^nation. — Any equation 
having fractional coefficients can be transformed into another 
which him all its coefficients integers, and the eoeflcient of its 
first term unity. Art. i41, and such an equation can not have 



a root which is a rational fracti 
mensurable root of this equati 
integral root of this equation 



ion, Art. 440 ; that is, every com- 
ion must be an integer. Every 
is a divisor of tie last term. Art. 



Hence, to find the commensurable xoolia of an equation, 
we need only make trial of the integral divisors of the last terni. 

463. Method of finding the Soots. — In order to discover a con- 
venient method of finding the roots, we will form the equation 
whose roots are 2, 3, 4, and 5. This equation, Art 436, may 



(x-2){x-B){x-4){x-5)=0. 

If we pcrfonn the multiplication here indicated, we shall ob- 
tain . a;'_14a^-|-71ir=-154ic+120=0. 

•We know that this equation is divisible by x— 5, and we 
will perform tlie operation by an abridged method. Since the 
eoef&oients of the quotient depend simply upon the coefScients 
of the divisor and dividend, and not upon the literal parts of 
the terms, we may obtain the eoeflicients of the quotient by op- 
erating upon the coefEcients of the divisor and dividend by the 
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usual method. To the coefficients thus found the proper let- 
ters may afterward be annexed. The operation may then be 
exhibited as follows : 

A E C L V r 

l_14 + 71_154+120jl-5, divisor, 

|l_9+26-2i, quotient. 



9 + 71 
9+45 



+26-154 
+ 26^130 

- 24+120 

- 24+120. 

Supplying the powers o£x, we obtain for a quotient 
a;3_9x^+26x--24=0. 

In applying this method of division, care should be taken to 
arrange the terms in the order of the powers of x ; and if the 
series of powers of x in the dividend is incomplete; we must 
supply the place of the deficient term by a cipher. 

The preceding operation may be still further abridged by 
performing the successive subtractions mentally, and simply 
writing the results. Represent the root 5 by r, and the coeffi- 
cients of the given equation by A, B, C, D, . , . . Y. 

We first multiply —r by A, and subtract the product from 
B; the remainder, —9, we multiply by — r, and subtract the 
product from C; the remainder, +26, we multiply by —r, and 
subtract the product from D ; the remainder, — 24, we multi- 
ply by — -r, and, subtracting from V, nothing remains. If we 
take the root r with a positive sign, we may substitute in the 
above process addition for subtraction ; and if we set down only 
the 'successive remainders, the work will be as follows; 
A B C D V r 
1-14 + 71-164+120(5 
1_ 9+26- 24, 
and the rule will he 

Multiply Ahy r, and add the •product to B ; sei down the sum, 
multiply it iy r, and add ike product to C ; set down the sum, mul- 
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tvplyii by r, and add the product to D, and so on. The final prod- 
uct should be equal to ilie last term Y, taJcen vnih a contrary sign. 
The coefficients above obtained are the coefficients of a cubic 
equation whose roots are 2, 3, and 4. The polynomial may 
therefore be divided by x— i, and the operation will bo as 
follows: 

1-9+26-24(4 
1-5+ 6. 
These, again, arc the coefEcients of a quadratic equation 
whose roots are 2 and 3. Dividing again by a;— 3, we have 
1-5+6(3 
1-2, 
which are the coeiiicients of the binomial factor ic— 2. 

These three operations of division may be exhibited together 
as follows : 

1-14+71-154+120 [ 5, first divisor. 
1- 9+26- 24 4, second divisor. 

1—5+6 1 3, third divisor. 



464. SovJ to find all Gie Integral Roots. — The method here ex- 
plained will enable us to find all the integral roots of an equa- 
tion. For this purpose, we make trial of different numbers in 
succession, all of which must be divisora of the last term of the 
equation. If any division leaves a remainder, we reject this di- 
visor ; if the division leaves no remaiudeF, the divisor employed 
is a root of the equation. Thus, by a few trials, all the integral 
roots may be easily found. 

The labor will often be diminished by first finding positive 
and negative limits of the roots, for no number need be tried 
which does not fall within these limits. 

Ex. 2. Find the seven roots of the equation 

ic'+a;^— 143;^-14a;'+49a:=+49x^-.S6x-36=0. 

We take the- coefficients separately, as in the last example, 
and try in succession all the divisors of 36, both positive and 
negative, rejecting such as leave a remainder. The operation 
is as follows; 
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1, first divisor. 

2, second divisor. 

3, third divisor. 
-1, fourtk divisor. 
-1, fifth divisor. 
-2, sixth divisor. 
-3, seventh divisor. 



Bx.i 



Thos 



1+1-14-U+49 +49-36- 
1+2-12-26+23+72+36 
1+4- 4-34-45-18 
1+7+17+17+ 6 
1+6 + 11+ 6 
1+6+ 6 
1+3 
Hence the seven roots are 

1, 2, 3, -1, -1, -2, -3. 
3. Pind the six roots of the equation 
a;+6a?_81ai'-85ai"+964x'+780!i!-1584=0. 
1+ 5-81- 85+964+ 780-1584 
1+ 6-75-160+804+1684 
1+10-36-300-396 
1+16 + 61+ 66 
1 + 14+33 
1+11 
c roots, therefore, aro 

1, 4, 6, -2, -3, -1 
Ex. 4. Find the live roots of the e 

a;5 + 6a;*-10a;'-112ic«-207ic-110=0. 
1 + 6-10-112-207-110 
1 + 5-15- 97-110 
1+3-21- 55 
1-2-11 
Three of the roots, therefore, are 

-1, -2, -6. 
The two remainining roots may be found by the ordinar}" 
method .of quadratic equations. Supplying the letters to the 
last coeflioients, we have 

rt'-2c<;-ll = 0. 
Hence :c^l±Vl2. 

Ex. 6. Find the four roots of the equation 
is'-12a?+47»'-72a;+36=0. 

Am. 1, 2, 3, and 6. 
Ex. 6. Find the four roots of the equation 
!r'+2a;=-7ic^— 8x+12=0. 
T 
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Ex. 7. Find the four roots of the equation 

Ex. 8. Find the four roots of the equatioii 

3^-25x^+60!C-36=0. 
Ex. 9. Find the four roots of the equation 

Ex. 10. Find the live roots of the equation 

465. Incommensurate Boots. — If a high numerical equation 
is found to contain no commensurable roota, or, if after remov- 
ing the commensurable roots, the depressed equation is still 
of a higher degree than the second, we must proceed by ap- 
proximation to find the incommensurable roota. Different 
methods may be employed for this purpose ; hnt the following 
method, which is substantially the same aa published hj Homer 
in 1819, is generally to he preferred. 

Find, by Sturm's Theorem, or by trial, Art, 446, the integral 
part of a root, and transform the given equation into another 
whose roots shall be leas than those of the preceding by the 
number just found, Art. 444. Find, by Art. 446, the first fig- 
ure of the root of this equation, which will be the first decimal 
figure of the root of the original equation. Transform the last 
equation into another whose roots shall be leaa than those of 
the preceding by the figure last found. Find, as before, the 
first figure of the root of this equation, which will be the sec- 
ond decimal figure of the root of the original equation. By 
proceeding in this manner from one transformation to another, 
we may discover the successive figures of the root, and may 
carry the approximation to any degree of accuracy required. 

Ex, 1. Find an approximate root of the equation 
a^+Sx^+5x=178. 

"We have found, page 330, that this equation has but one real 
root, and that it lies between 4 and 5. The first figure of the 
root therefore is 4. Transform this equation into another whose 
roots shall be less than those of the proposed equation by 4, 
which is done by substituting y-\-4: for x. We thus obtain 
y^+15!f+77y=i.6. 
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The first figure of the root of this equation is .5. Transform 
the last equation into another whose roots shall he less by .5, 
which is done by substituting b+.5 for y. We thus ohtain 

The first figure of the root of this equation is .03. Transform 
the last equation into another whose roots shall be less by ,03, 
which is done by substituting i'+-03 for s. "We thus obtain 
i;3+16.59);H93.7427y^.827623. 

The first figure of the root of this equation is .008. Trans- 
form the last equation into another whose roots shall be less 
by .008, and thus proceed for any number of figures required. 

466. How the Operation may he aJm^^ec?,— This method would 
be very tedious if we. were obliged to deduce the successive 
equations from each other by the ordinary method of substitu- 
tion ; but they may be derived from each other by a simple 
law. Thus, let 

Ax^-ir^3?+Gx=Y (1.) 

he any cubic equation, and let the first figure of its root be de- 
noted by r, the second by r', the third by r", and so on. 

If we substitute r for x in equation (1), we shall have 
Ar'+B7-^+C)-=V, nearly. 

^^-- - C+Bl+Ar^ - ^^-^ 

If we put y for the sum of all the figures of the root except 
the first, we shall have x='i--\-y; and, substituting this value 
for X in equation (1), we obtain 

+ Br^+2Br?/ +B2/« t =T; 
JrQr +Cy ) 
or, arranging according to the powers of ^, we have 
Aj3+(B+3Aj-)3/H(C-^2Bj-+3Ar^);/=T-0)--Br^-Aj-=. 
Let us put B' for the coefficient of y'', C for the coefE.eient of 
)/, and V for the right member of the equation, and we have 
A)/3+By+C'2/-y'. ^ (3.) 

This equation is of the same form as equation (1) ; and, pro- 
y in the same manner, we shall find 
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where r' is the first figure of the root of equation (S), or the 
second figure of the root of equation (1). 

Putting s for the sum of all the remaining figures, we have 
y=zr'+z; and, substituting this value in equation (3), we shall 
obtain a new equation of the same form, which may be written 

As3 + B'V+C"e=V"; (5.) 

and in the same manner wc may proceed with the remaining 
figures. 

Equation (2) furnishes the value of the first figure of the root ; 
equation (4) the second figure, and similar equations would fur- 
nish the remaining figures. Each of these expressions involves 
the unknown quantity which is sought, and might therefore 
appear to be useless in practice. When, however, the root has 
been found to several decimal places, the value of the terms 
Br and Ar' will be very small compared with C, and r will be 

V 
very nearly equal to — . We may therefore employ C as an 

a0>roximate divisor, which will probably furnisli a new figure 
of the root. Thus, in the last example, all the figures of the 
root after the first are found by division. 

46-77 =.5, 
3.62 ^92.75= .03, 
.827--93.74=.008. 

If we multiply the first coeflleient A by r, the first figure 
of the root, and add the product to the second coefiicient, we 
shall have 

B + Ar- (6.) 

If we multiply expression (6) by r, and add the product t(j 
the third coefficient, we shall have 

. C+Br+Aj-^. (7.) 

If we multiply expression (7) by r, and subtract the product 
from V, we shall have 

Y_Oj— Bf^-Ar^ 
which is the guantity r^esenied hy V in equation (3). 
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If we multiply the lirst coefficient A by r, and add the prod- 
uct to expression (6), we shall have 

B+2Ar. , (8.) 

If we multiply expression (8) by r, and add the product to 
expression (7), we shall have 

C+2Bj-+3Ar^ 
tvhich is the coefficient ofyin equation (S). 

If we multiply the first ooefBcient A by r, and add the prod- 
uct to expression {8}, we shall have 
B-|-3Ar, 
which is the coefficient ofy^ in equation (3). 

We have thus obtained the coefficients of the first transformea 
equation ; and, by operating in the same manner upon these 
coefficients, we shall obtain the coefficients of the second trans- 
formed equation, and so on; and the successive figures of the 
root are indicated by dividing V by C, V by C, V" by C", etc. 

467. The results of the preceding discussion are expressed 
in the following 

EOLE. 

Represent the coefficients of the different terms by A, B, C, and 
the right-hand member of the equation by Y. Having found r, the 
first figure of thereof, multiply A by r, and add the product to B. 
Set down the sum under B ; multiply this sum by r, and add the 
product to 0. Set down the sum under ; multiply it by r, and 
subtract the product from V; the remaijidsr vnU be the first div- 
idend. 

Again, multiply A hy r, cmd add the product to the last number 
under B. Multiply t/iis sum. by r, and add the product to the last 
number under C ; this result vdll he the FIRST TRIAL DIVISOR. 

Again, multiply A by r, and add the product to the last number 
under B. 

Find the second figure of the root hy dividing the first dividend 
hy the first trial divisor, arid proceed with this second figure pre- 
cisely as was done with }he first figure, carefully regarding the local 
value of the figures. 

The second figure of the root obtained by division will fre- 
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qently furnish a result too large to be subtracted from the re- 
mainder V, in which case we must assume a different figure. 
After the second figure of the root has been obtained, there will 
seldom be any further uncertainty of this kind. 

It may happen that one of the trial divisors becomes zero. 
In this case equation (2) becomes 



whence r''^-^, or r^y/^- 

that is, the next figure of the root will be indicated by dividing 
the last dividend by the last number under E, and extracting 
the square root of the quotient. 
The entire operation for finding a root of the equation 



lay be exhibited as follows : 


A B 


C V T 


1 +3 


+ 5 =178 (4.5388=0!. 


i 


28 132 


7 


33 46 =lat dividend. 


4 


44 42.375 


11 


77 = lstdiTiBOr. 3.625=2d dividend. 


4 


7.75 2.797377 


15.5 


8475 .827623 = 3d dividend. 


.6 


8.00 .751003872 


16.0 


92.75=2d divisor. .076619128=4tli dividend. 


.5 


.4959 


16.68 


93.2459 


3 


.4968 


16.56 


93.7427 = 3d divisor. 


8 


.132784- 


16.598 


93.876484 


8 


.132848 



16.606 94.008332^4th divisor. 
Having found one root, we may depress the equation 
cc3+3a;^+5a;-178 = 
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to a quadratic by dividing it by cc— 4.5388. We thus obtain 

a^+7M88x+39.2n3 = 0, 
where x is evidently imaginary, becauae q is negative and 

greater than ^. See Art. 280. 

After thus obtaining the root to five or six decimal places, 
several more figures will be correctly obtained by simply di- 
viding the last dividend by the last divisor. 

Ex. 2. Find all the roots of the equation 
sc^+llx^— 102x=:— 181. 

The first figure of one of the roots we readily find to be 3. 
We then proceed, according to tbe Rule, to obtain the root to 
four decimal places, after which two more will be obtained 
correctly by division. 



B 


T r 


11 -102 =-181 (3.21312=x. 


8 42 _180 


li —60 -1 = 1st dividend. 


8 51 -.992 


17 -9 = lat divisor. -.008'= 2d dividend. 


8 404 -.006739 


20.2 -496 -.001261 = Sd dividend. 


2 408 -.001217403 


20.4 -0 


88 = 2d divisor. -.000043597=4tli dividend. 


2 


2061 


2061 - 


6739 


1 


2062 


2062 - 


4677 = 3d divisor. \ 



20.633 - 



20.636 - .343833 = 4th divisor. 
The two remaining roots may be found in the same way, or 
by depressing the original equation to a quadratic. Those 
roots are, 



-17.44265. 
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Wliea a power oix is wanting in the proposed equation, we 
must supply its place with a cipher. 

Ex. 3. Find all the roots of the cubic equation 

The work of the following example is exhibited in an ab- 
breviated form. Thus, when we multiply A by r, and add the 
product to B, we set down simply this result. We do the same 
in the next column, thus dispensing with half the number of 
lines employed in the preceding example. Moreover, we may 
omit the ciphers on the left of the successive dividends, if we 
pay proper attention to the local value of the figures. Thus 
it will be seen that in the dperalion for finding each successive 
figure of the root, the decimals under B increase one place, 
those under increase huo places, and those under V ij 
three places. 
1+0 -7 =-7 (1.366895867=^:. 

1 -6 -6 

2 — 4=lst div'r. — l = lst dividend. 
3.3 -3.01 -.m 
3.6 -1.93=2d div'r. -97= 2d dividend 
3.95 -1.7325 86625 
4.00 -1.5325=3d div'r. 10375=- 3d dividend. 
4.056 -1.508164 



4.062 ~1.483792^4thdiv'r. 1326016= 4th dividend. 
4.0688 -1.48053696 1184429568 

4.0696 -1.47728128=5thdiv. 141586432=^5thdiv'd. 
4.07049 "1.4769149359 132922344231 

4,07058 -1.476548583^= 6th div. 8664087769= 6th div'd. 
■ Having proceeded thus far, four more figures of the root, 
5867, are found by dividing the sixth dividend by the sixth di- 

We may find the two remaining roots by the same process; 
or, after having obtained one root, we may depress the equation 

x^~7x+7^0 
to a quadratic equation by dividing by a;— 1.356895867, and 
we shall obtain 

a;^+ 1.356895867a:-5.158833606 = 0. 
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Solving this equation, we obtain _^____^^ 
x= -.678447933± V5.619125204. 

I -3.048917, 

Ilenee the three roots arc \ 1.S56896, 

{ 1.692021. 
Es, 4. Knd a root of the equation 2a;' + 3ai^=8S0. 



2 + 3 


+ =860 (7.0502562208 


17 


119 833 


31 


336 = 1st divisor. 17= 1st dividend. 


45.10 


338.2560 16.912760 


45.20 


340.5150= 2d divisor. .87250=2d dividend. 


45.3004 


S40.52406008 68104812016 


45.3008 


J40.63312024= 3d div. 19146187984= 3d div'd. 


46.30130 340.6353863060 17026769265260 


46.30140 340.5376603760=4tli a. 2118418718760 =4thdiT. 



Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figurcB 62208, which make the root correct to the 
tenth decimal place. ■ 

The two remaining values of x may be easily shown to be 
imaginary. 

When a negative root is to be found, we change the signs 
of the alternate terms of the equation. Art 442, s 
as for a positive loot. 

Ex. 5. Eind a root of the equation 5x^— 6a?^+3a:^— 85. 

Ciianging the signs of the alternate terras, it becomes 
5x5 + 6x^+8^;= +85. 
5 +6 +3 +85 (2.16139. 



16 


36 70 


26 


87 = iBt divisor. 15 = 1st dividend. 


36.5 


9065 9.066 


37.0 


94.36 = 2d divisor. 6.935 = 2d dividend. 


37.80 


96.6180 6.797080 


38.10 


98.9040= 8d divisor. 137920= 3d dividend. 


38.405 


98.942406 98942406 


38.410 


98.980816= 4tli divisor. 38977696= 4tli div'd. 


38.4166 98.99233996 29697701986 
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Hence one root of tbe equation 

5a;^ — ^x^-\-3xrzr. — 85 
is -2.16139. 

The same method is applicable to the extraction of the cube 
root of numbers. 

Ex. 6. Let it be required to extract the cube root of 9 ; in 
other words, it is required to find a root of the equation 
a;3 = 9. 

1 + +0 =9 (2.0800838. 

2 4 8 

4 12 — 1st divisor, l^lst dividend. 



6.16 12.9792=2d divisor. 1088=2d dividend. 
6.24008 12.9796992064 1038375936512 

6.24016 12.9801984192=:3dd. 49 624063488- 3d div. 
6.240243 12.980217139929 38940651419787 

6.240246 12.980235860667-4thd.l0683412068213=4thd. 

Es, 7. Find all the roots of the equation 

1 1,02804. 
Am. -J 6.67653. 
( 7.39543. 
Ex. 8. Find all the roots of the equation 
x3+9a?+243;+17 = 0. 

( -1.12061. 

Ans. \ -3.34730. 

( -4.53209. 

Ex. 9. Extract the cube root of 48228544. 

Ans. 364. 

Ex. 10. There'^re two numbers whose difference is 2, and 
whose product, multiplied by their sum, makes 100. What 
are those numbers ? 

Ex. 11. Find two numbers whose difference is 6, and such 
that their sum, multiplied by the difference of their cubes, may 
produce 5000. 

Ex. 12. There are two numbers whose difference is 4 ; and 
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the product of this difference, by the sum of their cubes, is 
3400. What are the numbers? 

Ex. 13. Several persons form a partnership, and establish a 
certain capital, to which each contributes ten times as many 
dollars as there are persons in company. They gain 6 plita 
the number of partners per cent., and the whole profit is $392. 
How many partners were there ? 

Ex. 14. There is a number consisting of three digits such 
that the sum of the first and second is 9 ; the sum of the first 
and third is 12 ; and if the product of the three digits be in- 
creased by 38 times the first digit, the sum will be 336. Ee- 
quired the number. 

( 036, 

Ajis. -j or 726, 

( or 814. 

Ex. 15. A company of merchants have a common stock of 
$4775, and each contributes to it twenty-iive times as many 
dollars as there are partners, with which they gain as much 
per cent as there are partners. Now, on dividing the profit, 
it is found, after each has received six times as many dollars 
as there are persons in the company, that there still remains 
$126. ^Required the number of merchants. 

Am. 7, 8, or 9. 

EQUATIONS OF THE FOUETH AND HIGHER DEGREES. 

468. It may be easily shown that the method here employed 
for cubic equations is applicable to equations of every degree. 
For the fourth degree we shall have one more column of prod- 
ucts, but the operations are all conducted in the same manner, 
as will be seen from the following example. 

Ex. 1. Find the four roots of the equation 
a^— 8a^+14ai^-l-4r=8. 

By Sturm's Theorem, we have found that these roots are all 
real; three positive, and one neg 

We then proceed as follows: 
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+2 . 
7 
12.2 
12.<t 
12.6 
12.83 



ALGEBEA. 

-l-t +4 =8 (6.2360679. 

-1-1 -6 

- 9 +44— Ist divisor. 13 = 1st dividend. 

44 53.283 10.6576 

46.44 63.072=2d div'p. 2.S424=2d dividend. 

48.92 64626747 1.9 3880241 . 

61.44 66.193068=3ddiv. .40369769=3d div'd. 



61.8249 66.509117736 



.399054706416 



12.86 62.2107 66.826633024=4tlid. 4642883584=41h d. 
12,89 62.6974 
■ 12.926 62.674966 
12.932 52.762548 
and by division we obtain the four figures 0679. 
Tlie other three roots may be found in the same manner. 
" .7320508, 



Hence the four roots a 



I 



.7639320, 
2.7320608, 
5.2360679. 



Ex. 2. Find a root of the e 

a^+2aA+3iC= + 4x^+5x=20. 
"We have found, hy Sturm's Theorem, that tliis equation has 
a real root between 1 and 2. 
"We then proceed as follows : 

1+2 +3 +4 +5 +2fl (1.126789. 



37.171 
39.414 
41.730 



23.16 


42.2111 


33.90 42.e96| 


2 24.05 


04 43.182 


i 24.90 


12 43.30J 


3 34.35 


24 43.427 


J 24.51 


40 


)6 24.R 


202B 


10 24.68 


0075 



L12829=2diJividettd, 



44.S5«6 
4i5731 
44.7902 



9873040875, 41Ii d. 



Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 789. 
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"When we wish to obtain a root correct to a limited number 
of places, we may save nrnch of the labor of the operation by 
cutting off all figures beyond a certain decimal. Thus if, in the 
example above, we cut off all beyond five decimal places in the 
successive dividends, and all beyond four deciraal places in the 
divisors, it will not affect the first six decimal places in the root. 

Ex. 3. Pind the roots of the equation a^— 12a;^+12a;— 3. 
r -3.907378, 

11 
Ex. 4. Find the roots of tbe equation 



An3.-{ 



+0.58579, 
+3.36426, 
+3.41421, 
+ 8.64575. 



Ex. 5. Find tlie roote of the equation 

ai'-20ji*+160a!«-620x'+80fe=407. 

C +0.934685, 

I +3.308424, 

AmA +3.824326, 

+4.879608, 

1+7.063068. 

Ex. 6. Required the fourth root of 18339669776. 

Ans. 368. 
Ex.7. Ecquired the fifth root of 26286674882643. 

Am. 483. 
Ex. 8. There is a number consisting of four digits such that 
the sum of the iirst and second is 9 ; the sum of the first and 
third is 10 ; the sum of the first and fourth is 11 ; and if the 
product of the four digits he increased by 36 times the product 
of the iirst and third, the sum will be equal to 3024 diminished 
by 300 times the first digit. Required the number. 

f 6346, 

, or 7234, 

"'"'■lor 8123; 

1 or 9012. 
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469. NewlaiUs Method of Approximdiion. 

let cc^+Ba^^+Oic— y be an equation to be solved. Find, 
by trial, a number, r, nearly equal to tlie root souglit, and let 
r+h denote the esact value of the root, so that S. is a small 
fraction which is to be determined. Substitute 3-+^ for x in 
the given equation, and there wiU result a new equation con- 
taining only h and known quantities. Now, since h is sup- 
posed to be a small fraction, h^ and k^ will be small compared 
with h; and if we reject the terms which contain the second 
and third powers of h, we shall have, approximately, 

This correction applied to the assumed root gives a closer 
approximation to the value of x. Repeat the operation with 
this corrected value of r, and a second correction will be ob- 
tained which will give a nearer value of the root ; and, by suc- 
cessive repetitions, the value of the root may be obtained to 
any required degree of accuracy. 

The value of k may, however, be found more briefly by ob- 
serving that the numerator is the first member of the equation 
after V has been transposed and x changed to r; and the de- 
nominator is the first derived function of the numerator with a 
negative sign, Art. 450. 

ESAMPLES. 

1. Find a root of the equation !C^+2x^+3a:=60. 
For the numerator of the value of A, we have 

Hence n— 77-= — -. r—. 

— 37^— 4r— 8 

"We And, by trial, that x is nearly equal to 3, If we substi- 
tute 3 for r, we shall have 

Hence x=2,9 nearly. If we substitute this new value of r, 
we shall find the value of A to be +.00228. 
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Hence a;=2. 90228. If we repeat tlie operation with tbis 
last value of r, we shall find the value of ^ to be +.0000034 
Hence a;=2.9022834. 

2. Eind a root of the equation x^—Qx=ilO. 

T'-6r-10 
Here h=. _^^^^ . 

Assume t=2, and we obtain 

h=-—^, or -0.14. 

Hence fl;=1.86 nearly. If we assume 9-=:1.86, we shall find 
the value of 7i to be —,021. 

Hence 3:^1.839 nearly. If we assume r=1.839, we shall 
find the value of A to be +.00001266. 
Therefore ic=1.83901266. 

S. Find a root of the equation a^— 9x^10. 

Ans.xr=dA4S4:S97. 
4. Find aroot of the equation x^ +9w'^+4a;=80. 

Ans. a;=2.4721359. 

470. Approximation iy Dottble Position. — Find, by trial, twG- 
numbers, r and r', as near as possible to the true value of x; 
substitute them successively for x in the given equation, and 
let E and W represent the errora which result from these sub- 
stitutions. We assume that the errors of the results are pro- 
portional to the errors of the assumed numbers. This suppo- 
sition is not entirely correct ; but if we employ numbers near 
to the true values, the error of this supposition is generally not 
very great, and the error becomes leas and leas the further we 
carry the approximation. We have then 
^:E'i:x-r-.x-r': 

Whence,, Art. 305, E-E' : r-/ :: E : x-r; 
that is, As the difference of (he errors is to the difference of the two 
assumed numhers, so i's either error to tlie correction required in the 
corresponding assumed number. 

This .correction, being added to the assumed number when 
it is too small, or subtracted when too great, will give a near 
approximation to the true root. This result, and some other 
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immb'er, may now be used as new values of r and ?■' for olatain- 
ing a stili nearer approximation, and so on. 

It is gfeneraJly most convenient to assume two numbers which 
differ only by unity in the last figure on the right, or one of 
the values of r already used, together with the approximate 
root, may be employed for the two assumed numbers. 

This method of approximation is applicable to many equa- 
tions which can not be solved by either of the preceding 
methods. 

EXAMPLES. 

1. Find one root of the equation ar'+3:^-|-x— 100^=0. 
When 4 and 5 arc substituted for a: in this equation, the re- 
sults are —1.6 and +55.. 

Hence 55+16:5-4:: 16;.22. 

Therefore a;=4.22 nearly. 

We now assume the two values 42 and 4.3, and, substi- 
tuting them for v. in the given equation, we obtain the results 
-4.072 and +2.297. 

"Hence 4.072+2.297 : 4.3 -4.2 : : 2,297 : .036. 
Therefore a;=4.264 nearly. 

Assuming again the two values 4.264 and 4265, and sub- 
stituting them for x, we obtain the results —.027552 and 
+.036535. 

Hence .064087 : .001 : : .027552 : .0004299. 

Therefore a;=42644299 very nearly. 

2. Find one root of the equation a:^+23:;^— 23cc— 70=0. 

^«s. ic=5.13458. 

3. Find one root of the equation a:^—33;^-75a;— 10000=0. 

Am. a;=10.2610. 
4 Find one root of the equation 

3;5+3x'+2ar'~3a:^-2ic-2 = 0. 

Ans. a;=1.059109. 

471, Tilt different Boots of Unity. — The equation af^—a would 
appear to have but one root, that is, ic=i/a; but, by ^-i"'- 436, 
it must have n roofs; that is, the nth root of a must have n dif- 
ferent values. Unity must therefore have two square roots, 
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three cabe roots, four fourth roots, five fifth roots, six sixth 
roots, and so on. 

Ex. 1. Find the two roots of the equation x^=l. 

Extracting the square root, we find x=+l or —1. 

Es. 2. Find the three roots of the equation o^^l. 

Since one root of this equation is x=l, the proposed equa- 
tion must bo divisible by x—1 ; and dividing, we obtain 

Now the roots of this equation are 

Hence the required roots are 

+ 1, ^(~-H--v/Z3), and i{-l-V^), 
which are the cube roots of unity ; and these results may be 
easily verified. 
Ex. 3. Find the four roots of the equation a:^=l. 
The square root of this equation is 

3^= + l, or ^-1. 
Hence the required roots are 

+ 1, -1, +V^, -V^. 
Ex.4. Find the five roots of the equation x^=l. 
Since one root of this equation is x—1, the proposed equor 
tion must be divisible by a;— 1; and dividing, we obtain 

Dividing again by a^, we have 

x^+x+l+-+\=0. (1.) 

X x^ ^ ' 

Now put v=x-]-~, (2. ) 

whence v^=x^-\-2-\ — -, 

which, being substituted in equation (1), gives 
v^+v-l=0. 
This equation, solved by the usual method, gives 
v=~i+iV5, or i;:^— ^— ^V5. 
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Now equation (2) gives 

x^—vx=—l. 
Whence x=i[v+V'v^-4:], and x=i[v-Vv^-i'}, 
from which, by substituting the valne of v, we obtain 

cc=i[V5-l±^/-10-2l/5], 

and -i[-V5-l±-y-10+2V5j. 

Hence the fifth roots of unity are 



l[Vb-l-\-^-10-2V5]. 
i[V6-l—y/-10-2V5] . 
j[_-v/5_l+7_10+2V5J. 

j[_V5-l-V~10+2VaJ. 
Ex, 5. Find the six roots of the equation x^=l. 
These are found by taking the square roots of the cube roots. 
Hence we have 

+1, -1, ^±iV33, _|±^-/^. 
Ex.6. Find the four roots of the equation a^=— 1, or 

The first member may be made a complete square by adding 
2x^; that is, of -i- 2x^+1 =2x^, 

whence !x?+l — ±xV2. 

By transposition and completing the square, 

Hence x±iV^= i^V^ ; 

that is, x=iV2±iV^^, 

or -^V^d^iV^- 

These four values, together with the four values found in 
Ex. 3, are the eight roots of the equation 
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EXAMPLES FOR PEACTICE. 

EQUATIONS OF THE FIEST DEGREE WITH ONE UNKNOWN 
QUANTITY. 



of ic. Alls. a;^139-^. 

Ex.2. Given a{2x+ldh-lOa)=h{x-\-'II>), to find tlie value 
ofic. Alls. X— 6a— 7b. 

Ex. 3. Given 2 7~— ^ — TaT' ^^ ■^'^'^ *^^ value of x. 

Ans. £c=4J. 

Ex. 4. Given m+-=n—p-—r> to find the value of x. 
a '- b' 

, (n—p--'m)ab 

Ans. x=-^ — - — ~- — . 
a+b 

T, ^ „. 2x-S 4x-9 83:-27 16lc-81 9 ^ „ , 

Ex.5. Given -jg SQ-^-go 24 W'''^''^ 

the value of x. Ans. x=6. 

Ex. 6. Given a^+a^I)+alP+i^= , to find the value oJ 

Ans. x—a—b. 

Ex.7. Given ^~'\^ - '^j'' =2b+-, to find the val 
a\a—bj a" a 

oixc. Ans.x=a~b. 

Ex. 8. Given y-§+5-^= -15, to find the value oi 

Ans. x= 
Ex.9, ffiven ll^x=^x+mi-&x-9i, to find the val 
of X. Ans. x=8- 

Ex. 10. Given — ——5 = -, to find the value of x. 

Ans x- ^'^~^ 
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Ex. 11-, G-iven c=a-\ — ^^- — '-, to find the value of x. 



Sa+x 



Ans. c 



a(m-3e+3») 



Ex. 12. Given -^ '^ — '—"Z^' *'-' ^^*^ *^^ value of a;. 

Ans. a;=y- 
Ex. 13. G-iven {m~x){n~-x)={p+x){x-q), to find the val- 



of ic. Ans. x—^, 

he cfx 

Ex. 16. Given x=a-\ — t-1-~-, to fihd the value of 3;. 

a de 

(fe-c/ 
Ex.16. Given --l-~-f3a&-0, to find the value of ic. 



Ans. x=- 



c{l-?>a b) 



c—ad 

Ex. 17. Given (8-3x)H(4-4a;)==(9-5x)^ to find the val- 
ue of X. Ans. x=^. 

Ex.18. Given — ^^^ — |-y~ — q-,= — h — i *» fii*! t"e value 
of a;. ^Ks. a;=17. 

u -.f^ ^- te+lO 8+5a; ,„ , . j, . ., , 

Lx. 19. uiven _ I7r"=Tl— i^i to hnd the value 

of X. Ans. x=.l. 

„ „. ^. l-2a; 5-6!C 8 1-3^^ 

Ex. 20. Given ^ 

value of X. 
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PEOBLBMa IHYOLVING EQUATIONS OF THE FIRST DEGREE WITH 
OSE UNKNOWN QUANTITY, 

Prob. 1. Said an old miser, For 50 years I have saved 200 
dollars annually ; and for many years, each of my four sons has 
saved annually the same sum, viz., the oldest for 27 years past, 
the second since 24 years, the third since 19, and the fourth 
since 16 years. How ]ong since the savings of the four sons 
amounted ia the aggregate to as much as those of the father? 
Ans. 12 years. 

Prob. 2. Prom four towns, A, B, C, D, lying along the same 
road, four" persous start in the stage-coach for the same place, 
E. The distance from A to B is 19 miles, from B to 3 miles, 
and from C to D 5 miles. It subsequently appeared that the 
peison who started from A paid as much fare as the three oth- 
er persons together ; and the fare per mile was tho same for 
each. It is Teq^uired to determine the distance from D to E. 
Ans. 7 miles. 

Prob. 3. Five towns, A, B, C, D, E, arc situated along the 
same highway. The distance from A to B is 37 miles, from B 
to D 34, and from D to E 14 miles, A merchant at C, situ- 
ated between A and D, receives at one time 8 tons of goods 
from A, and 6 tons from B. At another time ho receives 11 
tons fi-om D, and 9 from E, and in the latter ease he paid the 
same amount for freight as in the former, the rate of transporta- 
tion being the same in both cases. It is required to compute 
the distance from B to C Ans. 15 miles. 

Prob. 4. If 20 quarts of water flow into a reservoir every 3 
minutes, after a certain time it will still lack 40 quarts of being 
full. .But if 52 quarts flow into it eveTj 5 minutes during the 
same period, 72 quarts of water will have overflown. What is 
the capacity of the reservoir, and how many quarts of water 
must flow into it every minute in order that it may be just filled 
in the time before mentioned? 

Ans. The capacity of the reservoir is 240 quarts, and 
8 quarts must flow into it every minute. 

Prob. 6. A mason, by working 10 hours daily, could com- 
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plete in a week as mccH over 888 cubic feet of wall as at pres- 
. ent he completes less than 888 cubic feet, working only 8J 
hours daily. How many cubic feet of wall does he now com- 
plete weekly? Ans. 816 cubic feet. 

Prob. 6. After a certain time I have $670 to pay, and 4^ 
months later I have $980 to pay. I settle both bills at once, 
at 44 per cent, discount, for $1594.41. When did the first sum 
become due? Ans. After 5| months, 

Prob. 7. A merchant gains 8 per cent, when he sells a hogs- 
head of oil at 36 dollars. How much per cent, does he gain or 
lose when he sells a hogshead at 32 dollars? 

Ans. He loses 4 per cent. 

Prob. 8. A merchant loses 2^ per cent, when he sells a bag 
of coffee for 39 dollars. How much per cent, does he gain or 
lose when he aeUa a bag of coffee for 41^ dollars? 

Ans. He gains 3f per cent. 

Prob. 9. A merchant owes $S007, to be paid after 5 months, 
$3395 after 7 months, and $6740 after 13 months. When 
should the entire sum of $12,142 be paid, so that neither party 
may sustain any loss? Ans. After 10 months. 

Prob. 10. A merchant has three sums of money to pay, viz., 
$1013 after 3i months, $431 four months later, and the third 
sum still four months later. How large is the third sum, sup- 
posing he could pay the three bills together in 6J months with- 
out loss or gain ? Ans. $428. 

Prob. 11, A merchant has two kinds of tobacco ; the one cost 
40 cents per ponnd, the other 24 cents. He wishes to mix the 
two kinds together, so that he may sell it at 34 cents per pound 
without loss or gain. How much mnst he take of each sort in 
order to have 64 pounds of the mixture? 

Ans. 40 pounds of the better sort, and 24 pounds of 
the poorer. 

Prob. 12, A vinegar dealer wishes to dilute his vinegar with 
water. At present he sells his vinegar at 6 dollars per hogs- 
head (120 quarts). How mneh water must he add to 29^ 
hogsheads in order to be able to sell the mixture at 4 cents per 
quart? Ans. 7|- hogsheads. 
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Prob. 13. A metallic compound consists of 4 parts copper 
and 3 parts silver. How much copper must be added to 94^ 
pounds of the compound, in order that the proportions may be 
7 parts of copper to 2 parts of silver? Ans. 87J pounds. 

Prob. 14; In 255 pounds of spirit of wine, water and pure al- 
cohol are combined by weight in the ratio of 2 to 3. How 
much water must be extracted by distillation, in order that the 
ratio of the water to the alcohol may be 3 to 17 by weight? 
Ans. 75 pounds. 

Prob. 15. It is required to diminish each of the factors of the 
two unequal products, 52 x 45 arid 66 x 87, by the same num- 
ber, so that the new products may be equal to each other. 
What is that number? Ans. 17. 

Prob. 16. The square of a certain number is 1188 greater than 
the sqiiare of a number smaller by 6 than the former. What 
is that number? Ans. 102, 

Prob. 17. I have a certa,in number of dollars in my posses- 
sion, which I undertook to arrange in the form of a square, and 
found that I wanted 25 dollars to complete the square; but if 
I diminish each side of the square by 2, there remain 31 dollars 
over. How many dollars h^ve I? Ans. 200. 

Prob. 18. A vine-tiller has a rectangular garden, whose 
length is to its breadth as 7 to 5, which he wishes to plant with 
vines. If he sets the plants at a certain uniform distance from 
each other, ho finds that he has 2832 plants remaining. But 
if he places them nearer together, so as to make 14 more on 
each longer side, and 10 more on each shorter side, he has only 
172 plants remaining. How many plants has he? 

Ans. 14,172. 

Prob. 19. In the composition of a certain quantity of gun- 
powder, the nitre was ten pounds more than two thirds of the 
whole ; the sulphur was four and a half pounds less than one 
sixth of the whole; and the charcoal was two pounds less than 
one seventh of the nitre. How many pounds of gunpowder 
were there? Ans. 69 pounds. 

Prob. 20. There are three numbers in the ratio of 3, 4, and 
5. Pive times the first number, together with four times the 
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second number, and tKree times the third number, make 690. 
What are the three numbers? 

Ans. 45, 60, and 75. 

Prob. 21. Divide the number 165 into five sach parts that 
the first increased by one, the second increased by two, the 
third diminished by three, the fourth multiplied by four, and the 
fifth divided by five, may all be equal 

Ans. 19, 18, 23, 5, and 100. 
Prob. 22. A criminal, having escaped from prison, traveled 
ten hours before his escape was known. He was then pur- 
sued, so as to be gained upon three miles an hour, Afiier his 
pursuers had traveled eight hours, they met an express going 
at the same rate as themselves, who met the criminal two hours 
and twenty-four minutes before. In what time from the com- 
mencement of the pursuit will they overtake him ? 

Ans. 20 hours. 
Prob. 23. There is a wagon with a mechanical contrivance 
by which the difference of the number of revolutions of the 
wheels on a journey is noted. The circumference of the fore 
wheel is a feet, and of the hind wheel h feet What is the dis- 
tance gone over when the fore wlieel has made n revolutions 
more than the hind wheel? 

, ahn „ ^ 

Ans. -r, feet. 

D—a 

Prob. 24. A cistern can be filled by four pipes ; by the first 

in a hours, by the second in b hours, by the third in c hours, 

and by the fourth in d hours. In what time will the cistern be 

filled when the four pipes are opened at once ? 

, abed , 

Ans. -y— — ry- ■ , J hours. 

abc+abd+acd+bcd 

EQUATIONS OF THE FlSSr DEGREE WITH SEVERAL UKENOVTN 
QUANTITIES. 
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EXAMPLES FOB PRACTICE. 
2 3 ■ 



2 ' 8 



2a;+7y 



l=i(2x-6!/+l( .„. )«^=*- 



Ex.6. ~5 — «— "i'T-'- V 4™. ,„^i 

Ex.6. \ 22 ^ §2 
■ ( 8^-6;/=l 

Ex. 7. 

3a:-6y „ 2x+y-| 

5 « I 'Is^s. 



, Ans. i (1, 

it ,?/„,[ IS=-21 



7+8a; 3a:— 61/ 



,10 2x-8 6 

'^- ^"- 1 6j+9 ,, , 3y+4 Sy+5a; 
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'M-^^ 












»=2a. 


-+?=4 




Am. 


j=2t. 








a=2<;. 


K-\ 









Ex. 11. 



Ex.12. ]73;+4j^-33=I9[ 



=21-*, 



i x+ y-\- z=5 
Ex.lt ^3a!- 6y+7s=7j 

( 9x-ll2+10=0 

(3a;— 5j/+4z=5 
Bx.l5. «!c+2i,-3s=2 

(4a:+3?/— z=7 

I x-2ij+$z=S 
Ex.16. J2x+8y-4a=20 

(8x-2y+6z=26 

' 7x—Sy 
iz—ly 

]11» 

Ll9x 



Ex. 17. 



k-7j, = l [ 
la-7»=l I 



Ex. 18. -I 



Ex. 19. 



fSu— 2j/=2 
23;+3t/=3i 

[4j(+3s=4] 
r23;-3!/+2£ 
J 4y+2z=14 
1 4»-23;=3( 
L5y+3»=SS 



= 13"! 



a;=l|. 
z=7|. 



</=2. 



y=4. 

s=2. 

1=4. 

j/=9. 

z=16. 

«=26. 

1=12 



L.=9; 
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ESLiMPLES FOR PSACTIOB, 

li^+2|;/ =105] 
S*x+^'4 ^317 ! 
5^z+Qlu :-741 f 
7>+8A^=835j 
' 3x—4y+Bz+3v—6u=ll 

10ySz+3u-2v=2 
5z+iu+2v-2x=S 



A i/ = 20. 



|y= 1. 



PE0BLBM3 INVOLVING EQUATIONS OF THE FIEST DEGfEEE WITH 
SEVERAL UKKNOWN QUANTITIES. 

Frob. 1. Two sums of money, which were put out at inter- 
est, the one at 5 per cent, the other at 4^ per cent., yielded in 
one year $28440 interest. If the former sum had been put oat 
at 4J per cent, and the latter at 5 per cent., they would have 
yielded $i,50 less interest "What were the two sums of money? 
Ans. One was $3420, the other $2520. 

Prob. 2. There is a number consisting of two digits; the 
number ia equal to three times the sum of its digits, and if it be 
multiplied by three, the result will be equal to the square of the 
sum of its digits. Pind the number. Ans. 27. 

Prob. 3. A merchant sold two bales of goods for the sum of 
$987|-, the first at a loss of 8f per cent., the second at a loss of 
114 per cent If he had sold the first at a loss of 11^ per cent, 
and the second at a loss of 8f per cent., he would have received 
the sum of $992-|. How much did each bale cost? 

Ans. The first $455, the second $645. 

Prob. 4. Two messengers, A and B, from two towns distant 
57^ miles from each other, set out to meet each other. If A 
starts 5f hours earlier than B, they will meet in 6^ hours after 
B starts ; but if B starts 5|- hours earlier than A, they will meet 
in 5^ hours after A starts. How many miles does each travel 
in an hour? Ans. A 3 miles, and B 3^ miles. 

Prob. 5. A jeweler has two masses of gold of different de- 
grees of fineness. If he mixes 10 ounces of the one with 5 
ounces of the other, he obtains gold 11 carats fine ; but if he 
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mixes 7^ ounces of Vae former with 1^ ounces of the latter, be 
obtaias a mixture 10 carats fine. What was the finen^a of 
each mass? Ans. The one 9 carats, the other 15 carats. 

Prob. 6. A farmer has a certain number of oxen, and proven- 
der for a certain number of days. If he sells 75 oxen, his prov- 
ender will last 20 days longer; but if he buys 100 more oxen, 
his provender will be exhausted 15 days sooner. How many 
oxen has he, and how many days will the provender last ? 

Ans. 300 oxen, and the provender will last 60 days. 

Prob. 7. A certain number of laborers remove a pile of stones 
in 6 hours from one place to another. Ifthere had been 2 more 
laborers, and if each laborer had each time carried 4 pounds 
more, the pile would have been removed in 5 hours; but ifthere 
had been 3 less laborers, and if each laborer had each time car- 
ried 5 pounds less, it would have required 8 hours to remove 
the pila How many laborers were there, and how much did 
each carry at one time? 

Ans. There were 18 laborers, and each carried 50 pound& 

Prob. 8. A heavy wagon requires a certain time to travel 
from A to B. A second wagon, which every 4 hours travels 5 
miles less than the first, requires i hours more than the first to 
go from A to E. A third wagon, which every 3 hours travels 
8f miles more than the second, requires 7 hours less than the 
second to mate the same journey. How far is A from B, and 
what time does each wagon require to travel this distance ? 
Alls. From A to B is 60 miles; the first wagon 
requires 12 hours, the second 16, and tho third 
9 hours, 

Prob. 9. I have two equal sums to pay, one after 9, and the 
other after 15 months. If I settle them both at once, at the 
same rate of discount, I must pay for the first sum $1208, and 
for the second $1160. How much was each sum, and at what 
per cent, was the discount reckoned? 

Ans. $1280, and the discount was 7^ per cent. 

Prob. 10. A small square lies with one angle in the angle of a 
larger square. The excess of the side of the larger square above 
that of the smaller is 118 feet; the excess of the square itself 
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is 26,4:32 square feet. What are the contend of each of the 
two squares ? 

Ans. The one 29,241, the other 2809 square feet. 

Prob. 11. It is required to find two numbers whose sum, dif- 
ference, and product are in the ratio of the numbers 5,1, and 18. 
Ana. 9 and 6. 

Prob. 12. Two numbers are in the ratio of 7 to 3, and their 
difference is to their product as 1 to 21. What are the num- 
bers? J.ns. 28 and 12. 

Prob. 13. Three towns. A, B, and 0, lie at the angles of a 
triangle. From A by B to is 164 miles ; from E by C to A 
K 194 miles ; and from C by A to B is 178 miles. How fai- 
are A, B, and C from each other ? 

Ans. From A to B 74 miles, from B to G 90, and from 
C to A 104 miles. 

Prob. 14. A railway train, after traveling for one hour, meets 
with an accident which delays it one hour, after which it pro- 
ceeds at three fifths of its former rate, and arrives at the termi- 
nus three hours behind time ; had the accident .occurred 50 
miles further on, the train would have arrived 1 hour and 20 
minutes sooner. Required the length of the line. 

Am. 140 miles ; original rate 20 miles per hour. 

Prob. 15. A railway train, running from New York to Al- 
bany, meets on the way with an accident, which causes it to 
diminish its speed to ^th of what it was before, and it is in con- 
sequence a hours late. If the accident had happened h miles 
nearer Albany, the train would have been c hours late. Pind 
the rate of the train before the accident occurred. 



f, . *■ — ' . miles per hour. 



Prob. 16. Three boys are playing with marbles. Said A to 
B, Give me 5 marbles, and I shall have twice aa many as you 
will have left. Said B to C, Give me 13 marbles, and I shall 
have three times as many as you will have left. Said C to A, 
Give me 3 marbles, and I shall have six times as many as you 
will have left. How many marbles had each boy ? 

Ans. A had 7, B 11, and C 21 marbles. 
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Prob. 17. It is required to divide the number 232 into three 
parts such that, if to the first we add half the sum of the oth- 
er two, to the second we add one third the sum of the other 
two, and to the third we add one fourth the sum of the other 
two, the three results thus obtained shall be equal. What are 
the parts ? 

Ans. The first 40, the second 88, and the third 104. 

Prob. 18. Four towns, A, B, C, and D, are situated at the 
angles of a quadrilateral figure. When I travel from A by B 
and to D, I pay $6.10 passage-money ; when I travel from 
A by D and C to B, I pay $5.50. From A by B to C, I pay 
the same as from A by D to C ; but from B by A to D, I pay 
40 cents less than from B by G to D. What are the distances 
of the four towns from each other, supposing I paid in each case 
10 cents per mile ? 

Ans. From A to E 21, from B to C 17, from C to D 
28, and from D to A 15 miles. 

Prob. 19, Four players. A, B, C, and D, play four games at 
cards, At the first game A, B, and win, and each of them ■ 
doubles his money ; at the second game A, B, and D win, each 
of them doubling the money he had at the commencement of 
that game; at the third game A, C, and D win; and at the 
fourth game B, G, and D win ; and at each game each winner 
won as mucli money as he had at the commencement of that 
game. They now count their money, and find that each has 
$64. How much had each before commencing play ? 

Am. A had $20, B had $36, C had $68, and D had $132. 

Prob. 20. A and B start together from the foot of a mountain 
to go to the summit A would reach the summit half an hour 
before B, but, missing his way, goes a mile and back again need- 
lessly, during which he walks at twice his former pace, and 
reaches the top six minutes before B. G starts twenty minutes 
after A and B, and, walking at the rate of two and one seventh 
miles per hour, arrives at the summit ten minutes after B. 
Find the rates of walking of A and B, and the distance from 
the foot to the summit of the mountain. 

Ans. 2^, 2 ; distance 5 tniles. 
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Prob. 21. Find three numbers such that if six be subtracted 
from the first and second, the remainders will be in the ratio 
of 2 : 3 ; if thirty be added to the first and third, the sums will 
be in the ratio of 3:4; but if ten be subtracted from the sec- 
ond and third, the remainders will be as 4 : 5. 

Ans. 30, 42, 50. 

Prob. 22. A and B engage to reap a field of wheat in twelve 
days. The times in which they could severally reap an acre 
are as 2:3. After some days, finding themselves unable to 
finish it in the stipulated time, they call ic C to help them, 
whose rate of working was such that, if he had wrought with 
them from tte beginning, it would have been finished in nine 
days. Also, the times in which he could have reaped the field 
with A alone, and with B alone, are in the ratio of 7 : 8. Wheu 
was called in? Ans. After six days. 

EQUATIONS OF THE SECOND DEGREE WITH ONE UNKNOWN 
QUAHTIST. 



Bx.!. 




-+^ 


^=1 to find the values of x. 

Ans. 3:= ±14^. 


Ex.2. 


GiTeil\A|+49-- 


v/|-«= 


= 7, to find the values 


of a:. 








Ans. x= ±1. 


Ex.8. 


Sive-I+I 


=I4 


to find the values of x. 

Ans. x= ± VlO. 


Ex.4. 


Given x+-V 


'a+x^- 


a'^ + a 


to find the values of ic. 
Ans. x=^W'V- 


Ex. 6. 


Given Y~-^ 


2 


-3=m+i- 


-y-^-S, tofindtiie 


valueBofx. 






Ans. ai=±m. 



Ex. 6. Given \/~+2a-\/^-Si = 7, to find the Tal- 
tesofa:. Ans. x=:dii. 
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Ex.7. Given - 



V3 



to find the val- 



=77Si7-xf, to find the val- 



'1-Vl^^ 1 + Vl 
ues of X. 

Ex.8. Given 27(7-x)' 
ues of X. 
Eeraark. Put 'J—x=y; flpst find the value of y, and Ihence the value of i. 
Alls, x—b or 9. 
a—Va' 



Bs.9. Given 



ya:— Va;— 
Vx 



Ex.12. Given — 



Vl4 



: J, to find the values of x. 

AnS. iC— ±t; ;-■ 

1 + 6 

'-.— , to find tho values of ax 

^-ns-x^ 1±25 ■ 
^7=—— \/-7i to find tho values of a^, 

J.KS. 3:;=±2V«5— 6^ 
, to find the values of a:. 

E EQUATIONS IfB TUB SECOND BEeREE. 

Ex. IS. Given 557a;=5801i+8a;^ to find the values of x. 
Ans. x^m\ or 12|. 
Ex. 14. Given (7a;)^—7cc=l, to find the values of a;. 

Ans. a;^0.2311477 or -0.0882905. 
Ex. 15. Given 12x^=21+^, to find the values of x. 

Ans. x=\\ or —1-]^. 

Ex. 16. Given 57k— X8[c^+145=0, to find the values of a:^ 

Ana. a;=4|-or — 1|-. 

Ex. 17. Given ^[x^V)^[%7-J-^x-V)=~{x^\\ to find 
the values of a;. Ans. x=~\ or %. 
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Ex. 18. Given ■ ~ ■ ,; ^-^:^-, to find the values of x. 

Ans. x=2-i or ^. 

x4-i X 4 10 

Ex. 19. Given - + - ■■ -^ ^-^| to find the values of x. 

Ans.x^8oT-S. 

Ex. 20. Given ^ + — „ — • ft, to fijid the values of x. 

x+1 x+2 a;+3 

Ans. x=d or — -f. 



ues of X. Ans. x=:8 or — 2444- 

Ex, 22. Given ^r- — t^+^t— s=k. ^o ^^^ tlie values of ic 
3a;— 5 2a:— 3 2 

^ns. a;=:-| or 1. 

Ex.23. Given ^+^=^^:^, to find the values of ct. 
x— 1 X— 1 X— 3 

-4)i5. x=l or — f. 
Ex. 24 Given (7-4Vs)xH{2- V3)x=2, to find the val- 
ues of x. J.JM. a;=2-t-V3, or — 2(2 + -/3). 

— - — ^ J — ■ ■ - = 2-g, to find the values of x. 

A«s. a7z=49 or 196. 
Ex. 26. Given t^x+ V^— 20, to find the values of x. 

Arts. ic^(+4)'=256 or (-5)''=625. 

Ex. 27. Given = — |-^h — , to find the values of x. 

a+b+x a X 

Ans. x~— a or —h. 



_d^V5{a-h)-{a+b) 
2 
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Ex. 30. Griven a:f^—iT}+7x''—Gx=18, to find the val ues o f a; 
"by a quadratic equation. Ans. x=S or —1, or 1± V— 5. 

PROBLEMS INVOLVINfl EQPATIONS OP THE SECOND DEGREE 
WITH DUE UNKNOWISr QUANTITY. 
Prob. 1. It is required to find three ninnbera which are in the 
ratio of J, -J, and J, and the sura of whose squares is 10,309. 
Ans. 78, 52, 39. 
Prob. 2. A gentleman buys a certain number of pounds of 
salt, four times as much sugar, and eight times as much coffee, 
and for each pound of the three articles he paid as many cents 
as he bought pounds of that firticle. For the whole he paid 
$3.24. How many pounds of coffee did he buy? 

Ans. 16 pounds. 
Prob, 3. A rectangular garden was 37 feet broad and 259 feet 
long. Ite breadth was increased by a certain number of feet, 
and its length diminished by seven times that number, by which 
means its area was diminished 63 square feet. By how many 
feet was the breadth increased? Ans. 3 feet 

Prob. 4. Find that numher whose square added to its cube 
is nine times the next higher number. Ans. 3. 

Prob. 5. A sets out from New York to Chicago, and B at the 
same time from Chicago to New York, and they travel uniform- 
ly ; A reaches Chicago 16 hours, and B reaches New York Sti 
hours after they have met on the road. Find in what time 
each has performed the journey. 

Ans. A 40 hours, B 60 hours. 
Prob. 6. A square vineyard, in which the vines are set in 
squares so aa to be uniformly four feet apart, is to be replanted 
so that the vines may be uniformly 3^ feet apart. Supposing 
8640 more vines are required for this change, what must be the 
length of each side of the vineyard? Atis. 672 feet. 

Prob. 7. A glass mirror, 33 inches high and 22 inches wide, 

is to be set in a frame of uniform breadth, such that the surface 

of the frame shall be just equal to that of the glass. What 

must bo the breadth of the frame? Ans. 5^ inches. 

Prob. 8. Eeqnired the solution of the preceding problem, if 
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we represent the height of the mirror by a and its "breadth by 6, 
and it is required that the sur&ce of the frame shall be j) times 
that of the mirror. 

Ans, ■ ^ . 

Prob. 9. Sixty pounds of a certain quaUty of sugar cost $2.40 
leas than sixty pounds of another quality. If I buy sugar of 
each quahty to the amount of $5.0i, I obtain of the first kind 
8 pounds more than of the second. What was the price of a 
pound of each Mnd ? 

Ans. One 14 cents, the other 18 cente. 

Prob. 10, A gentleman bought a horse for a certain sum. 
He afterward sold him for $144, and gained as much per cent, 
as the horse cost him. How much did he pay for the horso? 
Ans. 80 dollars. 

Prob, 11. A merchant buys a certain number of barrels of 
flour for $216. At another time he expended the same sum of 
money for flour, but obtained three barrels less, the price of 
flour having risen one dollar per barrel. How many barrels 
did he buy in the first case? Ans. 27 barrels. 

Prob. 12. A and B contribute together $3400 in trade, A for 
12 and B for 16 months. In the distribution, A received $2070, 
capital and profits, and B received $1920. What was each one's 
capital? Ans. A contributed $1800, and B $1600. 

Prob. 13. Supposing the mass of the earth to be 80 times that 
of the moon, their distance 240,000 miles, andthe force of at- 
traction to vary directly as the quantity of matter, and inverse- 
ly as the square' of the distance, at what point between them 
will a third body be equally attracted by the earth and moon? 
Ans, 24,134 miles from the moon. 

Prob. 14. A wall was completed in 5^ days by two masons, 
one of whom commenced work 1^ days later than the other. 
In order to complete the wall alone, the first would have re- 
quired 8 days less than the second. In how many days could 
each alone complete the wall? 

An-?. The first in 8, the second in 11 days. 

Prob. 15. A courier goes from a place, A, to a place, B, in 
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14 hours. At the same time, another courier starts for B from 
a place 10 miles further distant, and expects to reach B at the 
same time with the first, by gaining half an hour in every 20 
miles. What is the distance from A to B ? Am. 70 miles, 

Prob. 16. IFrom two towns, A and B, which are lOi'miles 
distant from each other, two wagons start at the same time, 
and meet after 10^ hours. One requires for every 8 miles a 
quarter of an hour more than the other. How much time does 
each require to travel one mile? 

Ans. The one 3%, the other -^ of an hour. 

Prob. 17. Two messengers start at the same time from two 
towns, A and B, the first toward B, the other toward A, and, 
upon meeting, it appeared that the first had traveled 12 miles 
more than the second ; also, that if each should continue On at 
his former rate, the first would arrive at B in 9 houra, and the 
latter at A in 16 hours. What is the distance from A to B? 
Ans. 84 miles. 

Prob. 18. Two messengers start from the two towns, A and 
B, to travel toward each other, but one started two hours ear- 
lier than the other. They meet each other 2^^ hours after the 
starting of the second messenger, and they reach the towns A 
and B at the same instant. In how many hours did each mes- 
senger perform the journey? 

Ans. The one in 7, the other in 5 hours. 

Prob. 19. Two travelers start from two towns, A and B, 
whose distance from each other is 910 miles, and travel uni- 
formly toward each other. If the first starts 56 hours before 
the second, they will meet halfway between A and B. If both 
start at the same instant, at the end of 20 hours they will stCl 
be 550 miles from eaen other. How many hours does each 
traveler require to accomplish the distance from A to B? 

Ans. One 182 hours, the other 70 hours. 

Prob. 20. A grocer has a cask containing 20 gallons of bran- 
dy, from which he draws off a certain quantity into another 
cask of equal size, and, having filled the last with water, the 
first cask was filled with the mixture. It now appears that if 
6| gallons of the mixture are drawn off from the first into the 
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second cask, there will be equal CLuantities of brandy in each. 
Required the quantity of brandy first drawn off, 

Ans. 10 gallons. 

Prob. 21. Two merchants sold the same kind of clotii. The 
second sold three yards more of it than the first, and together 
they received $85. The first said to the second, I should have 
received $24 for your cloth ; the other replied, I should have 
received $12J for yours. How many yards did each of them 
sell? 

Ans. The first merchant 6 or 15 yards, the second 
merchant 8 or 18 yards. 

Prob. 22. A and B traveled on the same road, and at the 
same rate, from Cumberland to Baltimore. At the 50th mile- 
stone from Baltimore A overtook a drove of geese, which were 
proceeding at the rate of three miles in two hours, and two 
hours afl^erward met a wagon, which was moving at the rate 
of nine miles in four hours. B overtook the same drove of 
geese at the 45th milestone, and met the same wagon 40 min- 
utes before he came to the 31st milestone. Where was B when 
A reached Baltimore? Ans. 25 miles ftoln i^altimore. 

EQUATIONS OF TUB SECOND BEGEBE WITH SEVEEAL UNKNOWN 
QUANTITIES. 

Ex.1. Given {lSxf+2y'^=rn7,\ to find the values of x 
{2yy—lSx^=: 3, f and«/. 

Ans. x=±l, j/=±2, 
Ex.2. Given cK^ + y^:x^— ^^:: 25: 7, ) to find the values of 
icy— 48, ) X and y. 

Ans. ar— ±8, i/~d^Q. 
Ex.3. Given 2(a:+4y— 5(y— 7)^= 75,1 to find the values 

7(^ + 4)3+15(^_7)=^1075, f of ic and »/. 
lismta-k Put x+i—s, and ;/— 7=k. Eirst determine z and u, and thence x 

Ans. x=+6 or —14, ;/:^12 or 2. 
Ex.4. Given {x+yf-^^x' ^ 49, ) to find the values of x 
3a^+4(a;+J/f ^372, f and y. 

Ans. x=±i, y=±5, or ±13. 
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Ex.5. Given 2x+3!/=37, l 

1 1 _ 14 V to find the values of x and y. 

Ans. x=5 or 4f^, ^—9 or ■=^. 



x-^y —6, . 

Ans. a;=4 or 2, y=2 or 4. 

^ +;/ - 124, ( 

Ans. x=m or 28, y=2^ or 96. 

Ex. 8. Given 12: ix:: 2/ : 3, K -. , ,, , n , 

^ ^ ' t to find tho values of sc and w. 

Ans. x=9 or 4, ^—4 or 9. 

Ex. 9. Given (3fl;+4:j')(7a;-2?/) + 3x+4^=^44,) to find the 

(3a;+4!/)(7a;-2j/)-7a;+2;/:^80,f values of a: 

and y. Ans. x=\ or 1^, y—2 or ^-rr- 

Ex.lO. Given —a;H6a:!/-9!/'*+4a;— 12;/^ 4, ) to find the 

x^-~27^j+8if—A.x-\-5y =53, ! values of x 

and y. Ans. a;=ll or —7^, y~2> or — 3i. 

Ex.11. Given 2{x^+y'^){x-\-y) =15a.y, 1 to fiad the values 

4(a;^— j/'Xa;^— ^)=45a;y, ( of cc and y. 

A'ns.x=% or 1, y=-\. or 2. 

Ex.12. Given (iB*— i/^)(a;— J/) = 16aw/, 1 to find the values 
(3^_^}{a;2— jaj^g4Q3.2j,2^ ^ of a- and y. 

Ans. x~9 or 3, y=S or 9. 
Ex.13. Given x{x+y+^)=2i7,] , „ , ^, , „ 

y{x+y+J)=18, t *° ^'^'^ *^* ■^'^'^^^ °^ *' ^' 
^{^+y+.)^36,' S ^^^ ^■ 

J.ms. x=3, !/=2, 2=4. 
Ex.14. Given a^=g, "1 

" ~ ' J- to find the values of £C, y, s, and v. 
yv^hXj) 

Va 
Ans. x~-—=, y=Vb, z = \'a, w=: Va'/fi. 
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EXAMPLES FOE PRACTICE. 
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Ex.15. Given a:?/3=105,T 

cn/w=135, I to find the values of a:, y, z, 
a^y=189, [ and v. 

yzv=nb,\ 

Ans. X— 3, y=5, z=7, v=9. 



Ex. 16. Given x^-{ — ^+y'^=' 



to find the valu' 
and y. 



i of : 



V J 

Ans. x—4:, I =2 or 8. 

Ex. 17. Given Vy~ V^^ ^ - V y-a^, 1 to Jind the val- 
2V'^+2va^=5v^^,J les of 3; and y. 
Ans. x=^a,jj=^a. 
Ex. 18. Given a^ +a:./=ay, 1 ^ ^^^ ^^^ ^^^^^^ ^^^ ^^^ 



Ex.19. Giveny5V^+5-v^+VS+'V^= 10, ho find the 
V^ + V^ =275, ) values of x 

and ^. 

Semark. Put i== V^^+Vii- Then, from Eq. 1, 2= Vs ; tliat is, Vi+ Vy=5. 
Next put ■\/^=g+)), and 1/^=5— "■ Substituting theso values in Eq. 2, we 

n . -13±t/^^ 

J.m. x=9 or 4, or j^-^ . 



y=i or 9, or 



_lg^=V_51 



Several of the following examples have imaginary or incom- 
mensurable roots which are not hero given. 

Ex. 20. Given {x^+y^)xy=lS090, 1 to find the values of x 
x-\ry = 18, 1 and y. 

Ans. x=7 or 11, y=ll or 7. 
Ex. 21. Given 5(a:^4-?/^)+4iC!/ =356, j to find the values of 
x'^+y'^+x+y— 62, i xandy. 

Ans. x—4: or 6, y=6 or 4. 



(by Google 



o76 AL6EBEA. 

Ex.22. Given {x^-\-y^)xy=SOO,l ^° ^^'^ *^^ ^^'^^^ ^^ ^ 
x'^+j/ ^337, 1 and y. 

Ans. x=±4, {/=±3. 
Ex. 23. Given {x'>+y'^){x^+y^)=455, ) to find the values of 
x+y = 5, f X and p. 

Ans. x~3 or 2, ;/— 2 or 3. 

Ex. 24 Given ^!±^^±^^14,1 , , , 

a;+^ 1 to find tiie values of x 

x-y 'J 

J.m. x=\2, y=Q. 
Ex. 25. Given {a^''—a.y+y^){d'+f) = 91, ) to find the 

{a?-xy-\-f){x^+sy+y'')=lZ^, i values of x 
and)/. J.)2s. a;— ±3 or ±2, ^—±2 or ±3. 

Ex. 26. Given (a;+J/)iW/ = 30, ) to find the values of x 
(a;^+i/=)a;5i3/^=468, i and y: 

Ans. x=2 or 3, y=3 or 2. 

Ex.27. Given a;~w+V^^=-—-,! to find the values 
■' * x+y x4-i/' > „ , 

y ,9 a7 1 of X and y. 

Ex.28. Given {x+yf+x+y=zSO, 1 to find the values of x 

x—y= 1, f and y. 

Eemark. Multiply Eq. 1 by x+s, and we have . 

Add to oach momljcr ^(x+yy+25, and tlie square root of each memliei' of the 
equation may be extracted. 

Ans. x=2, y=l. 
Ix. 29. Given {x +y )(x y +1)= IQxy \ to find the val- 
(3:^+^^){3:;^2/^+l)— 208icV ) ues of ic and y. 
Remwk. Divide Bq. 1 by siy, and Eq- S by xhf, and we have 
.+,+1+1.18. 



Tlieii s+u=18, and 3»+h==3IS. 

Whence z— 14 or 4, and u=4 or li; and hence x andj) are easily fonnd. 
Ans. x—2±V%, y=7±4-/3. 
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EXAMPLES FOR PEACTICE. 677 

PROBLEMS INVOLVING EQUATIONS OF THE SECOND DEGREE 
WITH SEVERAL UNKNOWN QUANTITIES. 
Prob. 1, If I inercaso the numerator of a certain fraction by 
2, and diminish the denominator by 2, 1 obtain the reciprocal 
of the first fraction ; also, if I diminish the numerator by 2, and 
increase the denominator by 2, the resulting fraction, increased 
by 1-^, is equal to the reciprocal of the first fraction. What 
is the fraction ? ■ Aiw. 4-. 

Prob. 2. It is required to divide the number 102 into three 
parts, such that the product* of the first and third shall be equal 
to 102 times the second part, and the third part shall be 1§ 
times the first. 

Ans. The first part is 34, the second 17, and the third 51. 
Prob. 3. A certain number consists of two digits. If I in- 
vert the digits, and multiply this new number by the first, I ob- 
tain for a product 5092 ; but if I divide the first digit by the 
second, I obtain 1 for a quotient with 1 for a remainder. What 
is the number? Ans. 76. 

Prob. 4. The fore wheel of a carriage makes 165 more rev- 
olutions than the hind wheel in going 5775 feet ; but if the 
circumference of each wheel be increased 2^ feet, the foro 
wheel will make only 112 revolutions more than the hind 
wheel iu the same space. Required the circumference of each 
wheel, 

Atis. The fore wheel 10 feet, the hind wheel 14 feet. 
Prob. 5. A piece of cloth, by being wet in water, shrinks one 
eighth iu its length and one sixteenth in its breadth. If the 
perimeter of the piece is diminished 4i feet, and the surface 5^ 
square feet, by wetting, what were the length and breadth of 
the piece? 

Ans. 16 feet long and 2 feet wide. 
Prob. 6, A certain number of laborers in 8 hours transport a 
pile of stones from one place to another. If there were 8 more 
laborers, and if each carried each time 5 pounds less, the pile 
would be removed in 7 hours ; but if there were 8 less labor- 
ers, and if each carried each time 11 pounds more, it would re- 
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(^uire 9 hours to remove the pile. How many laborers were 
there employed, and how many pounds did each carry ? 

Ans. 28 laborers, and each carried 45 pounds ; or 36 

laborers, and each carried 77 pounds. 

Prob. 7. A certain capital yields yearly $123^ interest ; a 

second capital, $700 larger, and loaned at ^ per cent leas, yields 

yearly $114 more interest than the first. How large was the 

first capital, and at what par cent, was it loaned? 

Ans. The capital was $3800, loaned at SJ per cent 
Prob. 8. A peiBon bought a number of $20 railway shar^ 
when they were at a certain rate per cent, discount for $1500 ; 
and afterward, when, they were at the same rate per cent, pre- 
mium, sold them all but 60 for $1000. How many did he buy, 
and what did he give for each of them ? 

Ans. 100 shares at $15 each. 
Prob. 9. A rectangular lot is 119 feet long and 19 feet broad. 
How much must be added to the breadth, and how much taken 
from the length, in order that the perimeter may be increased 
by 24: feet, and the contents of the lot remain the same ? 

Ans. The length must be diminished 102 feet, and the 
breadth increased 114 feet. 
Prob. 10. There are two numbers such that their sum and 
product together amount to 47 ; also, the sum of their squares 
exceeds the sum of the numbers themselves by 62. What are 
the numbers ? 

Ans. 5 and 7. 
Prob. 11. The sum of two numbers is a, and the sum of their 
reciprocals is h. Eeq^uired the numbers. 

2~ * 4 h' 
Prob. 12. A and B engage to reap a field for $24; and as A 
alone could reap it in nine days, they promise to complete it in 
five days. They found, however, that they were obliged to 
call in to assist them for the last two days, in consequence 
of which B received one dollar leas than he otherwise would 
have done. In what time could B or C alone reap the field ? 
Ans. B in 15 and in 18 days. 
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EXAMPLES FOB PBAOTICB. 379 

Prob. 13, The sum of the cubes ot two numbers is 35, and 
the sum of their ninth powers is 20,195. Eequired the numbers. 
Ans. 2 and 3. 

Prob. li. There are two nnmbers whose product is 300 ; and 
the difference of their cubes is thirty-seven times the cube of 
their difference. What are the numbers ? 

Ans. 20 and 15. 

Prob. 15. A merchant had $26,000, whichTie divided into two 
parts, and placed them at interest in such a manner that the in- 
comes from them were equal. If he had put out the first por- 
tion at the same rate as the second, he would have drawn for 
this part $720 interest ; and if ho had placed the second out at 
the same rate as the first, he would have drawn for it $980 in- 
terest. What were the two rates of interest? 

Ans. 6 per cent, for the larger sum, and 7 for the smaller. 

Prob. 16. A miner bought two cubical masses of ore for $820. 
Each of them cost as many dollars per cubic foot as there were 
feet in a side of the other ; and the base of the greater contain- 
ed a square yard more than the base of the leas. What was 
the price of each? Atis. 500 and 320 dollars. 

Prob. 17. A gentleman bought a rectangular lot of land at 
the rate of ten dollars for every foot in the perimeter. If the 
same quantity had been in a square form, and he bad bought it 
at the same rate, it would have cmt him $330 less ; but if he 
had bought a square piece of the same perimeter, he would have 
had i2i rods more. What were the dimensions of the lot? 
Ans. 9 by 16 rods. 

Prob. 18. A and B put out at interest sums amounting to 
$2400. A's rate of interest was one per cent, more than B's ; 
his yearly interest was five sixths of E's ; and at the end of ten 
years his principal and simple interest amounted to five sev- 
enths of E's. What sum was put at interest by each, and at 
what rate? 

Ans. A $960 at 5 per cent, B $1440 at 4 per cent. 

Prob. 19. A person bought a quantity of cloth of two sorts 
for $63. For every yard of the best piece he gave as many 
dollars as he had yards in all ; and for every yard of the poor- 
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year tie sowed 1,048,576 pecks, by how many times must the 
seed have iocreased each harvest, supposing the increase to 
have beea always the same? Ans. Four times. 

Ex. 19. There are three numbers in geometrical progression, 
the difference of whose differences is six, and their sum is forty- 
two. Required the numbers. Ans. 6, 12, and 24. 

Es. 20. There are three numbers in geometrical progression, 
the greatest of which exceeds the least by 24 ; and the differ- 
ence of the scLuares of the greatest and the least is to the sum 
of the squares of all the three numbers as 5 : 7. What are the 
numbers? Ans. 8, 16, and S2. 

Esi. 21. There are three numbers in geometrical progression 
whoso continued product is 216, and the sum of tb.eir cubes is 
1971. Required the numbers. Ans. 3, 6, and 12. 

Ex. 22. There arc four numbers in geometrical progression 
whose sum is 350 ; and the difference between the extremes is 
to the difference of the means as 37 : 12. What are the num- 
bers? Ans. 54, 72, 96, 128. 

Ex. 23. There are four numbers, the first three of which are 

in geometrical progression, and the last three in arithmetical 

progression ; the sum of the first and last is 14, and that of the 

second and third 12 ; find the numbers. 

A o ^ o in 25 15 9 8 
^™.. 2, 4, 8, 12; or --,--. 

Ex. 24. Three numbers whose sum is 15 are in arithmetical 
progression ; if 1, 4, and 19 be added to them respectively, they 
are in geometrical progression. Determine the numbers. 

Ans. 2, 5, 8. 
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